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Preface (first edition)

I started entertaining the idea of writing a book on dynamic programming
when I first realized that in contrast to, say, linear programming, there seems
to be a gentlemen’s disagreement as to what exactly dynamic programming
is. Obviously, I envisioned a text that would offer a conclusive and incon-
testable formulation of dynamic programming. But I soon discovered that
dynamic programming actually invites a certain amount of disagreement
with respect to its definition because, by its very nature, it can be approached
from a variety of angles depending on one’s approach to modeling, analysis
and problem solving. We thus find the intuitionist at one end, the formalist
at the other, and the rest somewhere in between. So, in this book I examine
the question what is dynamic programming? knowing full well that whatever
answer one formulates, by necessity it will be subjective in nature.

This book does not aim to portray dynamic programming as a practical
tool. It does not examine how dynamic programming solves real-world prob-
lems in inventory, scheduling, sport and recreation, expert systems, etc. The
book aims to give a portrait of dynamic programming as a methodology —
to identify its constituent components, explain how it looks at problems,
and describe how it proposes to tackle them. It should therefore appeal to
readers in academia as well as to practitioners who have an interest in this
facet of dynamic programming.

It should be of particular interest to readers who teach dynamic pro-
gramming, as in my view, this book offers a refreshing supplement to texts
which present dynamic programming from the conventional standpoint of
Learn/Teach Dynamic Programming by Example. These readers are advised
that, although the book is not designed to serve as a course-text, because it is
self-contained it can be used as ancillary reading for graduate and advanced
undergraduate courses in dynamic programming.

As for my method of probing the topic; although I fully recognize that
certain aspects of dynamic programming are probably best suited for a non-
formal treatment, my exposition throughout this book is strictly formal.
Still, the mathematical knowledge required for following the presentation is
minimal — calculus, set theory and some optimization theory, all at the
elementary level. The book does demand, however, mathematical maturity
which comes into play more in modelling and formulation than in analysis.

I would like to thank my colleagues and graduate students for their helpful
comments and constructive criticism on various drafts of the manuscript. 1
am particularly grateful to Alleli Domingo, Emmanuel Macalalag and Steven

i



ii

Ostrover for their comments on the final draft. I thank Ruth Dawe and
Henry Boehm from Marcel Dekker Inc. for their encouragement, patience
and support. And finally, special thanks are due to my wife, Shoshana, for
her major contribution to this book.

Substantial work on this book was done when I was with the National
Research Institute for Mathematical Sciences of the CSIR, Pretoria, South
Africa.

Moshe Sniedovich
Melbourne
June 1991



Preface (second edition)

In the intervening years since the publication of the first edition of this book
in 1992, I continued working on various aspects of dynamic programming
and the results of this research appeared in a number of publications. So,
when I was approached by the publisher with the suggestion to consider a
second edition of this book, I decided to take up the offer realizing that a
second edition should provide me with an opportunity to enhance certain
chapters in the first edition with the material (ideas, examples, etc.) that I
had developed in more recent years. I was particularly keen to revisit a topic
that I consider crucial for a good understanding of dynamic programming,
namely Modeling.

And so, I expanded the discussions on sequential decision models and the
role of the state variable in modeling, and I added a new chapter on forward
dynamic programming models.

I also added a new chapter where I discuss the Push method — also known
as Reaching — and I give a dynamic programming perspective on Dijkstra’s
algorithm for the shortest path problem. My main objective in including
this discussion on Dijkstra’s algorithm is to make it abundantly clear that
— in spite of the impression given by the computer science literature — this
algorithm is in fact a dynamic programming algorithm par excellence.

Thus, apart from slight modifications in the contents of existing chapters,
the major revisions are as follows:
- Significantly extended chapters:

- Chapter 10: Refinements
- Chapter 11: The State

- New chapters:

- Chapter 14: Forward Decomposition
- Chapter 15: Push!

- New appendix:
- Appendix E: The Corridor Method
As for the book’s new title.

With hindsight, it seems to me that this should have been the book’s title
in its first edition! The new title, I submit, captures more faithfully the goal
that I had set out to accomplish in writing this book, which as I indicated

iii
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in the preface to the first edition, was to give — dare I say — a more formal
treatment to Bellman’s presentation of dynamic programming.

The new title thus reflects the fact that while the discussion in this book
takes account of recent developments in dynamic programming, its overriding
objective is a systematic formal outline of Bellman’s approach to dynamic
programming.

As a final note, I wish to point out that since the book’s publication, I
had many occasions to discuss various questions that I raise in the book with
colleagues and students. Obviously, their comments on the first edition of the
book have been of great benefit to me as they enabled me to formulate more
crisply my positions on certain questions that I discuss in the new edition.
To provide, however, a full list of all those I am indebted to would prove
impossible. I therefore single out, for special thanks, Khurram Kamran for
his most valuable comments on several drafts of the second edition.

I thank the Taylor & Francis team: David Grubbs, Bob Stern and Pat
Roberson — for their support in this project.

Moshe Sniedovich
Melbourne
July 2010
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Introduction

1.1 Welcome to Dynamic Programming!............................
1.2 How to Read This Book............c.oooiiiiiii i,



2 Dynamic Programming

1.1 Welcome to Dynamic Programming!

Almost sixty years have passed since the publication of Bellman’s first ar-
ticles introducing the theory that he entitled Dynamic Programming. Since
then dynamic programming has become a major discipline in applied math-
ematics, operations research and computer science, and a standard solution
method used in various areas of engineering, economics, commerce, manage-
ment etc. And yet, the question that I have set out to examine in this book is
none other than What is dynamic programming? Obviously, an explanation
justifying the validity of this position is in order.

My reasons for making this question the fulcrum of this investigation can
be summed up as follows. First, I believe that the continued appearance of
publications that, even at this stage in the development of dynamic pro-
gramming, offer new settings, reformulations and even generalizations of the
theory, attests to a continued interest in the foundational questions of dy-
namic programming. I assumes therefore that a study aiming to explain
dynamic programming from the standpoint of the most fundamental ques-
tion that can be asked about it should be deemed a worthwhile effort, at
least by dynamic programming scholars whose interest in the theory runs
deeper than its application.

Second, having long been involved in the study of dynamic programming,
and having followed closely the literature published in this area, I submit
that not all is well in dynamic programming. To be sure, almost sixty years
of extensive research and application have produced truly excellent books
and articles on the various aspects of dynamic programming.

Still, alongside works of the first rank, one often comes across publications
that attest to a basic lack of understanding about the type of problems
that dynamic programming is most suited for, the precise nature of dynamic
programming’s plan of attack, and the range of dynamic programming’s
capabilities.

This somewhat unsettled state of affairs with regard to the fundamentals
of dynamic programming is also manifested in the lively debates in dynamic
programming sessions at conferences and workshops where one often hears
totally conflicting views on these matters.

Now, readers who are not at home in dynamic programming may wonder
what the fuss is all about. Why should dynamic programming give rise to
argument with regard to its very fundamentals when no such argument arises
in the case of other optimization methods notably Linear Programming?

Indeed, no controversy arises as to Linear Programming’s mode of oper-
ation, its capabilities, or its scope. In a word, no ambiguity surrounds the
question “What is Linear Programming?” 1t is commonly accepted that Lin-
ear Programming is a branch of optimization theory that concerns itself with
the modeling, analysis, and solution of linear programming problems.
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The reason that this characterization of Linear Programming proves satis-
factory is that it is universally accepted that a Linear Programming Problem
is an optimization problem whose objective function and constraints are lin-
ear. What is more, an almost equally universally accepted formulation for
such problems is also available, namely:

opt cx (1.1)
st. Ar=b (1.2)
> (1.3)

where ¢ € R*™ b e R™*1 A € R™" 2 € R™! and R denotes the real
line.

So, why can’t we simply draw an analogy with Linear Programming, and
proceed to define dynamic programming a branch of optimization theory
that concerns itself with the modeling, analysis, and solution of dynamic
programming problems?

The reason that such a characterization of dynamic programming would
not be as straightforward as in the case of Linear Programming is that in
dynamic programming we lack consensus on what constitutes a dynamic
programming problem.

So, taking this state of affairs as my point of departure, I shall proceed
in the opposite direction. That is, I shall begin from the position that a
dynamic programming problem is any problem that is amenable to the type
of treatment that dynamic programming prescribes. Hence, an elucidation
of the mode of operation by means of which this treatment is applied should
have the effect of elucidating the nature of dynamic programming, namely
the question What is dynamic programming?

My plan is then to progressively unfold the mechanics of this mode of
operation.

As a first step, I shall begin with a rather abstract description of this
mode of operation, a sort of meta-recipe that I shall argue underlies and
drives dynamic programming’s plan of attack:

Embed your problem in a family of related problems.
Derive a relationship between the solutions to these problems.
Solve this relationship.

= 89 =

Recover a solution to your problem from this relationship.

As things stand then, my position is that any problem admitting of the
kind of treatment outlined by this meta-recipe is a dynamic programming
problem.

It is important to note that no appeal whatsoever is made in this meta
recipe to optimization. This position therefore has the effect of characteriz-
ing dynamic programming as a general problem-solving methodology rather
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than just an optimization method. Furthermore, the implications of this
characterization of dynamic programming are that:

- The class of dynamic programming problems is extremely large.

- Members of the public routinely use dynamic programming without even
realizing it.

I hasten to add, though, that my focus in this book will be on dynamic
programming in its familiar role as an optimization method.

To be able to bring out how this meta recipe governs dynamic program-
ming’s treatment of a problem, I shall have to clarify the following questions:

1. What types of mathematical models are suitable for dynamic program-
ming?

2. What problems are amenable to full treatment by dynamic program-
ming?

3. What is the function of the state variable in dynamic programming?

4. What is the exact role of the Principle of Optimality in dynamic pro-
gramming?

I wish to point out, though, that by targeting these topics for discussion
I do not mean to suggest that they are still open to debate, nor that my
treatment of them is a revelation. Obviously, these and related topics were
dealt with by Bellman in his numerous books and articles on dynamic pro-
gramming; and they were either touched on or discussed at length by other
dynamic programming scholars.

The point is, however, that discussions on these issues are scattered over
a wide ranging literature that cuts across a variety of disciplines differing in
mathematical idiom, fundamental objectives, and basic positions. So, my aim
is to approach these topics in a systematic fashion, from a single, coherent,
point of view about dynamic programming.

The perspective from which I shall examine these topics will be what I take
to be is Bellman’s understanding of dynamic programming. I believe that
this approach will make it possible to clear away misconceptions not only
about dynamic programming, but also about Bellman’s treatment of it. A
case in point is the Principle of Optimality. I argue here that the Principle
has often been misconstrued in the literature and that this accounts for
much of the misapprehension about dynamic programming and Bellman’s
conception thereof.

So, to a certain extent, my treatment of these issues and hence of dy-
namic programming as a whole, comes close to treatments of the method
that one would be likely to encounter elsewhere in the literature. However,
in this important respect that, as indicated, my fundamental approach to
dynamic programming faithfully reflects Bellman’s conception, it sharply
diverges from prevailing approaches to, and explanations of, dynamic pro-
gramming. The irony of this is that, when it is set off against “standard”
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treatments of dynamic programming, my interpretation presents dynamic
programming in a new light.

Turning now to the considerations that influenced and ultimately deter-
mined my method and style of exposition.

First, the model that I have chosen to employ as a medium of discourse. In
principle I could have used any one of the models that dynamic programming
provides. However, because my overriding objective in this investigation is to
expound the basics of dynamic programming and its foundational issues, the
ideal medium for such a discussion is a simple model that does not require
a constant accounting for and explanation of technical considerations. Such
a framework, I submit, is provided by a deterministic multistage decision
model.

So except for touching in Appendiz D on the interpretation of the Principle
of Optimality in the stochastic case, I shall not extend the discussion to
stochastic decision processes. This in spite of dynamic programming’s well-
earned reputation of being particularly effective for stochastic problems.

It is my view that a detailed analysis of the deterministic model promises
to provide a complete account of dynamic programming’s essentials with the
added bonus of avoiding digressions into areas such as probability theory and
statistics that are not central to the discussion. It should be noted, however,
that the treatment of the deterministic model outlined in this book can be
readily extended to stochastic models. To show how smoothly this can be
done I shall take up a few specific stochastic problems to demonstrate how
they are handled by dynamic programming.

For similar reasons I do not go into multiobjective or fuzzy processes and
I devote no more than a short discussion in Chapters 11 and 14 to the no
doubt important class of non-serial dynamic programming models.

Secondly, the style of exposition that I decided to adopt in this book. In
this case as well, I could have opted for a number of styles. For instance,
I could have followed Bellman’s example and chosen to explain dynamic
programming by means of a narrative exposition. However, being mindful
that such a style may be construed as lacking in rigor, I decided to adopt
a formal mathematical style. I believe, however, that I manage to maintain
a proper balance by not engaging in technical analyses where these are not
essential. For example, for the most part I shall not go into the question of
the existence of optimal solutions, but rather shall assume this to be the
case.

As indicated in the preface, this book is intended primarily for readers
with some background in dynamic programming. And yet, my exposition
works its way from what are no doubt first principles, that is, material that
may well be described as elementary or self-evident. My major consideration
in adopting this line is not so much to render the book self-contained and
accessible also to beginners, as to make a point about dynamic programming
itself. My objective is to emphasize that dynamic programming consists of
a core of profoundly simple concepts and techniques. However, a good grasp
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of it requires that one be able to identify these rudimentary elements and
appreciate how they hang together.

As for the the general structure of this book. I divided it into three parts.
The discussion in the first part, which will be referred to broadly as Science,
will focus on dynamic programming’s mathematical idiom and techniques.
The goals here are to describe dynamic programming’s terminology and no-
tation, explain how it expresses a problem in terms of a mathematical model
and how it then boils this model down to a functional equation, outline and
analyze the techniques used to solve the equation and discuss the difficul-
ties encountered in its solution. A major concern in this part of the inquiry
will also be to identify the type of problems that are amenable to dynamic
programming.

The investigation in the second part will be referred to broadly as Art.
Here the predominant aim will be to concentrate on those aspects that have
gained dynamic programming its reputation, or perhaps notoriety, of being
an “approach” more than a “method”, “art” more than “science”. Namely,
the accent will be on modeling and formulation. The object will be to indicate
an approach to modeling and formulation by clarifying the role of the state
variable in this effort. Modeling and formulation will be further elaborated
upon in the chapter entitled Parametric Schemes, where the idea is to illus-
trate ways of tackling difficult problems by capitalizing on their structural
features and making effective use of them. Appropriately, this part will in-
clude a discussion on the Principle of Optimality and Bellman’s conception
of dynamic programming.

The last two chapters in this part of the book will take up two important
topics that in my judgment do not receive the attention they merit. These
are: Forward Decomposition and the Push method for solving dynamic pro-
gramming functional equations (also known as Reaching).

In the third part, the main findings of the first two parts will be pulled
together to provide what I believe will prove a conclusive answer to the
central question pursued in this book, which, as I stated, is: What is dynamic
programming ¢

1.2 How to Read This Book

I suggest that readers who are new to dynamic programming, or have only
a fleeting knowledge of it, would do best to follow the evolution of my argu-
ment in the order in which it is unfolded, which means of course reading the
book in sequence. Those with no particular interest in the more technical as-
pects of the successive approximation method can make do with the general
outline of the method delineated in Chapter 5, thus skipping Chapter 6 alto-
gether. For similar reasons one can also skip those sections in Chapter 7 that
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deal with non-truncated problems. As for Chapter 12, given its reliance on
a close familiarity with fractional programming and c-programming, readers
who are not familiar with these methods would perhaps do best to skip it on
first reading, returning to it at a later stage after they had read Appendix B
and Appendiz C.

Readers who are conversant with dynamic programming can of course
read the book in any order they see fit. Still, I submit that reading it in
sequence is conducive to a better appreciation of my approach to dynamic
programming.
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2.1 Introduction

The conceptual dimension of dynamic programming consists of a cluster of
ideas whose profound simplicity presents the dynamic programming scholar
setting out to elucidate them with a difficult task. This is so because to be
able to do them justice, one would need to explicate them in terms of the
techniques that make them work, which would entail interlacing a detailed
analysis of the techniques themselves with the discussion. But such a strategy
stands to accomplish the precise opposite of what is sought. Combining an
exposition of the techniques with the discussion of the ideas is more likely
to bury the latter in a mass of technical detail than to bring out their full
meaning.

To avoid this pitfall, I shall begin my inquiry into the question What is
dynamic programming? by first turning my attention to the techniques that
dynamic programming deploys.

This will not only pave the way for an unobstructed examination of the
main ideas in later chapters, but it will enable working out the full sense
of the techniques. Furthermore, it will equip us with a body of terminology

and notation on which we shall be able to draw throughout the remainder
of the book.

Now, ever since the inception of dynamic programming, it has been ac-
cepted practice to conduct the presentation of the method in the context of
a sequential or multistage decision-making model, so as to avoid becoming
embroiled in a discussion of peripheral technical matters.

Obviously, I shall adhere to this convention as well and in the next chapter I
shall outline the multistage decision model that from then onwards will serve
as our medium of discourse.

In this chapter, however, I shall depart from this practice and conduct the
discussion in the framework of a far less hospitable setting than that of the
multistage decision model. That is, in this chapter our framework of discus-
sion will be devoid of all reference to a formal sequential decision process. Or,
in other words, it will be devoid of all the elements that are commonly asso-
ciated with dynamic programming. The advantage of adopting this setting
as a medium of discourse is twofold.

First, it will enable me to bring into sharp focus Bellman’s ingenious idea
to cast an optimization problem in terms of a sequential decision process
and to formulate dynamic programming along these lines. Of course today,
that this idea has taken root, it is being treated as the obvious way to go.
But, unless one is aware of its background, it is difficult to truly appreciate
its great merit.

Second, by using a so to speak “dynamic-programming-free-zone”, as a
framework of presentation, I shall be able to uncover the rudimentary con-
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cepts and techniques out of which dynamic programming evolves. And what
is more, I shall be able to demonstrate this “evolution process” in action.

In short, my main thrust in this chapter will be to identify the basic
concepts and techniques that, as we shall progressively see, constitute the
fundamental building blocks of the dynamic programming “infrastructure”.

In the next chapter these basic ingredients will be used in the construction
of a formal multistage decision model that will provide the framework of
discourse in all subsequent chapters. That said, a word of caution is in order.

Some readers may find the discussion in this chapter somewhat annoying
because of its laborious analysis of techniques and procedures that in the
end are found lacking and hence in need of considerable improvement.

These readers, especially if their interest in these technical analyses is
marginal, may wish to skip this chapter altogether and proceed directly to
the more hospitable environment of Chapter 3.

Still, T urge all readers to persevere, as the material in this chapter furnishes
the basis for a good appreciation of the issues discussed in the sequel.

And before turning to the investigation itself, I remind the reader that
although one of the objectives of this book is to show that dynamic pro-
gramming is more than just an optimization method, for the most part, my
discussion will examine it in this familiar role.

2.2 Meta-Recipe Revisited

You will recall that our point of departure is that underlying and driving
dynamic programming’s mode of operation is the following Meta-recipe:

Embed your problem in a family of related problems.
Derive a relationship between the solutions to these problems.
Solve this relationship.

B R

Recover a solution to your problem from this relationship.

To be able to demonstrate this meta-recipe in action, my first task is to
identify a concrete problem formulation that will be representative of the
kind of problems that admit of this treatment.

2.3 Problem Formulation

Keeping in mind then that the main thrust of this investigation is to ex-
amine dynamic programming in its familiar role as an optimization method,
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the problem definition that will suit our purposes best will have to give apt
expression to the various types of optimization problems that will concern us
from now on. And, without assuming an unduly complex format, it will have
to be broad enough to encompass the largest variety of problems possible.
Suppose then that we consider using the following formulation to this end:

Problem P°: p*:= opt q(x) (2.1)
zeX

where ¢ is a real-valued function on some set X and := denotes definition.
We shall refer to g as the objective function, to X as the solution set, or
decision space, and to x as the decision variable. Note that throughout the
book “optimization” means global optimization.

It is immediately clear that its constituent elements — the solution set X
and the objective function ¢ — being undefined, the problem is too abstract
for any meaningful analysis or treatment. The implication therefore is that to
give it structure we need to ascribe properties to X and ¢. And furthermore,
given our subject of interest, these properties must be defined so as to render
Problem P° a dynamic programming problem. But this implies in turn that
our quest for properties for X and ¢ would have to be guided by a preexisting
conception of what a dynamic programming problem is.

So, although it may seem that I am anticipating things, I shall pause here
briefly in order to explain in very broad terms my position on this issue.

The question What is a dynamic programming problem? will be addressed
at various stages in the discussion in an ongoing attempt to illuminate it
from various angles. Roughly, the thesis that will be advanced in this book
is that a dynamic programming problem is any optimization problem that
lends itself to a formulation that yields an equation known as the dynamic
programming functional equation, also the dynamic programming optimality
equation and Bellman’s equation.

As indicated already, this conception is an outgrowth of my view of dy-
namic programming’s mode of operation. Dynamic programming, as we shall
progressively see, can be best characterized as a two-tier method. By this I
mean that any optimization problem proving amenable to a dynamic pro-
gramming analysis will undergo a treatment consisting of two distinct steps.
The first will involve a recasting of the problem into a newly formulated
problem which eventually will be expressed in terms of the dynamic pro-
gramming optimality equation mentioned above. The second will involve the
solution of this equation by whatever means are at hand.

It follows therefore that dynamic programming per se does not necessarily
concern itself with the techniques used to solve the optimality equation. The
task of solving this equation can be taken up by any optimization method
possessing the appropriate means to tackle the equation. The following ex-
ample illustrates this important point.
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2.3.1 Example

Consider the following nonlinear optimization problem:

p* = ma)?--)an(xn) (2.2)

angr,r>0 (2.3)
x>0, n=12.3,... (2.4)

This problem will be studied at length in the ensuing chapters. The sole
purpose of bringing it up at this early stage is to point out the following.

To obtain a dynamic programming formulation for this problem we simply
define

fn(s) == max qu (xg) , n>1,s€ 8 :=[0,r] (2.5)
"En,ZEn+1,

Zxkgs, k=nn+1n+2,... (2.6)

x>0, k=nn+1,n+2,... (2.7)

whereupon, using standard dynamic programming arguments, the following
dynamic programming optimality equation would be derived:

fn(s) = Joax, {gn(z) + frs1(s —2)} , s€S;n=1,2,3,... (2.8)

This is the first tier alluded to above which consists of translating the

formulation of the problem under consideration, namely (2.2)-(2.4), into a
dynamic programming functional equation, (2.8).

Solving this equation, however, is a separate matter altogether. This is so
because an answer to the question whether the equation is tractable at all,
and/or what techniques will be required to solve it, will depend entirely on
the properties of the functions {¢, : n > 1}. O

And to go back to Problem P°, depending on the properties of X and ¢ in
a given case, some solution procedures for the associated dynamic program-
ming optimality equation would be purely analytic, others purely numeric,
still others a composite of both, and in certain cases, needless to say, the
dynamic programming optimality equation may elude solution altogether.

So, the conclusion to be drawn is that by raising the issue of what prop-
erties should be attributed to X and ¢ to render Problem P° a dynamic
programming problem, I am actually posing the following question:

What properties should be ascribed to X and ¢ to enable Problem
P° yield a dynamic programming optimality equation?
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Happily, the answer to this does not involve a protracted search, as it is
rather simple and straightforward:

Problem P° will yield a dynamic programming optimality equation
if the solution set X is a subset of the Cartesian product of two or
more sets.

To be able to explain things as simply as possible, it would be best to
begin our inquiry with an examination of the case where the solution set X
is a subset of the Cartesian product of just two sets.

Consider then the following class of optimization problems:

p*i= opt q(y,2), XCYxZ (2.9)
(y,2)eX

The point to note here is that although this format consists of no more
than two decision variables, namely y and z, it nevertheless spans a wide
variety of problems. This is so because no conditions are imposed on the
sets Y and Z.

Continuing with Erample 2.3.1, to comply with the above format the
following can be set:

Y = 1[0,7] (2.10)
Z =[0,r]® (2.11)
X:{(y,z):yeff,zez <y+izn>§r} (2.12)
n=1
0, 2) =a W)+ > tn1(zm) , yeY,2€ 2 (2.13)
n=1

where z,, denotes the n-th element of the vector z € Z.

To sum up then, I shall proceed on the thesis that any problem admitting
a formulation such as that specified by (2.9) is a dynamic programming
problem.

Let us now turn to the techniques that dynamic programming employs to
derive an optimality equation for such problems.

2.4 Decomposition of the Solution Set

However unequivocal (2.9) is in its definition of the optimization prob-
lem in question, when this problem is viewed from a dynamic programming
standpoint, it is construed in slightly different terms. It undergoes a refor-
mulation, which is based on the following;:
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Theorem 2.4.1 In relation to the problem defined by (2.9), there exist a set
Y CY and a collection of sets {Z(y) : y € Y} such that Z(y) C Z,Vy €Y
and

X ={(y;2):yeY,ze€ Z(y)} (2.14)
PROOF. Let Y denote the projection of X on 57, namely define

Y = {y:yE?,(y,z)GX, zGZ} (2.15)
Also, for every y € Y, define

Z(y) = {z €7:(yz) e X} (2.16)
so that, by construction, (2.6) holds. O

Continuing with Ezample 2.3.1, it follows from (2.10)-(2.12) that the pro-
jection of X on Y is the set Y = [0,7]. Hence, granted (2.14)-(2.16), we can
set

Z(y)::{ZGZ:izngr—y},er (2.17)
n=1

Theorem 2.4.1 implies then that the problem specified by (2.9) can be
stated as follows:

Problem P : p = opt q(y,z) (2.18)
yey
z€Z(y)

This new format gives explicit expression to what was latent in (2.9),
namely that the range of feasible values of z may depend on the value of .

2.5 Principle of Conditional Optimization

The process of deriving the dynamic programming optimality equation for
Problem P is governed by what I shall henceforth refer to as the Principle
of Conditional Optimization. Its formal definition is familiar and it reads as
follows:

Theorem 2.5.1 Principle of Conditional Optimization
opt q(y,2) =0pt{ opt q(y, 2)} (2.19)

yey yeY | ze€Z(y)
2€Z(y)
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PROOF. Assume that opt = max. Then, by definition,
max q(y,2) > qy,2) , Yy e Y,z € Z(y) (2.20)
y
2€Z(y)

Since for each ¢y’ € Y we have

> ' 2.21
ma q(y, 2) = 2212%5>q<y ) 2) (2.21)
z€Z(y)
it follows that
> 2.22
mex q(y,2) > ma {Zngaé)Q(y, Z)} (2.22)
2€Z(y)

On the other hand, since by definition,

max q(y,z) > q(y,2) , Vz € Z(y) (2.23)
z€Z(y)

is true for every y € Y, it follows that
max{ max_g(y, z>} > q(y.2) Yy €Y,z € 2(y) (2.24)
yeY z€Z(y)

and therefore we conclude that
max { max ,2) ¢ > max , 2 2.25
ma {Zez(y)q(y )} ZeZ}(/y)q(y ) (2.25)

ye

Consequently, (2.22) in conjunction with (2.25) provide that the principle
holds for opt = max. For the case where opt = min, replace max by min and
reverse the direction of the inequalities. ]

In short, the Principle of Conditional Optimization asserts that a problem
consisting of two decision variables can be decomposed into two embedded
problems, each consisting of a single decision variable.

2.6 Conditional Problems

The variable y on the right-hand side of (2.19) induces a family of para-
metric optimization problems that can be stated formally as follows:

Problem P(y),y €Y : p(y) == opt q(y,2) (2.26)
z€Z(y)
I shall refer to Problem P(y) as the CONDITIONAL PROBLEM AT .

The term “conditional” is intended to point out that, in the above frame-
work, the optimal values that the objective function ¢ takes are conditional
on the value that the variable y takes. Hence, the optimal value of z may
depend on the given value of y.
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2.7 Optimality Equation

Now, an application of the Principle of Conditional Optimization to the
conditional problems yields the following obvious result:

Corollary 2.7.1

Optimality Equation : p* = Op; p(y) (2.27)
ye

Attention is called to the fact that this equation is not a definition of
p*. Rather, it specifies the relation between p*, defined by (2.18), and p(y),
defined by (2.26). This relation is so compelling that it is sometimes mistaken
for a definition.

2.8 Solution Procedure

A cursory examination of the optimality equation (2.27) suffices to con-
clude that the solution procedure for Problem P, defined by (2.18), would
run as follows:

Procedure A:
1. For every y € Y solve Problem P(y) and determine the value of p(y).
2. Determine the value of p* by optimizing p(y) over y € Y. 0

The following examples demonstrate this procedure in action.

2.8.1 Example

Consider the case where

p* = gnz;x{«/xl + Vz2 } (2.28)

r1+axa<r,r>0 (2.29)
T1,T2 2 0 (2.30)

In view of the formulation of Problem P°, set

opt =max ; Y =[0,7] ; Z(y) =[0,r — y] (2.31)
a(y,2) =Y + V7 (2.32)

Given that in the context of Problem P(y) the variable y is treated as a
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known constant, the family of conditional problems would therefore be of
the following form:

p(y) : = max y{\/?Jr\/?}

0<z<r—

=y + max /2 (2.33)

0<z<r—y

Also, since the optimal values of z corresponding to each value of y are
given parametrically by 2*(y) = r — y, it follows that

py) =Vy+vr—y ,0<y<r (2.34)

Thus, to determine the value of p*, we can now invoke the optimality
equation

pri= Orgjgrp(y) (2.35)
= max (Vo +vr—v'} (2.36)
=V2r (2.37)

Note that because the objective function being maximized is concave with
y, the optimal value of y, namely y* = r/2, can be obtained by equating
the first derivative of the objective function to zero. The optimal solution is
then y* = 2* = r/2, yielding p* = v/2r . O

2.8.2 Example

Consider the case where

p*i= [nax {a1(21) + g2(z2)} (2.38)
r1+x20 <5 (2.39)
T1,T2 € {0,1,2,3,... } (2.40)

and the functions ¢; and ¢y are defined as follows:

« |0 1 2 3 4 5
@) 4 7 6 3 8 T
@@ 2 5 4 6 5 9

Set,

opt =max ; Y ={0,1,2,3,4,5} ; z(y) ={0,1,2,...,5 —y} (2.41)
a(y,2) = a(y) + @2(2) (2.42)

In this case the conditional problems would have this form
p(y) : = max {q1(y) + @2(2)} , y €Y (2.43)

2€Z(y)
= qi(y) + max ¢a(2) (2.44)
2€Z(y)

=q(y) + max{qa2(2) : 2 € {0,1,2,...,5 — y}} (2.45)
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Hence,
p(0) = ¢1(0) + max {g2(2) : z € {0,1,2,3,4,5}} =4+9=13
p(1) = q1(1) + max {q2(2) : 2 € {0,1,2,3,4}} =7+ 6 =13
p(2) = q1(2) + max {g2(z) : 2 € {0,1,2,3}} =6 +6 =12
p(3) =q1(3) + max {q2(2) : 2 € {0,1,2,}} =3+5=38
p(4) = q1(4) + max {g2(z) : z € {0,1}} =8+ 5=13
p(5) = ¢1(5) + max {qa2(2) : 2 € {0} } =7+2=9

Maximizing p(y) over y € Y would therefore yield

p* =max{p(y) :y € {0,1,2,3,4,5}} (2.46)
= max{13,13,12,8,13,9} = 13 (2.47)

It follows then that there are three optimal solutions here: (y,z) = (0,5),
(y,2) = (1,3) and (y, 2) = (4,1). O

Let us now pause here for a moment to reflect on what we have done so far.

2.9 Time Out: Direct Enumeration!

To be sure, the solution procedure outlined above for Problem P amounts
to no more than a systematic enumeration of all the feasible solutions per-
taining to this problem. That a strategy of this kind is being bothered with
at all, let alone treated in all seriousness as a perfectly legitimate solution
procedure for this problem, may perhaps strike some readers as peculiar. Let
us therefore examine whether this is indeed as peculiar as it might appear
at first.

You will recall that to make the problem with which we started out, namely

p* := opt ¢(z), amenable to a dynamic programming treatment, we had to
zeX
impute more substance to the solution set X. To this end we assumed that X

is a subset of the Cartesian product of two sets, thereby obtaining Problem
P, namely

p* = opt q(y,z2) (2.48)
yey
z€Z(y)

It turns out, however, that whatever inroads were made on the initial
indeterminateness of X and ¢, attributing this property to X falls short of
injecting X and ¢ with sufficient content to give the problem a structure that
is conducive to analysis. As matters stand then, all that Problem P is able to
give rise to is an optimality equation that can be solved only through direct
enumeration. This means, of course, that more needs to be done to imbue
Problem P with a structure that is amenable to a substantive analysis. As we
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shall progressively see, the measures that will be taken to bring this about
will have the effect of raising direct enumeration to the level of dynamic
programming.

It ought to be noted, therefore, that one of the principal theses that I
argue in this book is that direct enumeration lies at the bottom of dynamic
programming. Namely, that dynamic programming is in fact a distilled form
of direct enumeration that is obtained by ridding direct enumeration of some
of its blatantly unattractive features. So, the question that I turn to now is:

How is direct enumeration transformed into dynamic programming?

As we shall see, a key element in this process is the concept equivalent con-
ditional problems. This concept enables to effect a refinement in the optimal-
ity equation induced by the Principle of Conditional Optimization. However,
before I can show this, I must first explain the concept itself. Indeed, prior
to this, we need to remind ourselves of the precise meaning of the notion
equivalent problems in this context.

2.10 Equivalent Conditional Problems

Consider the following problem:

Problem 1: ¢ := opt {c+ g(a)} (2.49)
acA

where c is a given constant and g is a real-valued function on some set A.
Since (2.49) implies that

q1 = c+opt g(a) (2.50)
a€A

it follows that the value of ¢ is immaterial for determining the optimal solu-
tions to this problem. This entails in turn that solving Problem 1 is in fact
tantamount to solving the following problem:

Problem 2: ¢y := opt g(a) (2.51)
acA

The two problems can therefore be considered EQUIVALENT in that both
have the same feasible and optimal solution(s). Also, in this particular ex-
ample, the kinship between these two problems is further manifested in an
intimate relation between the optimal values of their respective objective
functions, namely ¢; = ¢+ ¢o.

This clear, let us now examine the notion equivalent conditional problems
in the framework of Problem P.
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2.10.1 Example

Suppose that Problem P is of the form

p* = opt {v(y) +w(2)} (2.52)
yey
2€Z(y)
Y i={(yi,y2) i +y2<ry1,92 >0}, r>0 (2.53)
Z(y) =10,y —(y1+v2)] , y=(y1,2) €Y (2.54)

In this case the conditional problems would take the form

ply) = max foly) +w(z)}, y €V (2.55)

Since in this context the variable y is treated as a known parameter, it
follows that

ply) = v(y) + nax, w(z) (2.56)
=o(y) + max w(z) (2.57)

0<2<r—(y1+y2)
=c+ Jmax w(z) (2.58)

where ¢ = v(y) and s =7 — (y1 + y2).
We may conclude then that Problem P(y) is equivalent to the following
modified problem:

P(y) == max w(z), s=7r—(y1 +y2) (2.59)
z€Z'(s)
where
Z'(s):=10,8] , 0<s<r (2.60)

In other words, if we define

S:=10,r] (2.61)
ty):=r—(y1+y2), yeY (2.62)
then for every pair y,y’ € Y such that t(y) = t(y’), Problem P(y) will be

equivalent to Problem P(y’) by virtue of their possessing the same feasible
solutions as well as the same optimal solutions. ]

At this point I need to introduce the following notation. Let X™* denote
the set of optimal solutions to Problem P, that is, define

X* = {x € X :q(a") = opt q(az)} (2.63)
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Similarly, define

Z*(y) = {Z* € Z(y) :q(y,z") == opt q(y,Z)} ,YEY (2.64)
z€Z(y)
so that by definition Z*(y) denotes the set of optimal solutions for Problem
P(y). Because X* is a subset of X and X itself consists of pairs x = (y, z)
such that y € Y and z € Z(y), it follows that X* consists of such pairs as
well. Also, note that by definition Z*(y) C Z(y), Vy € Y.
Let us examine then the role of the concept “equivalent conditional prob-
lems” in bringing about the refinement of the optimality equation induced
by the Principle of Conditional Optimization.

2.11 Modified Problems

Consider the following class of problems associated with Problem P:

Problem P'(s):  p'(s) := oZpt( )q'(s,z) , s€S (2.65)
z€Z'(s

where S is some set, and for every s € S the set Z'(s) is a subset of Z. 1
shall refer to Problem P’(s) as the MODIFIED PROBLEM AT s.

Clearly, the factor linking Problem P’(s) and Problem P is the set Z. Also,
recall that the definition of Problem P postulates that X C Y x Z.

Now, incorporating the above into our discussion of equivalent problems,
we can define

Z°(s) = {zo € Z'(s):q(s,2°) = opt q’(s,z)} , s€S (2.66)
z€Z'(s)

Namely, let Z°(s) denote the set of optimal solutions for Problem P’(s).
This phrasing immediately suggests Problem P(y) as a connecting link be-
tween Problem P’(s) and Problem P. Consider then the following.

Assumption 2.11.1 There exists a function t on Y with values in S such
that

Z'(tly) =Z(y) , Yy €Y (2.67)
(y), VyeyY (2.68)

Let t~1 denote the inverse of t, namely define

t(s):={yecY tly)=s}, s€S (2.69)
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By construction, if Assumption 2.11.1 holds, then for every s € S the set
t~1(s) consists of elements of Y whose conditional problems are equivalent.
Continuing with Fzample 2.10.1, notice that if we set

q'(s,2) =w(z), s€S,2€Z'(s) (2.70)

then the scheme (S,t) defined by (2.61)-(2.62) and the sets {Z'(s) : s € S}
defined by (2.60) conform with the requirements of Assumption 2.11.1.

The following is therefore an immediate consequence of the foregoing anal-
ysis:

Corollary 2.11.1 Suppose that Assumption 2.11.1 holds and let § be any
map from S to Z such that §(s) € Z°(s),Vs € S for which the set t~1(s) is
not empty. Then,

p(y) =aly,0(t(y))) , Vy €Y (2.71)
In this case, the optimality equation has this form.:
p" = opt q(y,d(t(y))) (2.72)
yey

Looking at this equation, it is clear that the solution plan that it entails
calls for the solution of the conditional problems through the related modified
problems. In other words, a solution procedure that would run as follows:

Procedure B:

Step 1:  For every element s € S, solve Problem P’(s) and set d(s) to be
any element of Z °(s).

Step 2: Determine the value of p* in accordance with the modified opti-
mality equation (2.72). O

Let us now compare the modified optimality equation (2.72) with the
optimality equation (2.27). The idea here is to determine whether it stands
to be more efficient than its predecessor. To do this, we need to establish
how many conditional problems are solved on average by a single modified
problem. So, let us define,

_ 1Y

FE =
5|

(2.73)

where |A| denotes the cardinality of set A, namely |A| is equal to the number
of elements contained in A. We now compute the value of E for a concrete
case.

2.11.1 Example

Consider the case where the conditional problems are of the form

ply) = max {v(y) +wz)} , y eV (2.74)
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where
Y ={(y1,y2,---,yn) : yn € {0,1},1 <n < N} (2.75)
N
Z(y) == {z:zﬁN—Zyn,zG{0,1,2,...}} (2.76)
n=1

Given that for every 1 <n < N the variable y,, can take either one of two
values, that is y, € {0,1}, it follows that |Y| = 2V. Now, suppose that to
comply with Assumption 2.11.1 we define

S:=1{0,1,2,...,N} (2.77)
N
ty):=N-> tn,ycy (2.78)
n=1
Z'(s): =1{0,1,2,...,8}, s€S (2.79)
qd(5,2):=w(z), s€S,ze€ Z'(s) (2.80)

Then clearly |S| = N + 1, and therefore

_ v 2¥

E = -
1S TN +1

(2.81)

Values of |S], |Y| and E corresponding to a sample of values of N are listed
below.

N | 10 15 20 30
5] 11 16 21 31
Y| |1,024 32,768 1,048,576  11,073,741,824
E 93 2,048 49,932 34,636,833

In a word then, it is patently clear that in this case the set S is likely to
be considerably smaller than the set Y. O

2.12 The Role of a Decomposition Scheme

Although, as we have just seen, the optimality equation (2.72) is likely
to be more efficient than (2.27) in the sense that it involves less condi-
tional problems, the former still has some serious failings. For one thing, the
fact that it requires that a record be kept of the values of {0(s) : s € S}
can translate in practice into heavy storage (memory) requirements. For in-
stance, should the elements comprising Z be large arrays, the impact on the
computations in Step 1 of Procedure B would be huge.

At any rate, even if this factor were totally ignored, there would still be suf-
ficient reasons for seeking further improvements of the foregoing procedure.
Let us consider then how such an improvement can be brought about.
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Recall that the move that set off the the derivation of the optimality
equation was the decomposition of the solution set X into its components,
namely

X={(y,2):yeY,ze Z(y)} (2.82)

Suppose now that we apply this tactic to the objective function ¢ of Prob-
lem P. As we shall see next, decomposing the objective function will further
distill the optimality equation. In anticipation of this, however, I need to
introduce the following;:

Assumption 2.12.1 There exists a real-valued function p on Y x R such
that

q(y,2) = p(y, 4 (t(y),2)) , Yy €Y, z € Z(y) (2.83)

Any collection (S,t,¢',{Z'(s) : s € S}) satisfying the requirements laid
down by Assumption 2.11.1-2.12.1 will henceforth be referred to as a DE-
COMPOSITION SCHEME for Problem P.

Continuing with Fzample 2.11.1, since by construction

a(y,z) = v(y) + ' (t(y).2) , Yy € Y,z € Z(y) (2.84)
we can set
ply,a) :==v(y)+a, yeY,acR (2.85)

The scheme specified by (2.77)-(2.85) thus constitutes a decomposition
scheme for the instance of Problem P considered in this example.

I shall now proceed to formulate an optimality equation for Problem P
based on a decomposition scheme and the set of modified problems induced
by it. But first I need to point out a number of things.

By definition,

p(y) = a(y,2) , V2 € Z*(y) (2.86)

is true for every y € Y.
Hence, if Assumption 2.12.1 holds, it follows that Z*(y) = Z°(t(y)) for all
y €Y so that

p(y) = q(y, 2) , Vz € Z°(t(y)) (2.87)
Furthermore, if Assumption 2.11.1 holds as well, then clearly

py) = ply. 4 (t(v), 2)) , Yz € Z°(t(y)) (2.88)
for all y € Y, so that

ply) = p(y, ' (t))) , Vy €Y (2.89)
recalling that by definition

p'(s)=d(s,2), Vs€ S, 2€ Z°(s) (2.90)

So, Assumption 2.11.1 - 2.12.1, in conjunction with (2.27), yield:
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Corollary 2.12.1

p* = opt p(y,p'(t(y))) (2.91)
yey

Continuing with Fxample 2.11.1, in view of the above, we obtain the fol-
lowing optimality equation:

p* = opt{v(y) +p'(t(y))} (2.92)
yey

recalling that by definition

p'(s):= opt ¢(s,2), seS (2.93)
2€Z'(s)

= opt w(z) (2.94)
z€Z'(s)

The optimality equation given by (2.91) suggests the following solution
procedure for Problem P.

Procedure C:
Step 1: For each s € S, determine the value of p’(s) in accordance with

(2.65).
Step 2:  Determine the value of p* by solving the optimization problem on
the right-hand side of (2.91). O

The essential point here is that the solution of (2.91) requires only the
values of {p’(s) : s € S}, each of which is a scalar. Let us examine then what
are the ramifications of this fact for Procedure C.

2.12.1 Example

Consider the following problem

N
p* = opt H qn(xn) (2.95)
(@1,2N) p=1
N
dan<r, r>0 (2.96)
n=1
2n€10,1,2,...} , n=1,2,3,...,N (2.97)

where {¢,} is a sequence of real-valued functions on [0, 7] such that
Gn(a) >0, V1 <n<N,acl0r] (2.98)
Now, suppose that the solution set is decomposed as follows:

X={(y,2):yeY,z€Z(y)} (2.99)
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where
Y:={yel0r]:ye{0,1,2,3,...}} (2.100)
N-1
Z(y)::{z:Zzngr—y,zne{0,1,2,3,...}} (2.101)
n=1
In this case, the following decomposition scheme will be considered:
S :=10,r] (2.102)
ty)=r—y,yeyY (2.103)
N-1
Z'(s) := {z Y < 8,20 €40,1,2,3, ... }} (2.104)
n=1
N-1
q'(s,2) = [ arsr(z) (2.105)
k=1
ply,a) =aq(y) xa, yeY,aeR (2.106)

To ascertain that this scheme is consistent with Assumption 2.11.1, note
that by construction

N
q(z1,72,.. ., 2n) = [ ] an(zn) (2.107)
n=1
N1
= qi(z1) % H T+1(Trg1) (2.108)
k=1

Hence, for any = = (y, z) such that y € Y and z € Z(y) we would have

N-1
9(,2) = a1(y) x ] arsa(zr) (2.109)
k=1
=q1(y) x q'(s,2) , s =1t(y) (2.110)
Next, the conditional problems would be of this form
p(y) : = max q(y,2), y€Y (2.111)
2€Z(y)
N-1
= max X Z 2.112
max {ql(y) kl;[l Qrt1( k)} ( )

whereas the modified problems would be defined thus:

/ A /
P'(s): Jnax g (5, 2)

N-1
- 2.113
mex kl;[l Gre+1(21) (2.113)
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Considering then that by construction

Z'(ty) = Z(y) , Yy eY (2.114)
q(y,2) = a1(y) x ¢ (t(y),2) , Yy €Y, 2 € Z(y) (2.115)

and in view of the fact that ¢;(y) > 0, Vy € Y, it follows from (2.112)-(2.113)
that z € Z*(y) if, and only if, z € Z°(s), s = t(y). Hence,

Z(y) =Z°(t(y)) , Vy €Y (2.116)

In other words, Assumption 2.11.1 is satisfied. And finally, because by
construction

p(y,d' (t(y),2)) = q1(y) x ¢ (t(y),2) , ye Y,z € Z(y) (2.117)
=q(y,z) (2.118)

it follows that Assumption2.12.1 is also satisfied, the conclusion thus being
that the scheme outlined above is a decomposition scheme for Problem P.
Turning now to the solution procedure. Suppose that N = 100. As Pro-
cedure B prescribes solving Problem P(y) for every y € Y and storing the
optimal solution recovered, memory requirements will be inordinate. This is
so because each element of Z(y) is, in this case, a vector consisting of 99
components. In contrast, Procedure C requires only that for each s € S the
scalar p’(s) be stored. O

We again reached a point in the discussion where we need to pause for a
critical assessment of our findings thus far.

2.13 Dynamic Programming Problem — Revisited

Having just seen what role a decomposition scheme plays in the deriva-
tion of an optimality equation for Problem P, the following question is in-
escapable:

What guarantees are there that a decomposition scheme exits?

In other words, what assurances would we have in a given case that a
decomposition scheme is indeed available for the problem concerned?

To be able to bring into sharp focus the vital necessity of finding a sat-
isfactory reply to this question, let us retrace the logical evolution of our
discussion.

Recall that I started with this formulation:

p* = opt q(y,2), X C Y x Z (2.119)
(y,2)eX
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I then went on to decompose the solution set X to obtain

Problem P: p*:= opt q(y,z2) (2.120)
yey
z€Z(y)

Invoking the Principle of Conditional Optimization, namely

opt q(y,Z)ZOPt{ opt q(y,Z)} (2.121)
yey yeY | zeZ(y)
2€Z(y)

I deduced what I termed a set of conditional problems, namely

Problem P(y): p(y):= opt q(y,2), yeY (2.122)
2€Z(y)

thereby obtaining the following optimality equation

p" = opt p(y) (2.123)
yey

On showing that the solution procedure called for by this equation would
in fact amount to a systematic enumeration of all the feasible solutions for
Problem P, 1 invoked the notion of a modified problem to obtain

Problem P'(s) : p'(s) = oZpt( )q'(s,z) , s€8 (2.124)
z€Z'(s

assuming that a function ¢ can be constructed such that
Z'(tly) =2Z(y) , Yy €Y (2.125)
Z°(ty) =2Z"(y), VyeyY (2.126)
where Z*(y) and Z °(s) denote the set of optimal solutions for Problem P(y)

and Problem P’(s), respectively. This format yielded the following optimality
equation.

pr= opt q(y,6(t(y))) , o(s) € Z2°(s),Vs € S (2.127)

ye
I then went on to argue that this optimality equation called for further
refinement, for which purpose I introduced the notion of a decomposition
scheme. In other words, I assumed that there exists a function p such that

q(y,2) = p(y,q'(t(y), 2)) , Yy € Y,z € Z(y) (2.128)
This in turn produced the following optimality equation
p* = opt p(y,p'(t(y))) (2.129)
yey

So, having come full circle, I shall now have to establish under what condi-
tions does a decomposition scheme for Problem P exist. To be precise, I shall
have to identify sufficient conditions under which any instance of Problem P
would be certain to have at least one decomposition scheme. And to bring
matters to a head, I shall now proceed to update the definition of a dynamic
programming problem as follows:
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Definition 2.13.1 Problem P is said to be a DYNAMIC PROGRAMMING
PROBLEM 1if it possesses a scheme (S,t,q’,p,{Z'(s) : s € S}) satisfying As-
sumption 2.11.1 and Assumption 2.12.1.

With this updated definition, the need to find a satisfactory reply to the
question concerning the existence of decomposition schemes takes on a spe-
cial urgency. Because, what this definition brings out is that a satisfactory
reply to this question will have the force of an assurance that dynamic pro-
gramming rests on a secure foundation.

2.14 Trivial Decomposition Scheme

All it takes is a moment’s reflection to conclude that a decomposition
scheme for Problem P exists as a matter of principle. Because, when the
requirements laid down by Assumption 2.11.1 and Assumption 2.12.1 are
examined, it turns out that they do no more than impose some minor mod-
eling technicalities on Problem P. To see that this is indeed so, consider the
following.

Definition 2.14.1 In relation to Problem P, define the following decompo-
sition scheme:

=Y (2.130)

ty) =y, yey (2.131)
Z'(t(y) =Z@y), ye Y (2.132)
q(t(y),2) = aly,2) , Vy € Y, 2 € Z(y) (2.133)
p(s,a):=a, seS, aeR (2.134)

I shall refer to this scheme as the TRIVIAL DECOMPOSITION SCHEME for
Problem P.

It is patently clear that the trivial decomposition scheme fully obeys the
requirements of Assumption 2.11.1 as well as those of Assumption 2.12.1.
This means of course that this scheme is applicable to any instance of Prob-
lem P.

Or in more general terms, there always exists a decomposition scheme for
Problem P. Hence,

Corollary 2.14.1 Any instance of Problem P is a dynamic programming
problem irrespective of the particular structure of q, Y and {Z(y) :y € Y}.

Problem P, in other words, is assured to possess the trivial decomposition
scheme. The point to note here, however, is that the optimality equation
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deriving from the trivial scheme is identical to the equation produced by
the Principle of Conditional Optimization. The implication is then that the
optimality equation

p'=opt p (.7 (t(v))) (2.135)

would reduce to

p* = opt p (t(y)) (2.136)
yey

= opt p(y) (2.137)
yey

In other words, the dynamic programming optimality equation rendered
by the trivial decomposition scheme would give rise to direct enumeration.

This, of course, is hardly surprising, considering that all that this trivial
scheme does is to replace the symbol y by the symbol s, the symbol ¢ by the
symbol ¢/, and so on.

Let us now pull together the above findings to see where we stand.

On the one hand we have an assurance that a universally applicable de-
composition scheme exists as a matter of principle. On the other, this scheme
has been shown to revert dynamic programming to direct enumeration. It is
important, therefore, to be clear on the meaning and role of this assurance.
The ensuing chapters will progressively show that, for the most part, one
would be able to devise decomposition schemes that are far more effective
than the trivial scheme. At the same time, it will also emerge that even
though a scheme may prove to be more effective than the trivial decom-
position scheme, it may still generate computationally ineffcient optimality
equations.

The conclusion to be drawn from all this is that the assurance that a de-
composition scheme exists in principle is of methodological importance. It
provides the guarantees that one would always be able to bring an instance
of Problem P to a valid dynamic programming optimality equation. Prac-
tically, however, it is of little help, for it gives no indication whatsoever as
to the viability of the resulting optimality equation as far as computation is
concerned.

2.15 Summary and a Look Ahead

We saw that the dynamic programming optimality equation is the result
of an upgrading of the optimality equation yielded by the Principle of Con-
ditional Optimization. This refinement is made possible by the concept of
equivalent conditional problems, itself reliant on two notions:
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- Decomposition Scheme
- Modified Problems

In the process, I identified a set of basic techniques that dynamic program-
ming deploys to obtain an optimality equation.

This done, I shall next have to show how these concepts and techniques
are employed to construct decomposition schemes that are more complex
than the universal (trivial) scheme. In other words, I shall have to explain
how these are used to handle optimization problems where the solution set
X is expressed explicitly as a subset of the Cartesian product of any number
of sets.

To expound these matters I shall use the multistage decision model as a
medium of discourse. So, my next task is to introduce this model.
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3.1 Introduction

The problems that are commonly known as sequential or multistage de-
cision problems are generally considered to be representations of real-world
situations where a sequence of decisions is made to attain a certain goal
subject to specified constraints. The feature considered the defining charac-
teristic of the decision-making processes manifest in these situations is that a
decision made at any given time is affected by its predecessors and invariably
affects its successors.

In turn, the mathematical models depicting problems of this kind are
termed sequential or multistage decision models. The stock components com-
prising such models are as follows:

1. A sequence consisting of elements denoting the stages of the decision-
making process.

2. A set whose elements represent the state of the process in each stage.

3. A collection of sets where each set contains elements designating the
feasible decisions pertaining to a stage-state pair.

4. A transition function embodying the dynamics of the states as they
evolve over stages.

5. An objective function stipulating the overall return or cost generated by
any sequence of decisions.

These are the rudimentary building blocks with which models designed to
portray multistage decision processes of various degrees of complexity are
constructed.

In this chapter I formulate a prototype model out of these key ingredi-
ents with the view to show that this is precisely the means for describing,
analyzing and solving optimization problems in general.

To be precise, I argue that its origins notwithstanding, as a mathematical
model the multistage decision model can be a tool for the treatment of opti-
mization problems as such, including problems that ostensibly are couched
in language that is different from that of the multistage decision model.

My chief objective in arguing this point is to explain the rationale behind
dynamic programming’s approach to optimization problems. Dynamic pro-
gramming, I contend, more than any other optimization method, regards an
optimization problem as an embodiment of a multistage decision process.
Naturally, the plan of attack that it puts forward reflects this position. So,
to have a good grasp of dynamic programming’s treatment of optimization
problems, it is essential to have a good grasp of the medium that it uses for
this purpose — the MULTISTAGE DECISION MODEL.

Once the model is outlined, I shall describe the rules — namely policies
— that in this framework govern the determination of the optimal decisions
for the underlying problems.
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3.2 A Prototype Multistage Decision Model

The model that I am about to set out is designed to serve as a means for
the formulation and treatment of optimization problems whose solution set
X is a subset of the Cartesian product of a fized number of sets, say M > 1.
To this end, let us restate our generic optimization problem, namely Problem
P, as follows:

Problem P : pi= opt q(z1,...,20) (3.1)
(ZEl,...,IE]\/[)GX

where X C X' := X7 x X3 x --- x Xy and ¢ is a real-valued function on X.
Let X* denote the set of optimal solutions to this problem. Assume that X*
is not empty, namely that the problem has at least one optimal solution.

That it is at all conceivable to regard problems of this type as multistage
decision problems is borne out by the following observation. Simply let X
be a set consisting of the sequences of feasible decisions under consideration
and let M be the number of decision stages. Then x,, will be interpreted
as a decision made at stage m and ¢ as a function indicating the degree of
desirability of elements of X. To all intent and purposes then, Problem P
will constitute a multistage decision problem.

The following example illustrates how this would work in the case of a
specific instance of the general type defined by Problem P.

3.2.1 Example
Consider the problem

N

p:= opt Z qn () (3.2)

N
dan<r, 220, n=123,... N (3.3)

n=1

Note that because (3.3) implies that

N
0<a, <r—)Y z,n=123,... N (3.4)
k=1
k#n
we can set
Xpm=1[0,7], m=1,2,3,... .M (3.5)

Thus, to obtain a formulation consistent with the format of Problem P, set

M=N (3.6)
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opt = max (3.7)
M
Q($17 cee 7$M) L= Z Qm($m) (38)
m=1
X' =[o,r]™ (3.9)
M
X::{(azl,...,xM)eX/:megr} O (3.10)
m=1

This established, I shall now state the model that from now on will be
considered the prototype against which multistage decision problems are
to be tested; and the blueprint according to which optimization problems
falling under the Problem P format are to be recast as multistage decision
problems.

Definition 3.2.1 A MULTISTAGE DECISION MODEL is a collection (N, S, D,
T,S51,9) where

- N is a positive integer specifying the number of DECISION STAGES com-
prising the decision-making process. Define N := {1,2,3,...,N}. Thus,
for N = 0o the set N denotes the set of positive integers.

- S is a non-empty set entitled the STATE SPACE. [ts elements are called
STATES.

- D is a function such that to each pair (n,s) € N x S it assigns a subset
of some set D. The set D(n,s) is referred to as the SET OF FEASIBLE
DECISIONS PERTAINING TO STATE s AT STAGE n. If the set D(n,s) is
empty, the state s is considered to be non-feasible at stage n. The set D
1s called the DECISION SPACE.

- T is a function on N x S x D with values in S called the TRANSITION
FUNCTION. For any triplet (n,s,z) such that n € N, s € S, and x €
D(n,s), the element ' = T(n,s,z) designates the state at stage n + 1
resulting from the application of decision x to state s at stage n.

- 81 is a non-empty subset of S whose elements are nmamed INITIAL

STATES.

- g is a real-valued function on Sy xDYN termed the OBJECTIVE FUNCTION.
The value yielded by g(s,x1, o, ..., xN) is understood to specify the over-
all return, namely cost or benefit, arising from the decisions (z1,...,TN)

made at stages 1,2,3,..., N respectively, given that the initial state of
the process is s € S7.

Figure 3.1 gives a schematic description of the dynamics of the decision-
making process at a typical stage.

Occasionally, we shall have to distinguish between two cases of the value
of N:

- Truncated processes: N is finite
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Decision z,, € D(n, sy,)

!

state

— | variable | — Transition s,4+1 = T(n, Sp, y)
sp €S,
Stage n

Figure 3.1: A scheme of the state dynamics

- Non-truncated process: N is not finite.

Note that in the case of truncated processes there are N decision stages at
each of which a decision is made. The final state of the process is observed
at stage n = N + 1 where the process terminates and no decision is made.
The state observed at the final stage IV 4 1, namely sy1, will be referred
to as the FINAL STATE of the process.

In the case of non-truncated processes, there is no final stage. However, if
the sequence of states s1, s2,83... converges to some state § € S, then this
state can be regarded as the final state of the process.

Armed with this model, let us now proceed to examine the following (para-
metric) family of optimization problems.

Definition 3.2.2 Problem P(s), s € Sy :

f(s):== opt g(s,21,22,...,2N) (3.11)

(xlv"'va)
zn € D(n,sp) , n €N (3.12
Spt1 =T (n, sp,xn) , n €N (3.13
s1=s (3.14

I shall refer to Problem P(s) as the INITIAL PROBLEM AT s. Let X(s
denote the set of feasible solutions for Problem P(s), namely define

X(s) :=A{(x1,...,xn) 1 &y € D(n,s,),n € N} (3.15)

where s1 = s, and $p+1 = T(n, $p,xy),n € N.
Also, let X*(s) denote the set of optimal solution for Problem P(s). O

Unlike Problem P, in whose case the decision-making process, notably the
multistage aspect thereof, had to practically be read into the formulation,
Problem P(s) very directly and unmistakably presents us with a situation
that conveys the following;:

The initial state of the decision-making process being s; = s, a se-
quence of decisions (z1, ..., zy) needs to be determined such that the
decisions
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(a) are feasible, that is, x,, € D(n, s,,), where s, is the state generated
by s1 and (z1,...,2p—1), and

(b) they optimize the overall cost or benefit stipulated by the objec-
tive function g.

The expression $,+1 = T'(n, sp,x,) indicates that the dynamics of the
process is governed by the transition function 7. That is, it indicates that
bringing the sequence of decisions (z1,...,2y) into play at the initial stage
n = 1, where the state is s1, sets off the sequence of states (s2,...,sn),
where s9 = T'(1,s1,21), s3 =T(2, s2,22), etc. And finally, incorporating the
set Sp into the definition of Problem P(s) gives the initial state the status of
a parameter. Now let us go back to our example.

Continuing with FEzample 3.2.1, the constraint defined by (3.4) suggests
that the state variables should be defined as follows:

si=r, Sp={r} (3.16)
n—1

Sn:r—Zajk,n>1 (3.17)
k=1

In this case, (3.4), in conjunction with (3.17), imply that
0<z,<s,,neN (3.18)
so that to comply with Definition 3.1.2, the following can be set:
S=D=0,r] (3.19)
D(n,sy) =10,s,] , sp € S;neN (3.20)

Next, from (3.17) it follows that the transition function 7" can be defined
as follows:

Spg1 =T — Z Tk (3.21)
k=1
n—1
=r— Z Tp — T (3.22)
k=1
= Sp — T, (3.23)
that is,
T(n,Sp,Tn) =Sy —xn , n € N;s, € S 2, € D(n,sy,) (3.24)

Finally, the objective function g is defined as follows:

) (3.25)

g(S,.’L'l,xQ,...,.’L'N) Q(xla"'JxN

N

> qulan) (3.26)
n=1
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Hence, Problem P(s) would assume the form:

N
f(s) = ( opt )an(xn) , SES] (3.27)
L1 ®N) p=
0<x,<s,,neN (3.28)
Spi1=8p— T, N EN (3.29)

Observe that should the objective be to solve Problem P(s) for a range of
values of r, say, r € [0,7*], we would simply reset

D=S=5 =10,r"] (3.30)

We have just seen then that the problem in Fzxample 3.2.1 can be framed
in terms of both the format of Problem P — call it Format P — and the
format of Problem P(s) — call it Format P(s). This being so, the following
question arises: is this merely a coincidence or is it rather an indication that
the two formats are interchangeable in principle?

I shall work out an answer to this question in the next section. But before
I can do this I need to clarify a number of technical details.

Assumption 3.2.1 For each s € Sy the initial problem at s, namely Prob-
lem P(s), has at least one optimal solution.

This assumption clearly holds if for each s € S; the set X(s) is finite and
non-empty. More generally, it holds in cases obeying Weierstrass’ Theorem,
that is, cases where for each s € S; the set X(s) is compact under an
appropriate topology on X(s) and where the function g(s,-) is continuous
on X(s).

A sequence of decisions (x1,...,zy) will be deemed feasible with respect
to state s € S, if this sequence will constitute a feasible solution to Prob-
lem P(s), namely if (x1,...,2y) € X(s). Similarly, this sequence will be
deemed optimal with respect to state s if it constitutes an optimal solution
to Problem P(s).

3.3 Problem vs Problem Formulation

Going back now to the question posed in the foregoing section, the issue
boils down to this: what is the relation between Format P and Format P(s)?
To be able to treat this question formally, let

A := set of all optimization problems subsumed by Format P.
B := set of all optimization problems subsumed by Format P(s).

The question is then: what is the relation between the sets A and B? The
answer to this is:
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Theorem 3.3.1
A=21B (3.31)

In other words, Format P and Format P(s) designate one and the same
type of optimization problem. I shall prove this in two stages.

Lemma 3.3.1
BCA (3.32)

PRrROOF. Let (N, S, D, T, S1,g) be any multispage decision model and let s
be any element of S7. To establish that B C A we need to show that there
exist a sequence of sets (X,,, : m € N); aset X C X3 x Xo x---x Xy ; and
a real valued function ¢ on X such that

X = X(s) (3.33)
and

q(x1,...,xN) = g(s,21,...,2N) , Y(x1,...,2N) € X(5) (3.34)

keeping in mind that X (s) denotes the set of feasible solutions for Problem
P(s). Observe then that since by definition X (s) C DV, we can set M = N
and X,, = D, whereupon X (s) clearly emerges as a subset of the Cartesian
product of the sets (X,, : m € N). This completes the proof, as X and ¢ can
now be defined by (3.33) and (3.34) respectively. O

The reason that this result flows so readily from its antecedents is that
Problem P, by definition, encompasses any conceivable optimization problem
whose feasible solutions can be represented as sequences of a fixed length.
Given then that all the feasible solutions pertaining to Problem P(s) are
sequences of a fixed length, it follows that any problem falling under Format
P(s) would necessarily fall under Format P.

Lemma 3.3.2
ACB (3.35)

Before providing a formal argument for this lemma, let us first elucidate
its import. Lemma 3.5.2 argues that, given an instance of Problem P, there
exists a multistage decision model (V, S, D, T, S, g) and an initial state s; €
S1, under whose terms Problem P(s1) would be equivalent to Problem P in
that both would have the same objective function, the same feasible solutions
and hence the same optimal solutions. It should be appreciated that because
this proposition contends that this is true for any instance of Problem P,
the said multistage decision model and initial state must by necessity be of
a simple structure — one that is readily derived from the structures of ¢ and
X. With this in mind, consider now the following.
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Definition 3.3.1 In the framework of Problem P let the multistage decision
model (N°,5°, D°, T°,57,9°) be defined as follows:

- Stages. Set N° := M so that by definition N° :={1,2,... , M}.
- State space. Define,

M+1

se:=J Sy (3.36)
n=1

Syi={(n—-1)Ty:yeX}, 1<n<M+1 (3.37)

and k T y denotes the sequence comprising the first k elements of the
sequence 1y, namely

k T Yy = (y1>312> e ayk) (338)

Thus, by construction S, is the projection of X on X1 x Xax---x X,_1.
- Feasible decisions. Define,

%) , s€8;

. neN (3.39)
{z:2e X, (s,2) €S2} ,s¢853

D°(n,s) = {

where @ denotes the empty set.
- Transition function. In line with the definition of S in (5.37), set

T°(n,s,x):=(s,z), neN, se€ S, xe€D°n,s) (3.40)

- Initial states. In line with (3.37) let Sy := {@}, where & denotes the
emptly sequence.

- Objective function. Define,
9°(s,2) :==q(z) , se S7,z€ X (3.41)
I shall refer to (N°,S°,D°,T°,S7,¢°) as the TRIVIAL MULTISTAGE DE-

CISION MODEL induced by Problem P.

The following observations need to be made with regard to certain com-
ponents of this model:

1. Since Sy is the singleton {@}, it follows from (3.41) that ¢° is identical
to ¢ on X. Thus, to show that Problem P(s), s = &, is equivalent to
Problem P it will suffice to demonstrate that X (s) = X, recalling that
X (s) denotes the set of feasible solutions for Problem P(s).

2. By construction, the set S is the projection of X on the set X7 x Xy X
- X X;,—1. It therefore follows from (3.39)-(3.40) that if the sequence
(x1,...,xp) is an element of X, it must satisfy the condition

xn € D°(n,s,), Vn eN (3.42)
where s{ = @ and s} | = T°(n, s}, zy), the implication thus being that

X C X(s9) (3.43)
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3. Let y = (x1,...,2n) be any element of X (s]) and consider the sequence
{s5} generated by y and s9. Then, (3.39)-(3.40) imply that

Spi1 = (x1,22,...,2,) €S54, Vn €N (3.44)
This can be restated as follows:
yeX(s))=nly)enlX),neN (3.45)

where (n T X) denotes the projection of X on X7 x Xo x -+ x X,,.
4. If M is finite, then (3.45) entails that

yeX(sy) = MTy)e(MTX) (3.46)
from which it follows that
yeX(s))=yeX (3.47)

for M being finite clearly implies (M T X) = X.
The inference is therefore that if M is finite then

X(s2)C X (3.48)

Thus, in cases where M is finite, (3.48) in conjunction with (3.43) provide
that X = X (s7). Since we have already established that ¢° is identical to ¢
on X the following must be true.

Corollary 3.3.1 If M is finite then the initial problem induced by the trivial
multistage decision model is equivalent to Problem P.

This will insure that Lemma 3.3.2, hence Theorem 3.5.1, hold true when
M is finite. To clinch the proof of Theorem 3.5.1, however, we still need
to consider the case where M = oo, that is, where Problem P takes the
following form

Problem P: p:= opt q(z1,22,...), X C X := X Xm (3.49)

(z1,22,.--) m=1

Let K be any positive integer and set

X,, 1<m<K
X! = m (3.50)
k—1)1X m=K
where
nl X ={(rps1,---,2n) : (21,...,2N8) € X'} (3.51)

By construction then,

X' =X x X5 x-x X} (3.52)
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and therefore Problem P can be redefined as follows:

K
Problem P: p:= opt q(z1,...,75), X C X = x

(ml,m,wk) m=1

X! (3.53)

What this means then is that, if M = oo, Problem P will easily lend itself
to a formulation under whose terms the solution set X will be expressed as
a subset of the Cartesian product of a finite number of sets. Formally then,

PROOF of Lemma 3.3.2.

If M is finite invoke Corollary 3.53.1. If M = oo rephrase Problem P so as to
allow X to be stated as a subset of the Cartesian product of a finite number
of sets and then invoke Corollary 3.3.1. O

At this point T need to explain why the distinction between the case where
M is finite and that where M = oo is called for. To do this, it is sufficient to
point out that in the latter case the conditions y € X’ and (m T y) € (m 1 X)
for all m > 1 do not guarantee that y € X. There is therefore no assurance
that the trivial multistage decision model is such that X (s}) is equal to X.

3.3.1 Example
Consider the case where M = oo, X,,, = {0,1}, ¥m, and

X={y:ye{0,1}®, y#(1,1,1,1,...)} (3.54)

That is, let X be the set consisting of all the infinite-dimension boolean
vectors excluding the vector ' = (1,1, 1,...). Then, clearly (m 1 3') € (m 1
X) forallm > 1, yet y/ ¢ X. O

In short, the difficulty arising in the case where M = oo is that, failing the
assurance that X (s7) is a subset of X, there is no certainty that X = X (s9).
The implication is therefore that additional guarantees must be provided to
insure that any instance of Problem P will allow a recasting as an instance
of Problem P(s) for some s € S;. Consider then the following.

Definition 3.3.2 The solution set X of Problem P is said to be a REGULAR
SUBSET of the set X' if

{ye X'and (mTy) e (m1X),YmeN} =yeX (3.55)

An instance of Problem P is said to be REGULAR, if for this instance, X
is a reqular subset of X'.

Notice that this definition entails that if M is finite, then any instance of
Problem P is regular. The following example features a regular instance of
Problem P in a case where M = oo. More generally, the above regularity
condition requires X to be a closed set under the assumed topology.
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3.3.2 Example

Consider the case where M = co, X,,, = [0,7], r > 0, ¥Ym, and

o
X = {(ml,wg,...):Zamxmgr,ngnmgr} (3.56)

m=1

I shall show that if the coefficients {a,,} are non-negative then X is a
regular subset of X’. Let y be any element of X’ such that (m T y) € (m 1 X)
for all m > 1. What needs to be shown is that if the coefficients {a,,} are
non-negative then y € X. Note then that since the coefficients {a,,} are
non-negative and X,,, = [0, r], it follows that

(m1X)= {(:pl,...,xm):Zakwkgr,ogznkgr} , Ym>1 (3.57)

k=1
If we define
m—1
=Y agyp, m>1 (3.58)
k=1

then the sequence {r],} will be monotone non-decreasing. Furthermore, since
(m1Ty) e (m?7l X),Vm > 1, it also follows that » > 7/, ¥Vm > 1, mean-
ing that the sequence {r/,} is bounded above by r. Hence, its limit is also
bounded above by r. The implication is therefore that

o
Z A Ym < T (3.59)
m=1

which in turn implies that y € X. It follows that X is a regular subset of
X'. Thus, any instance of Problem P with a solution set of the form defined
above is regular. O

In short then, if M = oo one can either “truncate” X as outlined by
(3.50)-(3.53) and then invoke Corollary 3.5.1, or settle for Problem P being
regular and invoke the following.

Lemma 3.3.3 Given any regular instance of Problem P, there exist a mul-
tistage decision model (N,S,D,T,S1,g) and an initial state s; € S1 such
that N = M and Problem P(s1) is equivalent to this instance of Problem P.

ProOOF. Consider any regular instance of Problem P. Then, in view of
(3.43) it follows that X is a subset of the set of feasible solutions to Problem
P(s9) induced by the multistage decision model, that is, X C X(s7). Also,
this instance being regular, implies that X(s7) € X, thus implying that
X = X(s9). Hence, since g° is identical to ¢ on X it follows that the two
problems are equivalent. ]
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Clearly, it would be utterly counter-productive to become embroiled in
all the minor technical matters that arise from the optimization problem
not being regular. Therefore, the following assumption will accompany us
through the remainder of the book.

Assumption 3.3.1 Problem P is reqular, namely X is a reqular subset of
X =X; xXox - xXyp.

The analysis of the relation between Format P and Format P(s) can now
be summarized as follows.

However disparate the two formats appear to be on the surface, the truth
is that both give expression to the same class of optimization problems —
any problem in this class has the property that all its feasible solutions are
sequences of a fized length.

Since all it takes to bring a problem to conform with this requirement is
to allow it to absorb, if necessary, dummy decision variables, stages, etc., we
may conclude that any optimization problem can, in principle, be formulated
in terms of Format P(s); or, in other words, that any optimization problem
can as a matter of principle assume the format of a multistage decision
problem. The converse is also true, any multistage decision problem can
assume the format of Problem P. In view of our findings in Chapter 2, it
ought to be clear though that of interest to us are only cases where M > 2.

And a final point: as the initial state proves to be the only conceivable
object in Format P(s) that is capable of providing the link between Problem
P and Problem P(s), it should be expected to figure as a parameter in
Problem P when Problem P(s) is restated to assume the Format P.

3.3.3 Example

Consider the case where the family of initial problems is of the following
form:

f(s) = ( max )an(azn) ,s€5=8:=[0,r,r>0 (3.60)
T1,T2,... 1

0<z,<s,,neN:={1,23,....} (3.61)

Spr1=0a(sp —xpn) , nEN,0<a<1 (3.62)

where s; = s. Since the above implies that
0<umz,<s,<sp41 <7 (3.63)

reformulating Problem P(s) in terms of Format P would mean setting M =
oo and X,, = [0, s, in which case X’ = [0, s]>°.

To determine the composition of the decision set X, notice that the se-
quence of states generated by an initial state s; = s and a sequence of
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decisions (x1,...,xy) is as follows:
s1=S5 (3.64)
s9 = sy —x1) (3.65)
s3=a(sy —x2) = ala(sy — 1) — z2) = a’s; — a’r — axs (3.66)
Sq4 =

afs3 — z3) = a(a?s; — o’r) — azy — x3)
o3

s1— a’xy — alxy — axg (3.67)

and by induction

sy, = s1a" "t — kaa"_k ,n>1 (3.68)

Hence, for any given s; € Sy, Problem P(s1) would be restated in the form
of Problem P as follows:

o0
- 3.69
Y (l’l,gzlil.}.()exé Qm(l‘m) ( )
where
n—1
t {($1,x2, )0 <y < s10™h — Zam—k"E’f} (3.70)
k=1

As noted above, the initial state is stated explicitly in the formulation of
the set X. g

In summary, having shown that any optimization problem capable of as-
suming Format P will by necessity lend itself to Format P(s) and vice versa,
we can now conclude that problems normally regarded as multistage decision
problems are in truth ordinary optimization problems.

The format that I shall adopt henceforth as a standard problem formula-
tion framework will, however, be Format P(s), that is, the multistage deci-
sion model. Because, as we shall see throughout, the type of constructs and
terminology that it furnishes, that is, the type of setting that it lays out for
the treatment of an optimization problem — proves precisely suitable for
the purposes of dynamic programming.

3.4 Policies

One of the merits of formulating optimization problems in terms of a multi-
stage decision model is that this position provides an extremely illuminating
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perspective on these problems. It inspires a broadening of the notion of a
solution to an optimization problem, thus furnishing deeper insight into the
problem and the ways of tackling it. Specifically, the integration of such con-
cepts as “state” and “stage” in the formulation of an optimization problem
invites an approach to the solution that no longer, as in the case of Problem
P, makes do with simply determining the optimal decisions. Rather, the goal
now becomes to identify the RULES behind these decisions, namely the rules
according to which these decisions are made. Rules of this kind are termed
POLICIES.

So, a policy being a rule prescribing decisions, a feasible policy is a rule
yielding a feasible sequence of decisions, and an optimal policy is a rule
— necessarily feasible — whose application yields an optimal sequence of
decisions.

Let us now examine what kind of decision rules would the multistage
decision model give rise to.

You will recall that one of the functions of the state variable, within the
framework of the multistage decision model, is to supply the information
used in identifying the set of feasible decisions pertaining to a given stage.
More precisely, the state observed at any stage of the process provides the
information that is required to determine which decisions are feasible for
this stage. Clearly, this implies that a policy would be defined in terms of
its relation to the state variable. But what is more, it further follows that
the most natural policy imaginable in this framework would be a policy
of the form 6 = d(n, s), that is a policy such that all it would require for
engendering the decision x,, at stage n is the information furnished by the
state presently observed at this stage.

Stated more rigorously, such a policy is a function on N x S with values in
D, where to comply with the feasibility constraints x,, € D(n, s,), Vn € N, it
would satisfy the condition d(n, s,) € D(n,s,) for any pair (n € N, s, € 5)
for which the set D(n, s,,) is not empty. Policies possessing this characteristic
are called MARKOVIAN.

Ideally, the Markovian policy would be optimal for all the initial states
s € Sy of Problem P(s). However, as we shall shortly see, the conditions
underlying the multistage decision model — by themselves — do not fur-
nish the assurance that such a policy always exists. We therefore have to
investigate what conditions need to hold in order to secure the existence of a
Markovian policy that is optimal for all the initial states. Also, to deepen our
understanding of the Markovian policy it is desirable to examine it vis-a-vis
other policies that can be used in the framework of the multistage decision
model. So, in addition to the class of Markovian policies, I shall define three
other classes of policies in an increasing order of complexity of their domain
of definition.

Class # 1: Let AD denote the set of all the functions defined on N with
values in D, and let & be any element of A(M). In this case, the decision gen-
erated at stage n is defined as follows: x,, = d(n). A policy of this type then
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merely simulates a sequence of decisions. That is, although it is a function,
all that § does is to enunciate a sequence of decisions, which it is important
to note, takes no notice whatsoever of the initial state of the process, nor of
any subsequent states and decisions.

Theorem 3.4.1 Let s be any element of S1. Then, there exists a policy
6 € AW that is optimal for Problem P(s).

PROOF. Let s be any element of S; and let (z7,...,2}) be any optimal
solution to Problem P(s). Consider now the element § € A() defined as
follows:

o(n) ==, neN (3.71)

Observe that applying this policy will always generate the sequence of
decisions (z7,...,x}) at stage 1,2,..., N respectively, regardless of what
the initial state happens to be. Since (z7,...,z}/) is an optimal solution to
Problem P(s), it follows that § is optimal for Problem P(s). O

It goes without saying, however, that under the terms of the multistage
decision model there is no assurances that there exists a policy 6 € A that
is optimal (simultaneously) for all the initial states. In fact, this is the case
only in trivial problems.

3.4.1 Example

Consider the following case.

N
f(s) ::( max : in (3.72)
TNy
Tn € D(n,s):=1[0,s,] , n€N (3.73)
S1=8=D=][0,r], r>0 (3.74)
T(n,Sp,Tn) = Sp — Ty , n €N (3.75)

Since s] := 0 is an element of S and the only feasible solution for Problem
P(s7]) is the sequence (z7,...,x}) where z}, = 0, ¥n € N, it follows that the
only element of AW that is feasible for all the initial states is the policy
defined as follows:

d(n)=0, ¥YneN (3.76)
However, because this policy is not optimal for s > 0, it follows that no
policy in AM is optimal for all the initial states. U

The next class of policies that I consider is more intricate than the previous
class in that policies of this type take account of the initial state of the
process.
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Class # 2: Let A® denote the set of all the functions defined on S; x N
with values in D, and let & be any element of A, In this case the sequence

of decisions (z1, ..., zx) generated by ¢ and an initial state s; € Sy is defined
thus:
Tp =0(s1,n) , n €N (3.77)

Consider now the following obvious result.

Theorem 3.4.2 There exists a policy § € A®) which is optimal (simulta-
neously) for all the initial problems.

PROOF. For each s € S; , let §; be any element of A that is optimal
for the initial problem at s, recalling that Theorem 3.4.1 provides that such
policies exist. Now, consider the policy § € A(®) defined as follows

d(s,n) =ds(n), se€S;,neN (3.78)

By construction, the sequence of decisions generated by applying § to some
s € 51 is identical to the sequence of decisions generated by applying 5 to s.
Because for each s € S; the policy 5 is optimal for Problem P(s), it follows
that § is optimal for all the initial states. O

In short, once the initial state is a factor in the policies’ domain of def-
inition, it is possible to assure the existence of at least one policy that is
optimal for all the initial problems. One need hardly point out the benefit
of being able to count on this option.

Class # 3: The effect of incorporating the initial state in the policy’s
domain of definition clearly suggests that a policy, which not only takes
into account the initial state, but all the ensuing states and decisions up to
the current stage of the process should also be considered. Such a policy’s
domain of definition would be the set:

N
H:=|]JH, (3.79)
n=1
where
Hi:=S (3.80)
H, :={(s1,1,82,2,...,8n) : xx € D(k,sx),1 <k <n)} (3.81)

for 2 <n < N, where s; € S1, and sg11 = T(k, sg, k), 1 <k <n.

The import of these definitions is that H,, is composed of sequences con-
sisting of n states and n — 1 decisions. Each sequence represents a realizable
history of the decision process which ends at stage n, including the state
observed at this stage. The set H consists of all the feasible partial and
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complete histories of the decision making process, where a typical (partial)
history is say,

hn = (81,21, 82, Z2,...,8,) € Hy, (3.82)

Now, let A®) denote the set of all the functions defined on H with values
in D such that if h, = (s1,21,S2,22,...,5,) € H then 6(h,) € D(n,s,).
Obviously, policies of this kind take into account, at each stage, the totality
of information available about the process up to the stage in question. As
such, they are without any doubt, the most comprehensive deterministic
policies imaginable.

Because the elements of A can be expressed as degenerate cases of the
elements of A®) | the implication of Theorem 3.4.2 for this case is as follows:

Corollary 3.4.1 There exists a policy 6 € AB) that is optimal (simultane-
ously) for all the initial states.

And now, let us turn to the class of policies that are central in dynamic
programming.

3.5 Markovian Policies

First, we need to remind ourselves of the precise meaning of the concept
Markovian. You will recall then that an object defined as Markovian is un-
derstood to be “devoid of memory”. The idea here is that the only trace of
realized histories that is discernible in the object concerned is the impact
made on it by the state being observed.

It is important to be clear on what is and what is not meant by the impact
being limited to the state being observed. What is meant is that the effect
of a realized history on the object is narrowed down to the effect of the state
being observed. What is not meant is that the object is thereby rendered
detached from or totally uninfluenced by the states and decisions realized in
the preceding stages.

Indeed, if this were so it would have amounted to a contradiction in terms,
as the state at any given stage is affected by the previous state and decision
through the dynamics s,11 = T'(n, $p, Tn)-

We have already encountered a number of Markovian objects in the dis-
cussion. For instance, the transition function T is clearly Markovian, and
so is the function D which specifies the feasible decisions available at each
stage.

A policy labeled Markovian would therefore be a decision-making rule gen-
erating decisions such that the decision at stage n is determined solely on
grounds of s, — the state observed at stage n. The formal definition of
policies of this type is as follows.
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Definition 3.5.1 Let A denote the set of all the functions 6 defined on Nx S
with values in D such that 6(n,s) € D(n,s) for each pair (n,s) € Nx S for
which the set D(n, s) is not empty. Policies that are members of this set are
said to be MARKOVIAN.

Now, if 6 € A then z,, = d(n, s) is understood to be the decision generated
by 0 at stage n given that the state s is observed at this stage. Therefore,
the initial state being s € S, bringing 0 into play generates the following
sequence of states and decisions:

s1=35 (3.83)
x1 =9(1,s1) (3.84)
so =T(1,51,21) (3.85)
x9 = 0(2, s9) (3.86)
Sp+1 =T(n, Sn, Tpn) , Tn =0(n,Sy) (3.87)

Next, because the elements of A1) are degenerate cases of the elements of
A, the implication of Theorem 38.4.1 for this case is:

Corollary 3.5.1 For every initial state s € S1 there exists a Markovian
policy that is optimal for Problem P(s).

However, as demonstrated by the following example, there is no assurance

that A contains a policy that is optimal for all the initial states.

3.5.1 Example

Consider the case where Problem P(s) is defined as follows:

f(s1) ::énzlx)(sl) X (z1) X (z2) , s1 € S1:={-1,1} (3.88)
Tp € D(n,sp) :={—|snl,|sn] +n}, n=1,2 (3.89)
s9 =T(1,81,21) := 21 (3.90)

where |a| denotes the absolute value of a € R.

Case 1. s1 = 1.
Problem P(1) has a unique optimal solution, that is X*(1) = {(2,3)}, which
yields

f1)=1x2x3=6 (3.91)
Therefore, any Markovian policy that is optimal for Problem P(1) must
satisfy the conditions
0(1,1) =2 (3.92)
5(2,2) =3 (3.93)
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observing that applying z1 = 2 to the initial state s; = 1 yields the state
So = T1 = 2 (394)

Case 2. 51 = —1.
Problem P(1) has the unique optimal solution z = (z; = 2, x9 = —2), which
yields

F(-1) = (-1) x (2) x (~2) = 4 (3.95)

Therefore, any Markovian policy that is optimal for Problem P(—1) must
satisfy the conditions

0(1,-1)= 2 (3.96)
5(2,2) = -2 (3.97)
again, because applying x1 = 2 to the initial state s; = —1 yields the state

s9 = x1 = 2. Now, as no Markovian policy can satisfy both (3.93) and (3.97),
it follows that no Markovian policy can, in this case, be optimal for both
s1 =1and s; = —1.

Note that in contrast to this state-of-affairs Theorem 3.4.2 implies that
the set A@ contains at least one policy that is optimal for both Problem
P(1) and Problem P(—1). And to be sure, a quick scan of this set reveals
that the policy defined by

2 ,51=1n=1

3 ,851=1n=2
6(s1,mn) = 3.98
(s1,m) 2 L si=-1n=1 (3.98)
-2 ,85=—-1n=2
is indeed optimal for both Problem P(1) and Problem P(—1). O

What we have just encountered then is a situation where both D and T
are Markovian, yet none of the Markovian policies turned out to be optimal
for all the initial problems. However surprising this situation may appear at
first, it has a ready explanation. At this stage, it suffices to indicate that
to ensure that at least one of the Markovian policies is optimal for all the
initial states, the objective function g must also have appropriate Markovian
properties.

3.6 Remarks on the Notation

The above discussion has clearly brought out the need to explain the think-
ing behind the notation that will be used henceforth to denote the state and
decision variables in their various manifestations.
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One need hardly point out the importance of good notation for a lucid
exposition and that every effort should be made in this regard. In dynamic
programming, framing good notation is a fairly demanding task as one is
continually required to strike a proper balance between the need to give ac-
curate expression to nuances of relationships between objects and that of
guarding against unduly cluttering the symbolic representations with exces-
sive detail.

For instance, in the case of the state and decision variables, we need to
distinguish between generic state and decision variables, namely elements of
S and D respectively, and states and decisions pertaining to a given stage.

Clearly, this means that the most logical thing to do is to use conventional
subscripting to indicate that certain states and decisions are affiliated with
certain stages. Employing this convention will thus enable saying that s,
designates the state pertaining to stage n and z,, a decision pertaining to
stage n.

However, as excessive subscripting tends to encumber the notation, I shall,
whenever possible, avoid subscripting the state and decision variables, leav-
ing it to the context to bring out the distinction between the generic case
and the instances associated with given stages.

For example, consider the case where we want to say that the transition
function under consideration is of the form

T(n, Sp,Tn) = Sp — Tp, (3.99)

Since the stage variable is an explicit argument of T, subscripting s and x
is clearly superfluous. I shall therefore write

T(n,s,x):=s—x (3.100)
instead. Similarly, I shall write

D(n,s,z) =0, s] (3.101)
rather than

D(n,sy) := |0, sy] (3.102)

In view of my special use of the subscripting convention I shall be unable
to use it to denote components of s and x. So, for this purpose I shall use
parentheses. For example, s, (k) will denote the k-th component of s,,.

Finally, to designate a sequence of decisions 1 shall use the following no-
tation: the symbol y will typically denote a generic sequence of decisions
of the form (z1,zs,...,x;) whereas z will denote its remainder, namely
(Tk+1,Tga2,-..,xn). This choice of symbols is consistent with the conven-
tion adopted in Chapter 2.
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3.7 Summary

In conclusion, I sum up the main points of this chapter. We saw that
although manifestly dissimilar, Format P and Format P(s) are in effect
different formulations of the same class of optimization problems. To be
precise, they are different statements of a prototype optimization problem
typified by its feasible solutions being sequences of a fized length.

We saw that all it takes to formulate an optimization problem — which
ostensibly seems to express a situation different from the one captured by the
multistage decision model — in terms of the multistage decision model is to
phrase it so as to satisfy this model’s fundamental requirements. We are thus
reminded that problems do not confront us with labels attached to them.
Namely, that it is not a case of the problem being or not being a “multistage
decision problem” but rather of the formulation rendering it as such. The
fact that we take shortcuts to refer to problems via appellations should in no
way obscure this fact. It is extremely important to appreciate this point to
avoid misrepresentations of the objects comprising the formulations. Strictly
speaking, these are merely mathematical entities.

The principal advantage of Format P(s) over Format P is in the battery
of new concepts — stage, state, transitions, etc. — that it makes available
for the formulation of an optimization problem. This type of phrasing of an
optimization problem inspires an understanding of the solution that reaches
behind the optimal decisions themselves, to identify the rules, to wit policies,
that operate at bottom.

Of the four types of policies described in this chapter, the Markovian class
was singled out as the most characteristic of dynamic programming. We saw,
however, that under the terms of the deterministic multistage decision model
delineated here, the existence of a Markovian policy that is optimal for all
the initial problems is not a foregone conclusion.

In the next chapter I shall describe the derivation of a dynamic program-
ming optimality equation for Problem P(s); and in subsequent chapters I
shall demonstrate that the optimal policies yielded by this equation are in-
deed Markovian.

3.8 Bibliographic Notes

The multistage decision model defined in this chapter is basically in line
with what has come to be viewed over the years as a standard model
for formulating deterministic multistage decision problems (e.g. Bellman
[1957a], Nemhauser [1966], Yakowitz [1969], White [1969], Elmaghraby
[1970], Sniedovich [1986a]). In certain formulations of this model the states
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(s2,83,84,...,5N) are treated as explicit arguments of the objective func-
tion g. Notice, however, that in my treatment of this model, as outlined in
this chapter, these states are taken to be uniquely determined by s; and
(x1,...,znN), that is

Sp+1 =T(n, 8n,2) , n €N (3.103)

This position dispenses with the need to make them explicit arguments of
the objective function.

Another model — studied in Chapter 10 — that has become a staple
model in dynamic programming is designed specifically for problems where
the sequences of feasible solutions are of various lengths, and the functions D
and T are independent of the stage variable. This model is used extensively
in automata theory (Karp and Held [1967], Ibaraki [1973, 1974, 1975, 1976]),
graph theory, and in other areas (e.g. Mitten [1964], Denardo and Mitten
[1967], Morin and Esogbue [1970], Morin [1982]).

And finally, I need to point out that to provide for an adequate treatment
of stochastic problems, the list of policies defined in Section 3.3 needs to be
extended to include what are known as randomized policies (e.g. Denardo
[1965], Hinderer [1970], Sobel [1970], Rossman [1977], Sniedovich and Nielsen
[1983]).
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4.1 Introduction

In this chapter I trace out the derivation of a dynamic programming func-
tional equation for Problem P(s). My main objective is to show how the
techniques identified in the analysis of Problem P in Chapter 2 yield this
equation when an optimization problem is stated in terms of Format P(s).
I therefore do not, at this stage, go into the specifics of how the constructs
of Format P(s) that figure in the derivation process are arrived at. I defer
discussion on this matter to the second part of the book. On the other hand,
I take up a number of general questions whose appreciation, I believe, is
vital for a correct understanding of the derivation process. In particular, I
explain what is meant by the contention that an instance of Problem P is
a dynamic programming problem; and I show that any regular instance of
Problem P is a dynamic programming problem.

4.2 Preliminary Analysis

You will recall that our basic supposition about Problem P in Chapter 2
was that the solution set X is a subset of the Cartesian product of two sets,
that is, we assumed that M = 2. Assuming the same about Problem P(s),
let us first establish the main outlines of the process that yields the dynamic
programming optimality equation for an optimization problem cast in terms
of Format P(s).

Assume then that the objective function ¢ is now termed g¢;. In this case,
Problem P(s) would have this form:

fi(s) ::(Opt)gl(s,:nl,ajg) , s€S8 (4.1)
x1 € D(1,8),x9 € D(2,82),80 =T(1,s,1) (4.2)

First, the problem would be restated as follows:

fi(s) == opt  gi(s,x1,22), €51 (4.3)
x1€D(1,s)
Z’QED(2782)
52:T(1787x1)

whereupon an appeal to the Principle of Conditional Optimization would
yield the following;:

fi(s) = opt opt  qi(s,z1,22) p , SES] (4.4)
z1€D(1,s) x2€D(2,2)
52:T(1787x1)
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The family of conditional problems induced by (4.4) would then have this
form:

Problem P(s,x): s € S1,z € D(1,s).

fi(s,z) == opt  gi(s, 7, 22) (4.5)
Z‘zED(Z,Sg)
s2=T(1,s,x)

so that (4.4)-(4.5) would yield

fi(s) = opt fi(s,z), Vs€ S (4.6)
z€D(1,s)

We would then proceed to define
Sy :={T(1,s,z):s€ Sy, € D(1,s)} (4.7)

and assume that there exist a real-valued function g2 on Sy x D and a real-
valued function p on S; x D x R such that

91(871717‘172) :p('S)xl)gZ(T(laSa:El)axQ)) (48)

for all s € S1, 1 € D(1,s), xo € D(2,s3), and so = T'(1, s,21). And because
(4.2), in conjunction with (4.4), imply that

fi(s,z) = opt  p(s,z,g2(s2,22)) , Vs € S1,z € D(1,s) (4.9)
IQGD(z,Sz)
s2=T(1,s,z)

the family of modified problems induced by the function g would have this
form:

Problem P'(s) : s € So.

fa(s):= opt gao(s,x) (4.10)
z€D(2,s)

To bring the function f; defined by (4.4) to the form of the function f; we
would assume that the following holds:

ASSUMPTION: MARKOVIAN CONDITION. Let X*(s,x) denote the set of
optimal solutions for Problem P(s,z) and let X'(s) denote the set of optimal
solutions to Problem P'(s). Then,

X*(s,z) = X'(T'(1,s,2)) , Vs € S,z € D(1,5) (4.11)

What gives this condition its Markovian quality is its implying that for
every pair (s € S1,z € D(1,s)), the set of optimal solutions for Problem
P(s,x) is determined solely on the grounds of s’ = T'(1, s, x). In other words,

X*(s,x) = X*(s",2") (4.12)
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for any quadruplet (s,z,s”,z”) such that s,s" € S1, x € D(1,s), 2 €
D(1,s"), and T(1,s,2) = T(1,s",2").
Next, given that by definition

g2(T(1,s8,7),22) = f2(T(1,5,2)) ,Vao € X'(T(1,s,7)) (4.13)
for any pair (s € S1,z € D(1,s)), the Markovian Condition ensures that

92(T(1,s,2),x2) = f2(T(1,s,)) , Yo € X*(s,x) (4.14)
And finally, since by definition,

fi(s,z) = p(s,z,92(T(1,8,x),22)) , Vg € X*(s,2) (4.15)

it follows from (4.5)-(4.6) that

fl(S,l') :p(37$>f2(T(178ax))) (416)
Hence, (4.3), in conjunction with (4.7), yield
fi(s) = opt p(s,z, fo(T(1,s,z))), Vs € S1 (4.17)
ze€D(1,s)

This, then, is the dynamic programming optimality equation for Problem
P(s) when N = 2.

If we ignore the fine details, the main thrust of the process can be described
as follows: We begin by defining,

fi(s):=  opt  gi(s,x1,22), sE€ Sy (4.18)
z1€D(1,s)
$2€D(2782)
SQZT(17S7$1)

whereupon the Principle of Conditional Optimization yields

fi(s) = opt opt  gi1(s,x1,m2) p , Vs €S (4.19)
z1€D(1,s) x2€D(2,82)
$2=T'(1,8,x1)

Assuming that g1 is decomposable, then

fi(s) = opt opt  p(s,x1,92(s2,22)) p , Vs €5 (4.20)
z1€D(1,s) x2€D(2,82)
s2=T'(1,s,x1)

Furthermore, if the Markovian Condition holds, then clearly

fi(s) = opt p(s,z1, fo(T(1,s,21))) , Vs € Sy (4.21)
z1€D(1,s)

Let us now examine this typical dynamic programming functional equation
in the framework of a specific problem.



Dynamic Programming — An Qutline 63

4.2.1 Example
Consider the case where
S=8=D=1[0,r], r>0 (
D(n,s)=1[0,s] , s€ S, n=1,2 (
T(n,s,z)=s—xz, s€S, z€D(n,s), n=1,2 (4.24
91(s, 71, 22) = q1(71) + g2(x2) (
Now, define the following:

g2(s,x) == qa(x) , s € Se:=1[0,7], x € D(2,3) (4.26)

p(s,xz,a) :=qi(z)+a, s€ S, z€D(,s,x), aeR (4.27)
By construction then,

p(s, 21, 92(T'(1, 5,2),22)) = qu(z1) + g2(T (1, 5,21), 22) (4.28)

= q1(z1) + q2(x2) (4.29)

= g1(s, 71, T2) (4.30)

as required by (4.8). The conditional problems therefore have this form:

fils,z) = opt {q1(z) + q2(22)} (4.31)
CCQED(2,52)
s2=T(1,s,x)

= opt {q1(z) + q2(22)} (4.32)
0<z,<s2

= ot {0() + o) (1.3

=q(x)+ opt q(y) (4.34)
0<y<s—z

The modified problems take this form:

fa(s) = opt @a(y), s€ Sy (4.35)
yeD(2,s)
= opt q2(y) (4.36)
0<y<s

Note that as the definitions of fo(s) and fi(s,z) imply that y € X*(s, z)
if, and only if, y € X'(T(1,s,x)), it follows that the Markovian Condition
holds. The dynamic programming optimality equation is therefore of this
form:

fi(s) = e(l))% ){ql(x) + fo(T(1,s,2))} , s€ 5 (4.37)

= opt {qi(@)+ fa(s—2)}, 0<s<r (4.38)
z€D(1,s)

= ngi {ai(z) + fo(s —2)} O (4.39)

This clear, let us now consider how the process evolves when N > 2.
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4.3 Markovian Decomposition Scheme

As the underlying premise is that N > 2, then for every n > 2 let S,
denote the set of all the feasible states pertaining to stage n, namely define
the following:

Spt1:={T(n,s,x):s € Sy,,x € D(n,s)} , neN (4.40)

recalling that S; is part of the model. Also, for every pair (n € N, s € S),)
define

X(n,s):={(xn,---,ZN) : Tm € D(M, 8p,),n <m < N } (4.41)

where s, = s, and s;,11 = T (M, Sy, T ), 1 < m < N.
Since by construction, for any s € S; the set X (1,s) consists of all the
feasible solutions to Problem P(s), the latter can be stated as follows:

Problem P(s) : f(s):= opt g(s,z), s€S5 (4.42)
z€X(1,s)
And now, let us examine what conditions are assumed to hold in this case
to enable the derivation of a dynamic programming functional equation.
First consider the following:

Definition 4.3.1 Let (N, S, D, T, S1,g) be a multistage decision model. The
objective function g is said to be SEPARABLE if there exist a real-valued func-
tion p and a sequence of real-valued functions G = (g, : n € N) such that

p is defined on N x S x D x R

gn is defined on Sy, x DN respectively, n € N
g1(s,2) = g(s,z) , Vs € S1,z € X(1,5) (4.43)
gn(S,:E,Z) = ,O(n,s,a:,gn+1(T(n,s,a:),z)) (444)

foralll <n < N,s€ S,,x € D(n,s) and z € X(n+1,T(n,s,z)).

We consider (p, G) a DECOMPOSITION SCHEME , p a COMPOSITION FUNC-
TION and for each n € N we refer to g, as the MODIFIED OBJECTIVE FUNC-
TION at stage n.

Assume then that the objective function is separable and let (p, G) be its
decomposition scheme. As we have seen, the derivation process is set off by
the Principle of Conditional Optimization. To be able bring the principle
into play in the case where N > 2, we first define the following family of
problems:

Definition 4.3.2 Problem P(n,s) ,n € N,s € Sy, :

fu(s):= opt gn(s,z) (4.45)
zeX(n,s)
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We shall refer to Problem P(n,s) as the MODIFIED PROBLEM at (n,s). Let

X*(n,s) denote the set of optimal solutions for Problem P(n,s), namely,
define

X*(n,s) :={z€ X(n,s):gn(s,2) = fu(s)} , neN,s€ S, (4.46)
Now, by construction,
X(n,s) ={(z,2) 1z € D(n,s),z € X(n+1,T(n,s,z))} (4.47)
for all n € N and s € S,,. It therefore follows from (4.45) that
fa(s)=  opt  gn(s,x,z), neN/seS, (4.48)
z€D(n,s)

z€X(n+1,s")
s'=T(n,s,z)

Thus, applying the Principle of Conditional Optimization to the right-
hand side of (4.48) yields

fn(s) = opt opt  gn(s,z,z) p ,mEN, s€5, (4.49)
z€D(n,s) | zeéX(n+1,s")
s'=T(n,s,z)

The set of inner problems in (4.49) can formally be defined as follows.

Definition 4.3.3 Problem P(n,s,x):n € N;s € S,,xz € D(n,s).

fa(s,z):=  opt  gn(s,z,2) (4.50)
z€X(n+1,s’)
s'=T(n,s,z)

We shall refer to Problem P(n,s,x) as the CONDITIONAL PROBLEM at

(n,s,x). Let X*(n,s,z) denote the set of optimal solutions for Problem
P(n,s,z).

Before we can continue I need to point out that although g, acts as the
objective function at stage n € N for both the set of modified problems
and the set of conditional problems pertaining to n, in the case of Problem
P(n,s,x) the function g, is optimized only with respect to (zp+1,...,2N)
with z,, = x, whereas in the case of Problem P(n,s) it is optimized with
respect to (zp,...,zn). Going back now to (4.49)-(4.50), observe that these
yield the following;:

Corollary 4.3.1

fa(s) = opt fu(s,x), VI<n<N,seS, (4.51)
z€D(n,s)

In other words, (4.51) is derived directly on grounds of the Principle of
Conditional Optimization, irrespective of the particular structure of the com-
position function p in a given problem. The following is another condition
of fundamental importance.
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Definition 4.3.4 A decomposition scheme (p,G) is said to be MARKOVIAN
if
X*(n,s,2) = X"(n+1,T(n,s,x)) , V1<n< N,s € S,,x € D(n,s) (4.52)

As in the case of the Markovian Condition defined in Section 4.1, the
Markovian character of (p,G) is in its implying that the set of optimal so-
lutions for any conditional problem is equal to the set of optimal solutions
for the modified problem that it generates.

This entails in turn that the set of optimal solutions for Problem P(n,s,x)
is determined solely on the basis of the value of s’ = T'(n, s, z). That is,

X*(n,s,z) = X*(n, s, 2) (4.53)

for any collection (n,s,z,s’,2’) such that n € N, s,s’ € S,,, x € D(n,s),
z' € D(n,s") and T'(n,s,z) = T(n,s z').

Clearly, this is a typical Markovian property. Now, let us examine a con-
crete case to see how these conditions would come into play.

4.3.1 Example
Consider the following optimization problem:

N

pi= opt Y qn(x,) (4.54)

In keeping with the Problem P(s) format, set

S=D=]0,r] (4.56)
D(n,s)=[0,s] , neN,se€ S (4.57)
T(n,s,z)=s—x, neN,se S xe€ D(n,s) (4.58)
Sy =A{r} (4.59)
N
g(s,01, 2, ., xN) = Y qn(wn) (4.60)
n=1
so that
So={T(1,s,x) :s € S1,x € D(1,s)} (4.61)
={r—z:0<z<r}=10,r] (4.62)
_g (4.63)

and by induction,

Sp,=8=[0,r],V1<n<N+1 (4.64)
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Consider now the decomposition scheme (p, G) whose composition function
is expressed as follows

p(n,s,z,a) :=qu(x)+a, 1<n<N,se€S,zecDn,s) (4.65)

and the modified objective functions are of this form:

N
gn(saxmxn—i-ly--- 7‘TN) = qu(xk) (466)
k=n

By construction therefore,

N
gn(S, Tny Tpt1y--- wTN) = Qn(xn) + Z Qk‘(xk> (467)
k=n-+1
= Qn(xn) + gn—l—l(sla Tn+41y Tn42y .- - ,I'N) (468)
= p(1, 8, Tny g1 (8" Tng1s - TN)) (4.69)

where s’ = T'(n, s, x,).

This means that (p,G) is a proper decomposition scheme. The following
exercise will demonstrate that the scheme is Markovian. Observe that the
set of conditional problems has this form:

fu(s,x) == opt  gn(s,z,z) (4.70)
ze€X(n+1,s")
s'=T(n,s,z)

= opt  {gn(x) + gnr1(s’,2)} (4.71)
zeX (n+1,s")
s'=T(n,s,z)

Since x is treated as known, it follows that

fa(s, @) = qu(z) + opt gn+1(5', 2) (4.72)
2€X(n+1,s’)
s'=T(n,s,z)

Thus, in view of the second term on the right-hand side of this equation
being identical to the modified problem at (n+1,s’), it follows that Problem
P(n,s,z) and Problem P(n+1,T(n,s,x)) are equivalent, to thereby indicate
that the decomposition scheme is Markovian. O

Before I can proceed to formulate the dynamic programming optimality
equation by means of the Markovian decomposition scheme two facts need
to be pointed out.

First, it is characteristic of any decomposition scheme that for each initial
state s € S1, the modified problem at s is equivalent to the initial problem
associated with s. Namely Problem P(1,s) is equivalent to Problem P(s) for
any s € S1. This means of course that solving Problem P(1, s) is tantamount
to solving Problem P(s). For this reason our focus will be on the modified
problem.
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Second, unless it is postulated that any modified problem and any con-
ditional problem induced by the decomposition scheme have at least one
optimal solution, a mass of technical details that are marginal to the discus-
sion would have to be accounted for. To avoid this I shall proceed on the
assumption that:

Assumption 4.3.1 X*(n,s) # &,Yn € N,s € S, and X*(n,s,x) #
ag,¥1<n < N,s €S, where & denotes the empty set.

Needless to say, this assumption also guarantees that the sets X(n,s)
and X (n,s,z) are not empty, namely that each modified problem and each
conditional problem have at least one feasible solution.

4.4 Optimality Equation

Assume that Problem P(s) has a decomposition scheme (p,G) and let
(n,s,z) be any triplet such that 1 <n < N,s € S, and = € D(n,s). Now,
by definition,

gn(s,x,2) = fu(s,x) , Vz € X*(n,s,x) (4.73)
so that (4.44) yields

p(n, s, x, gnt1(T(n,s,2),2)) = fo(s,x), Yz € X*(n,s,x) (4.74)
Next, because by definition,

In+1(T(n,8,2),2) = foyi(s,x) , Vz € X*(n+1,T(n, s, x)) (4.75)
we can conclude the following:

Corollary 4.4.1 If the decomposition scheme (p,G) is Markovian then

fn('S)x) :p(n787$7fn+1(T(n¢87$))) (476)
foralll<n < N,s e S,,x € D(n,s).

Recall that, as already established in Corollary 4.3.1, given the Principle
of Conditional Optimization, any decomposition scheme must satisfy

fa(s)= opt fu(s,z), V1<n<N,s€S, (4.77)
z€D(n,s)

So, this result together with (4.76) furnish the grounds for concluding the
following:
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Theorem 4.4.1 Optimality Equation:
Assume that the decomposition scheme is Markovian. Then,

fa(s)= opt p(n,s,z, fnr1(T(n,s,2))) , V1<n<N,s€S, (4.78)
z€D(n,s)

With the optimality equation in hand, the following remarks are in order:

1. The reader is reminded that the optimality equation does not amount
to a definition of {f,(s)}. Indeed, f,(s) is defined by (4.45), namely

fn(s) == opt gn(s,z), neN,;seS, (4.79)
z€X(n,s)

Rather, the optimality equation should be understood as a statement
about the relation between the sets {f,(s) : s € S} and {f,4+1(s) : s €
Sn—i—l}'

2. If N = oo, then (4.78) is stated thus

fn(s) = opt pn,s,z, frs1(T(n,s,z))), VneN,;se S,  (4.80)
z€D(n,s)

whereas if N is finite then (4.78) holds for all 1 <n < N, and for n = N
we have, by definition,

fn(s):= opt gn(s,x),s €Sy (4.81)
z€D(N,s)

which means that Problem P(N,s) is an “easy” problem, comprising as
it does a single decision variable.

3. Because the objects {f,} defined by (4.45) can be treated as real-valued
functions defined on the sets {S,,} respectively, it is customary to call
the equality equation FUNCTIONAL EQUATION. In this book the terms
optimality equation and functional equation will be used interchangeably.

4. An explanation of the rationale behind my use of the symbol f,, is re-
quired.

This symbol is employed throughout the book to designate two mani-
fesly distinct objects: the optimal value yielded by the objective func-
tion of Problem P(n,s) which is denoted by f,(s), and the optimal value
yielded by the objective function of Problem P(n,s,x) which is denoted
by fn(s, ).

This treatment of the symbol f, is in concert with my approach to the
notation which has already been discussed to some extent in Chapter
3. You will recall that I noted in Section 3.5 that the system of nota-
tion required by a formal exposition of dynamic programming calls for a
delicate balance between two seemingly countervailing requirements —
the need to formulate a minutely detailed notation that gives full and
accurate expression to objects and the relations between them; and the
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need to maintain a high degree of clarity of presentation which calls for
an uncluttered notation. In a word, one is required to frame a notation
that is descriptive, yet concise.

My position on this problem is that an economical yet descriptive nota-
tion can be worked out by systematically capitalizing on the basic links
that occur between primitive concepts, objects and relationships. Thus,
exploiting the kinship between the set of modified problems and that
of conditional problems, f, is assigned to two apparently disparate yet
intimately related objects.

It ought to be noted, though, that because f, is being treated in the
functional equation of dynamic programming as an (unknown) function
on S, the use of f, (s, z) for the purpose described above may perhaps be
questioned. To anticipate objection note that, f,, can be defined formally
as a real valued function on S, U (S, x D). In this guise, the optimality
equation is concerned only with the values that f,, attains on .S,,.

A rationale similar to the one described above is behind the use of other
symbols and conventions. For example, the symbol X* is used for three
different purposes. In addition to its independent standing, it also forms
part of two composite symbols designating two distinct, yet kindred ob-
jects, namely the sets X*(n,s) and X*(n, s, z).

4.5 Dynamic Programming Problems

Having outlined the derivation of a dynamic programming functional equa-
tion, I shall now proceed to frame a formal definition of a dynamic program-
ming problem. You will recall that our point of departure (Section 2.1) was
the premiss that any optimization problem that can be boiled down to an
optimality equation is regarded a dynamic programming problem. We are
now in a position to tighten this characterization of a dynamic program-
ming problem into a rigorous definition, so as to obtain a binding criterion
on which a problem will be judged. It seems rather obvious that the basic
ingredients of this definition should be found in the derivation process out-
lined in the preceding sections. So, keeping this process in mind, let us begin
with a formal definition of a dynamic programming model.

Definition 4.5.1 Dynamic Programming Model:
A DYNAMIC PROGRAMMING MODEL is any collection (N, S, D, T, S1,g,p,G)
such that:

- (N,S,D,T,S1,q9) is a multistage decision model.
- (p,G) is a decomposition scheme for this model.
- The optimality equation (4.78) holds.
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In view of this we can argue as follows:

Definition 4.5.2 Dynamic Programming Problem.:
An instance of Problem P is said to be a DYNAMIC PROGRAMMING PROBLEM
if there exist

(1) a dynamic programming model; and

(2) an initial state s € Sy such that Problem P(s) is equivalent to Problem
P(1,s), that is, X(1,s) = X(s) and g(s,z) = q(2),Vz € X(s), where, as
you recall, X denotes the set of feasible solutions to Problem P and
X(1,s) denotes the set of feasible solutions to Problem P(1,s). Observe
that these conditions entail that Problem P, Problem P(s) and Problem
P(1,s) all have the same set of optimal solutions, that is, X*(1,s) =
X*(s) = X*.

Ignoring the fine technical details, what this definition asserts is that a
dynamic programming problem is any instance of Problem P that can be
formulated as a multistage decision problem in a manner that:

- Preserves the original structure of the objective function and feasible
solutions; and

- The multistage decision problem possesses a decomposition scheme yield-
ing the optimality equation specified by (4.78).

That said, the question naturally arises whether one would be able to use
this definition as a means to establish whether a given instance of Problem P
is a dynamic programming problem. Recall that Problem P has the following
format:

Problem P: p:=opt q(z), X C X' :== X x Xo x --- x Xy (4.82)
zeX

To illustrate this point, let us examine it in the context of a specific prob-
lem.

4.5.1 Example

Consider the following instance of Problem P, where {A,} and {B,} are
real-valued functions on the interval [0,7], 7 > 0 :

p= ovt e (4.83)
T1y..3TN
> Bnl(wn)
n=1
N
an<r, 2, 20n=12,... N (4.84)
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Would an appeal to Definition 4.5.2 enable determining straightaway
whether this is a dynamic programming problem? (|

Clearly, what [ am driving at is that we would need a far more instructive
means to be able to determine directly whether a specific problem is a dy-
namic programming problem. But if this is so, what is the place and role of
Definition 4.5.2 in our discussion?

Definition 4.5.2 is a rigorous statement of the essential properties of a
dynamic programming problem. It thus gives a precise formulation to the
requirements that a problem must meet to count as a dynamic programming
problem, so in this sense it is a criterion. However, precisely for this reason
it is a criterion that applies a posteriori. That is, one would have to put
a problem to the test of this criterion to establish whether the problem
complies with it. As we shall shortly see though, it is possible to formulate
a more direct criterion.

Be that as it may, the thing to note about Definition 4.5.2 is that it
highlights two points. First, in addition to requiring that an instance of
Problem P be amenable to a multistage decision problem formulation, it
requires that the objective function be separable and the optimality equation
be valid.

Second, it remains totally unconcerned about whether the optimality equa-
tion is solvable. 1t thus gives a formal stamp to my thesis that dynamic
programming’s primary concern is to bring an optimization problem to the
form of a functional equation. The solution of the equation is a separate
matter that is not necessarily the “responsibility” of dynamic programming.
Dynamic programming neither determines whether an equation is tractable
nor does it necessarily furnish the means for the solution.

This is so because, as we have seen in Section 2.1, in each case the solution
of the functional equation hangs entirely on the properties that the objects
figuring in the equation would happen to have.

I should add here that were the equation’s tractability the criterion de-
ciding what is a dynamic programming problem, agreement on this question
would be impossible. Considerations such as the problem’s size and the ca-
pabilities of the computer used to solve a given optimality equation would
prove the deciding factors. Thus, the same problem would be deemed a dy-
namic programming problem by someone using a super computer, but a
non-dynamic programming problem by someone using a personal computer.
By the same token, a problem deemed a non-dynamic dynamic programming
problem in 2010 would miraculously turn into a dynamic programming prob-
lem in 2020, and so on.

Of course, this is not peculiar to dynamic programming, it is true of many
other optimization methods (e.g. Linear Programming).

Let us then consider the following:

Theorem 4.5.1 Any regular instance of Problem P is a dynamic program-
ming problem.
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At this stage it is hardly surprising that I should propose this thesis as
a criterion for determining what is a dynamic programming problem. After
all, I have been arguing it, in one way or another, from the start.

All that is left then is to demonstrate its validity by means of a formal
argument. To do this, it suffices to show that there exists a Markovian de-
composition scheme associated with the trivial multistage decision model.
This is so in view of Theorem 4.4.1 and given that Lemma 3.3.2 provides
that any regular instance of Problem P can be stated in terms of the trivial
multistage decision model described in Definition 3.3.1. Consider then the
following.

Lemma 4.5.1 The trivial multistage decision model specified in Definition
8.8.1 has a Markovian decomposition scheme.

PRrOOF. Recall that the objects comprising the trivial multistage decision
model are defined as follows:

N°=M, N°:={1,2,3,...,N°} (4.85)

U ° S ={(n—-1)1Ty:yeX} (4.86)

D°(n,s): = {Q S¢Sy (4.87)
{reX,:(s,x)e S} ,seSy

T°n,s,z):=(s,z), neN° se S  veDn,s) (4.88)

9°(s,2) :=¢q(z), seS’,ze X (4.89)

Now, since it follows from (4.86) that
w1 ={T°(n,s,2):s €S,z € D°(n,s)} , Vn € N° (4.90)

these sets are consistent with the definition of the sets {S,,} in (4.40), mean-
ing that they can be state spaces in the multistage decision model.

We now have to construct a decomposition scheme for the objective func-
tion defined by (4.89) and we need to show that this scheme is Markovian.
Consider then the scheme (p°,G° = {g,S}) where

95(8,2) :=9g°(s,2) , n€ N°, s €857, z2¢€ X(n,s) (4.91)

p°(n,s,x,a): ,meN° seS;,xeD°n,s),a R (4.92)

bearing in mind that X (n, s) denotes the set of feasible solutions to Problem
P(n,s).

Note that (4.91) entails that g (s, z) = ¢°(s,2), Vs € S7, z € X(1,s) and
furthermore that

g;(s,x,z) = g;+1(TO(n,S,$),Z)) (493)
= po(n7Saxag:—kl(To(n?S?‘r))) (494)
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foralll1<n < N° seS82, z€ D°n,s)and z € X(n+1,T(n,s,z)).

This means that the objective function ¢° is separable, thus showing
(p°,G°) to be a decomposition scheme for the trivial multistage decision
model. Our next task is to show that this decomposition scheme is Marko-
vian.

So, let (n,s,x) be any triplet such that 1 < n < N° s € S , and
x € D°(n,s). The object is to show that Problem P(n,s,x) and Problem
P(n+1,T°(n,s,x)) have the same set of optimal solutions. Observe then
that

Problem P(n,s,z) : fa(s,x):=  opt  g,(s,x,2) (4.95)

z2€Z(n+1,s")
s'=T"°(n,s,z)

Problem P(n+1,8"):  for1(s):=  opt  g5.1(5,2) (4.96)
ze€X(n+1,s")
s'=T"°(n,s,z)
Finally, note that by construction s’ = T°(n,s,x) = (s,z) and that from
(4.93) it follows that g; ; and g,; are essentially identical. Therefore, (4.95)-
(4.96) in fact imply that the two problems are identical. Hence,

X*(n,s,z) = X*(n+1,T°(n,s,z)) (4.97)
the inference thus being that the decomposition scheme is MARKOVIAN. []

Setting the mathematics aside for a moment, let us attempt to elucidate
the contention made by Theorem 4.5.1 and Lemma 4.5.1. What these re-
sults assert is that there is a universal multistage decision model that is
amenable to decomposition by a universal Markovian decomposition scheme
— universal in that they apply to any regular instance of Problem P. The
end product of the decomposition is a dynamic programming model whose
defining property is that any one of its modified problems is identical to the
conditional problem inducing it.

It should be pointed out in this connection that because the trivial multi-
stage decision model is characterized by states of the form

Sp = (x1,22,...,Tp-1), 1<n <N (4.98)
in cases where NN is finite we have
Sy =X (4.99)

Therefore, the objective function g of Problem P and the objective function
g° of Problem P(s), as well as the modified objective functions {g,; }, can all
be viewed as real valued functions on the final state space Sy _ .

But even if N is not finite, the modified and conditional problems are of
the following form:

fao(s):= opt gq(n,s), neN°seS; (4.100)
ze€X(n,s)
f;(n,s,x) = opt Q(S,IE,Z) (4101)
z€X(n+1,s")

s'=T°(n,s,z)
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for 1 <n < N,s € S2,x € D°(n,s) respectively, where ¢ is the objective
function of Problem P.

Bearing in mind then that 7°(n,s,z) = (s,z), it follows immediately
that Problem P(n,s,x) is identical to Problem P(n + 1,7°(n,s,z)). Con-
sequently, the resulting composition function p° has the degenerate form
p°(n,s,x,a) = a, which in turn yields the following dynamic programming
functional equation:

fo(s)= opt fr(T°(n,s,2)),1<n<N°scS, (4.102)
z€D°(n,s)

If N° is finite, then by definition

fno(s):= opt gno(s,z), s € Syo (4.103)
x€D°(N°,s)

= opt q(s,x) (4.104)
x€D°(N°,s)

Of course, the dynamic programming functional equation stemming from
the trivial multistage decision model and its trivial decomposition scheme
is of little interest as it turns out to be identical to the equation obtained
from a successive application of the Principle of Conditional Optimization
to Problem P. In other words, since by construction S is the projection
of X on X7 x X9 x --- x X,,_1, the solution of this equation would require
the enumeration of all the feasible solutions to Problem P. In short, the
functional equation deriving from the trivial model can be expressed in terms
of the decision varaibles as follows:

fa(x1,. o xpna) = opt for1(x1, oo 21, Tp) (4.105)

InEDO(TLﬁClﬁCQ,...ﬁCn,l)

All this adds up to the following;:

Should the trivial model turn out to be the only multistage decision model
that would be available for modeling the problem concerned, dynamic pro-
gramming would revert to DIRECT ENUMERATION . This, however, in no way
detracts from the significance of Theorem 4.5.1. If anything, it accentuates
the theorem’s fundamental import. Because, if to substantiate its validity
Theorem 4.5.1 had to be anchored in a model that gives rise to direct enu-
meration, the inference clearly is that this theorem touches at the very roots
of dynamic programming.

4.6 The Final State Model

It appears that the trivial multistage decision model is the only conceivable
model that is capable of supplying the requisite mathematical framework for
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demonstrating the validity of Theorem 4.5.1. The question obviously arising
is: which of this model’s properties makes this possible? And the answer
to this is that the property that is instrumental in making this model so
appropriate a medium for proving Theorem 4.5.1 is its final-state property.

To explain this point I need to introduce into the discussion the notion
“final state”. The concept final-state is self-explanatory when it is used in the
context of N being finite. In this case, this term designates the terminal state
that emanates from the initial state s; and the entire sequence of decisions
(r1,22, ...,zN) in accordance with the precepts of the transition function
T. For example, if the transition function is of the form

T(n,s,x)=s—=x (4.106)
then the final state resulting from sy and (x1,9,...,2xN) is determined as
follows:

S1 — I (4.107)

So — X9 = (81 — :El) — To = §1 — (l‘l + :Eg) (4.108)

S2 = T(17817$1) -
53 =1T(2,50,2) =
54 =T(3,s3,73) = 53 — 23

= (s2 — (71 + 22)) — 23 = 51 — (21 + T2 + 73) (4.109)

and by induction

n
Spa1 = 81 — Z Tm, 1<n (4.110)
m=1
Hence,
N
SN41 = S1 — Z:En (4.111)
n=1

In short, if N is finite, the final state is the state yielded by a successive
application of the transition function T to the pairs {(s,,x,) : n € N}, the
state in question being the consequence of T'(N, sy, xy), where sy is the
state generated by s; and (z1,...,2N-1).

If N is not finite, the final state of the process would be the limit of the
sequence of states (s, : 1 < n < m) where m goes to infinity. The underlying
supposition naturally is that such a limit exists. Thus, if it is supposed in
the above case that N is not finite, the final state would be

S0 1= lim s, (4.112)

m—o00
m

= lim_ {31 - len} (4.113)
n=

[eS)
—s = (4.114)
n=1
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the assumption being that the sequence (s, : m > 1) has a limit. This
assumption is valid in many dynamic programming applications, but there
are cases where it does not hold. Methodologically, however, it is perfectly
legitimate to ignore the technical questions that need to be reckoned with
in such cases as our aim is to focus on the “final state model” and its role in
place in dynamic programming.

Definition 4.6.1 Final State Model:
A multistage decision model (N, S, D,T,S1,q) is said to be a FINAL STATE
MODEL if it possesses a decomposition scheme (p, G = {gn}) such that the
composition function p has this form:

p(n,s,z,a) =a, Vn e N,s € S,z € D(n,s),a € R (4.115)

Recall that by definition, any decomposition scheme must satisfy the con-
dition

gn(s,x,2) = p(n, s,x, gni1(T(n,s,x),2)) (4.116)

foralll<n < N,s€S,, € D(n,s)and z € X(n+1,T(n,s,z)), where
X(n+1,s") denotes the set of feasible solutions to Problem P(n + 1,s’).
It follows therefore that it is characteristic of any decomposition scheme
compliant with (4.115) to have the following property

gn(Sna Tny Tn41y--- 7$N) = gn+1(8n+17 Tn41, Tn42y--- a:L‘N) (4117)
= gn+2(Sn+2, Tny2, Tng3, - -, TN) (4.118)
= gn+3(3n+37 Tn+3)Tn+4,--- 7xN) (4119)

and by induction

In(Sns Ty Tt 1s - o+, EN) = I (Sms Ty Tt 1y -+ -, ZN) 5, Vm >n (4.120)

where s,11 =T (n, Sp, @), Spt2 =T (N + 1, Spt1, Tnt1), ete.

In other words, the impact that the sequence (s, Zn, Zn+1,--.,Tm—1) has
on g, reduces to the effect of the state s,, on this function. Of course if NV
is finite then g, is affected only by (sy,zn).

Now, it is abundantly clear that the trivial multistage decision model com-
plies with the requirement stipulated by (4.115). Hence,

Corollary 4.6.1 Any regular instance of Problem P can be formulated as
a final state multistage decision problem.

And, as it is equally clear that any decomposition scheme satisfying (4.115)
is trivially Markovian, then,

Corollary 4.6.2 Any final state multistage decision model has a Markovian
decomposition scheme.
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4.6.1 Example

Consider again the problem featured in Fxample 4.5.1, that is,

D ::( opt | ";1— (4.121)
o ZBn(xn)

n=1

N

dan<r, r=0 (4.122)
n=1
xp, >0, Vn>1 (4.123)

Case 1. N < oo. Let the state variables be triplets of the form s, =
(an, by, Ty), where

a] = b1 =0 (4.124)
r=r (4.125)
n—1
=Y Ap(wm), 1<n<N+1 (4.126)
m=1
n—1
bn:=Y_ Bm(tm), 1<n<N+1 (4.127)
m=1
n—1
rn::r—Za:m,1<n§N—|—l (4.128)
m=1

Then, by construction,

Upt1 = an + Ap(2) (4.129)
bnt1 = by + Bn(xn) (4.130)
Tnel = Th — Tp (4131)

Thus, we can set
T(n,sp,xn) = (an + An(xn), by + Bp(n), mn — xp) (4.132)

where s, = (an, by, ).
Next, to ensure that the constraints are met, set

D(n, sp,xyn) = [0,70] , $n = (an,bp,m) (4.133)

Since the initial state under this formulation is the triplet s; = (0,0,7),
set S1 = {(0,0,7)} and let the state space be S = R3. Finally, define the
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objective function as follows:
N
D> An(n)
g(s1,@1, @9, aN) = (4.134)
D> Baln)
n=1
Now, consider the following modified objective functions:
N
gn(snyxnaxn-i-la"'ny) - m;n (4135)
b+ Y Bp(am)
m=n
where s, = (an, by, 7). Then by construction,
N
an + An(zn) + > Am(zm)
=n+1
gn(snyxnaxn-i-la"'ny) = = ]\7 (4136)
b+ Bn(zn) + > Bm(zm)
m=n+1
hence
gn(8n7 Tny L1y - 7$N) = gn+1(T(n7 Sn, xn)a Tn41, Tn+42;--- (4137)
= p(1, Sns T, G (Snt1; Tnp 1, - - (4.138)
where s,41 = T(n,s,,z,) and p is the degenerate composition function

specified by (4.115).

To establish that this is a proper decomposition scheme, we need to show

that

g1(s1,x1,22,...,2N) = g(s1,21,22,...,TN)

Hence, since s; = (0,0, 7), the definition of g; yields

N
0+ > An(zn)
n=1

91(31,x1,$2,...,xN): ) 31:(0707T)

N
0+ Z B (zy)
N n=1
> An(zn)
n=1

N
n=1

= 9(317.1'171'2,... 7‘TN)

(4.139)

(4.140)

(4.141)

(4.142)
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The multistage decision model formulated above is then a final state model.
The final state resulting from (s, zp, Zn+1,-..,2N) is the following:

N N N
SN41 = <an + Z Ap (), by, + Z B (zm),rn — Z azm> (4.143)

recalling that s, = (an,bn, ).

Case 2. N = .
To express explicitly that NV is not finite, the problem under consideration
would be rephrased as follows:

pi= opt —=L (4.144)

(T1,5TN) i Bn($n)
n=1

o0
an<r, >0 (4.145)
n=1
2, >0, n=1,234,... (4.146)

The model’s formulation remains unchanged despite N not being finite in
this case, which means that we still have

n—1 n—1 n—1
Sp 1= ( Z A (z0), Z B (), m — Z mm> (4.147)
m=1

Therefore, the final state is defined thus

S0 = lim s, (4.148)

n=1 n=1 n=1

Should it turn out that no such limits exist, then the inference to be drawn
is that the original problem to be precise, the objective function g was ill
defined. O

In summary then, it follows from (4.115-4.116) that the functional equation
deriving from a final state model is of the form

fa(s)= opt for1(T(n,s,z)), 1<n<N,seS, (4.150)
z€D(n,s)

and if IV is finite, then by definition

fn(s):= opt gn(s,x), s€Sy (4.151)
z€D(N,s)
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The final state model has a special place in dynamic programming. This is
due not only to the fact that many problems naturally lend themselves to a
final state formulation, but primarily to the model’s important methodolog-
ical function in the theory. Its stark simplicity, rudimentary structure and
hence, universal applicability, make it the ideal framework for setting out the
basic ideas of dynamic programming. This — as I shall argue in Chapter 13
— seems to explain Bellman’s choice of the final state model as the medium
for formulating the essential ingredients of dynamic programming, notably
the Principle of Optimality.

4.7 Principle of Optimality

In this concluding section, I very briefly discuss Bellman’s Principle of Op-
timality. My main objective is to show that the principle is, in fact, equivalent
to the Markovian Condition. I shall thereby square my explanation of the
derivation of the functional equation with that of Bellman’s explanation. At
this stage I merely give a rough sketch of this point. In Chapter 13, where 1
conduct an in-depth investigation of the principle, I give a fuller account of
this matter.

Let us go back then to the analysis in Section 4.3. The optimality equa-
tion, as you will recall, emerged from this analysis as a direct result of the
Markovian Condition

X*(n,s,x) = X*(n+1,T(n,s,x)) (4.152)

forall 1 < n < N,s € S,,x € D(n,s), where X*(n,s,x) and X*(n +
1, s") denote the sets of optimal solutions for Problem P(n,s,z) and Problem
P(n + 1,s') respectively. To give (4.152) a verbal phrasing it will read as
follows:

z is an optimal solution for Problem P(n,s,x) if, and only if, it is an
optimal solution for the modified problem induced by (n, s, x), namely
Problem P(n+1,T(n,s,x)).

Now, suppose that in lieu of (4.152), we require the following;:
X*(n,s,z) C X*(n+1,T(n,s,x)) (4.153)

forall1 <n < N,s € S,,,z € D(n,s). Likewise, phrasing the latter verbally,
it will read as follows:

If z is an optimal solution for Problem P(n,s,x), it must also be an
optimal solution to the modified problem induced by (n,s,x), namely
Problem P(n+1,T(n,s,z)).
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I shall now show that (4.153) implies (4.152). This will clearly imply
that any decomposition scheme satisfying the former can be counted on to
produce a valid dynamic programming functional equation. Consider then
the following. Given the decomposition scheme (p, G), then by definition of
X*(n,s,x), it follows that

gn(s,x,2) = fu(s,x) , Vz € X*(n,s,x) (4.154)
and
gn(s,x,2) = p(n, s, z, gnt1(T(n,s,2),2)) , V2 € X*(n,s,z) (4.155)

for any triplet (n,s,x) such that 1 <n < N, s € S,, and = € D(n,s,z) and
this regardless of whether or not (4.153) is satisfied.

In other words, what we have seen is that any decomposition scheme typ-
ically has this property: V1 <n < N,s € S,z € D(n, s,z),z € X*(n, s, x)

fu(s,z) = p(n, s, z,gns1(T(n,s,x),2)) (4.156)

Now, let (n, s, z, z) be any quadruplet satisfying the requirement given by
(4.46) and assume that (4.153) holds. This implies that z € X*(n + 1,¢)
where s’ = T'(n, s,x). Therefore, since by definition z € X*(n+1,s’) implies
that

gns1(8',2) = faa1(s) (4.157)
it necessarily follows that
Fal(5,2) = p(, 5,2, fsa () (4.158)
= p(n,s,2,gn41(8,2)) , V2 € X*(n+1,5) (4.159)
= gn(s,2,2) , Vz€ X*(n+1,5) (4.160)

This, of course, entails that X*(n + 1,7'(n, s, x)) C X*(n, s, z). Thus, the
following result holds.

Corollary 4.7.1 If (4.153) holds, then (4.152) must hold as well. That is,
(4.158) implies (4.152). Furthermore, since (4.152) entails (4.153), it follows
that (4.152) and (4.153) are in fact, equivalent.

The inference is then that postulating the Markovian Condition specifies
by (4.152) or the condition specified by (4.153) amounts to the same thing;
and what this translates to is that the optimality equation can be treated ei-
ther as an immediate consequence of (4.153) or as an immediate consequence
of (4.152).

Now, this understanding of the optimality equation where it is taken to be
a direct result of (4.153) constitutes the very core of Bellman’s approach to
dynamic programming. Indeed, so central is it to his perception of dynamic
programming, that (4.153) is accorded the status of a principle in Bellman’s
formulation of dynamic programming. In his unique style, Bellman [1957a,
p. 83] phrased this fundamental relation as follows:
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PRINCIPLE OF OPTIMALITY. An optimal policy has the property that
whatever the initial state and initial decision are, the remaining de-
cisions must constitute an optimal policy with regard to the state re-
sulting from the first decision.

Read in terms of the terminology introduced in this chapter, the principle
asserts the following:

Whatever the stage n, state s, and decision x are, if z is an opti-
mal solution for Problem P(n,s,x), then z must also be an optimal
solution for Problem P(n+ 1,T(n,s,x)).

It is abundantly clear from this phrasing that the principle is fully equiv-
alent to (4.153).

As a final note I should add that right from its introduction the Principle
of Optimality has attracted much comment. Its wording has been claimed
to be too loose, its validity has been called into question and reservations
have been expressed as to the very legitimacy of regarding it a principle. 1
shall take up these issues in Chapter 13. For now, it suffices to say that these
critical comments have by and large been due to a lack of appreciation that in
his first book Bellman introduced the principle in the context of a final state
model. To this I might add that it has also not been sufficiently appreciated
that no justice can be done to the principle unless it is examined from the
viewpoint of its relation to the functional equation of dynamic programming.

4.8 Summary

We saw that the two central mathematical constructs in the derivation of
the dynamic programming functional equation are:

- The multistage decision model.
- The decomposition scheme.

These, as I demonstrated, exist as a matter of principle. On these grounds
I showed that, subject to the technical regularity condition articulated by
Assumption 3.3.1, any instance of Problem P is a dynamic programming
problem, irrespective of the particular structures of the objective function ¢
and the decision set X. I then went on to argue that the only general model
apparently capable of upholding the validity of this proposition is the trivial
multistage decision model, thereby showing it to be the most rudimentary
and universally applicable dynamic programming model.

Following that I introduced the “final state model” as the framework
within which the trivial composition function preserves its structure in the
sense that all its modified objective functions are identical. I then showed
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that final state models are Markovian and that any regular instance of Prob-
lem P can be stated as a final state problem.

Finally, having shown that the optimality equation is a direct implication
of either the Markovian Condition or the Principle of Optimality — which
as we have seen, are different expressions of one and the same relation — I
demonstrated that the dynamic programming optimality equation rests on
a robust foundation.

This established, I shall now have to determine what types of dynamic
programming problems are tractable. To do this, I shall investigate the tech-
niques that are available for the solution of dynamic programming functional
equations and the computational requirements of dynamic programming al-
gorithms.

Our topic in the next two chapters will be then the solution of the dynamic
programming functional equation.
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5.1 Introduction

In this chapter I describe, in broad terms, the main methods for solving
dynamic programming functional equations. The focus is on the rationale
behind these methods and their mode of operation.

Over the years numerous solution techniques that capitalize on specific
properties of the functional equation have also been developed. But these
will not be discussed here either as my objective in this chapter is to profile
the major approaches to solving the equation.

Picking up where we left off then, our starting point is the thesis that
once a problem has been brought by the dynamic programming treatment
to the form of a functional equation, the equation is solved by whatever
means are available. It is handled not as a dynamic programming functional
equation as such, but as an equation pure and simple. Commensurate with
the equation’s character, it is solved either by standard analytic methods, or
by standard numeric methods, or even by simple enumeration techniques.

These methods can be classified, both conceptually and technically, in two
groups:

- Direct methods

- Successive approximation methods

Direct methods are straightforward transliterations of the dynamic pro-
gramming functional equation. That is, they literally activate the statement
made by the functional equation, executing it, as it were, “verbatim” by
means of an iterative procedure. In contrast, successive approximation meth-
ods put into action an iterative approximation scheme where, beginning with
a rough approximation, the functional equation is solved iteratively in a man-
ner that gradually updates — improves — the current approximation.

It should be noted that in both cases there are a number of variations on
the main theme. Also, often the same functional equation can be solved by
both direct and successive approximation methods so that there may be a
choice in this matter.

But on the whole each approach is tailored to solve equations that are
yielded by either one of these two types of models:

- Finite horizon models

- Infinite horizon models

Direct methods typically handle functional equations derived from finite
horizon models, whereas successive approximation methods typically handle
equations derived from infinite horizon models.

The distinction between these two classes of models is induced by a key
feature of the multistage decision model — the value of N, namely the
number of decision stages. Finite horizon models are characterized by a finite
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N whereas infinite horizon models have infinitely many — but countable —
decision stages. These models are also known as truncated and non-truncated
models, respectively.

To demonstrate these two general approaches in action, I shall use a generic
additive functional equation as the medium of discourse. Equations of this
type are the most commonly encountered dynamic programming functional
equations.

5.2 Additive Functional Equations

As we shall see in Chapter 10, dynamic programming provides five ma-
jor composition functions. Out of these the most prevalent is clearly the
following:

p(n,s,z,a) =w(n,s,x)+a, (n,s,x) € NSD',a € R (5.1)
where w is a real-valued function on

NSD :={(n,s,z) :neN,se€S,,x € D(n,s,z)} (5.2)
and

NSD':={(n,s,z): 1 <n < N,s € Sy,x € D(n,s)} (5.3)

For obvious reasons this composition function is called additive. Note that
in this case we have

gn(8n> Lns Tn+1y--- 7$N) = p(na Sny Ln, 9n+1(3n+1, Tn+1, Tn42 - - - >33N)) (54)

= ’(U(TL, Sn,ﬂjn) +gn+1(8n+1,l‘n+1,... ;:L‘N) (55

where s,+1 = T(n, sy, z,). Hence, Problem P(n,s,x) takes the following
form:

fn(s,x) = opt {w(n,s,x) +gn+1(s')} , (n,s,2) € NSD'  (5.6)
z€X(n+1,s")
s'=T(n,s,z)

Since the second term on the right-hand side of this equation in fact
amounts to Problem P(n + 1,s’), plainly in this case Problem P(n,s,z)
and Problem P(n+ 1,s") have the same set of optimal solutions, namely

X*(n,s,z) = X*(n+1,T(n,s,2)) , V(n,s,z) € NSD' (5.7)

The implication is then that any multistage decision model whose objective
function has an additive composition function is Markovian. The dynamic
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programming functional equation induced by such a decomposition scheme
is of the following form:

fn(s) == opt {wn,s,z)+ fnr1(T(n,s,2)} , 1<n<N,seS, (58)
z€D(n,s)

Functional equations of this kind are called additive. In the first part of
the book our concern is exclusively with additive functional equations.

5.3 Truncated Functional Equations

Functional equations of this type are associated with multistage decision
problems where N, the total number of decision stages, is finite. This gives
rise to N unknown functions {f, : 1 <n < N} defined as follows:

fa(s) = opt  gn(s,zn,Tp+1,-..,2N) , n €N;s€ S, (5.9)
(x”v“'va)
xp € D(k,sg) , n<k<N (5.10)
Sky1 =T (k,sp,z) , n <k <N (5.11)
51 =5 (5.12)

Thus, one would construct the decomposition scheme (p,{g, : 1 < n <
N}) to obtain a functional equation of this form:

fa(s) = opt p(n,s,z, for1(T(n,s,2))) , 1<n<N,s€S, (513)
z€D(n,s)

Clearly, solving such an equation entails recovering the values of the un-
known functions {f, : 1 <n < N} defined by (5.9)-(5.12).

So, the question is how would this task be approached when N is finite.
Observe then that (5.1)-(5.5) implies that

fn(s):= opt gn(s,x), s€ Sy (5.14)
x€D(N,s)

It is natural, therefore, to commence the solution process for the values of
the unknown functions {f, : 1 < n < N} at n = N and proceed through
n=N-1,N—2, N—3,...,2, 1 — in this order. In other words, the un-
known functions { f,,} would be determined iteratively by means of a simple
procedure that can be described as follows:

5.3.1 Procedure

Step 1. Initialization.
Set n = N and for each s € Sy determine the value of fn(s)
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by solving the problem specified by the right-hand side of (5.14),
namely

In(s) < g%tv )9N(87 ) (5.15)
FAS ,S

Step 2. Stopping rule.
If n =0, stop. Otherwise, go to Step 3.

Step 3. Iteration.
Set n = n — 1 and for each s € S, determine the value of f,(s)
by solving the problem specified by the right-hand side of (5.13),

namely
fn(s) — Opt p(n,s,x,an(T(n,s,ﬂ:))) (516)
z€D(n,s)
Step 4. Go to Step 2. O

Let us examine how this procedure would be used in a specific case.

5.3.2 Example: Knapsack Problem

Consider the following problem:

N
pi= ( max )anmn (5.17)
TN =
N
Zvnazn <v* (5.18)
n=1
op€10,1,2,3,...} (5.19)

where the parameters {v,} and v* are positive integers.

Optimization problems of this type are commonly known as knapsack prob-
lems. They are understood to capture the following situation.

Imagine N piles each containing infinitely many “identical” items: All the
items in any pile n, have the same weight, w,, and the same volume, v,,.
The question is this: given a knapsack of volume v*, what configuration of
items selected from each pile would maximize the weight of the knapsack?

Cast as a multistage decision problem, the above problem would be for-
mulated as follows:

opt = max (5.20)
S=D={0,1,2,3,...,0"} (5.21)
D(n,s) ={0,1,2,...,|s/v,]} , s €[0,0] (5.22)
T(n,s,x) =8s— vpx (5.23)
(5.24)

S = {v*}
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N
gn (8, T, Tps1, ..., TN) = Z WinTm (5.25)

m=n

N
= Z r(m, Sm, Tm) , r(m,s,x) == wnper (5.26)

m=n

where | z| := Integer part of z.
Thus, the functional equation would take the following form:

fu(s) = max {r(n,s,z)+ frs1(T(n,s,z))}, 1<n<N,seS, (5.27)

z€D(n,s)
= max {wpr+ fnr1(s —vpz)} (5.28)
z€D(n,s)
= max {wpx + frr1(s —vpz) 12z €{0,1,...,|s/vn]}} (5.29)
with
In(s) = %?X )T(N,s,a;) , s € Sn,z € D(N,s) (5.30)
rxelD(n,s
= max {zwy : z € {0,1,2,...,|s/on]}} (5.31)

Because ay > 0, it follows that

fn(s) =wn|s/vn], s €SN (5.32)

Now, the iterative procedure requires the sets {S,}. Recall then that by
definition

Spn+1={T(n,s,x) :s € Sp,x € D(n,s)} , 1<n<N (5.33)
= {s—vna::SESn,a:G {0,1,2,...,Ls/vnj}} (5.34)

with S being known; in our case S1 = {v*}.

However, because the sets {S,,} do not admit of a neat closed-form repre-
sentation, it is sometimes convenient to solve the functional equation at each
stage n for all s € S rather than only for s € S, observing that S,, C S,
for all n. Of course, this can be extremely wasteful in cases where v and v,
are very large. But, for our purposes, this point can be illustrated for a case
where these values are very “small” and so, we set S, = .5,Vn > 1.

Suppose then that the problem’s parameters have the following values:

n|{l 2 3 4 5 6
w,| 8 6 7 9 3 4
vy | 7T 5 6 8 3 4

N = 6;v* = 27

The direct iterative procedure would thus perform as follows:

Step 1: Initialization. Set n = N = 6. In view of (5.32), determining the
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Table 5.1: Dynamic Programming Tableau for Example 5.3.2

s | fo(s) fs(s) fa(s) fs(s) fa(s) fi(s)
0 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 0
3 0 0 3 3 3 3
4 4 3 4 4 4 4
5 4 4 4 4 6 6
6 4 6 6 7 7 7
7 4 7 7 7 7 8
8 8 8 9 9 9 9
9 8 9 9 10 10 10
10 8 10 10 11 12 12
1] 8 112 12 13 13
12 12 12 13 14 14 14
13 12 13 13 14 15 15
14 12 14 15 16 16 16
5] 12 15 16 17 18 18
16 16 16 18 18 19 19
17 16 17 18 19 20 20
18 16 18 19 21 21 21
19 16 19 21 21 22 22
2001 20 20 22 23 24 24
21 20 21 22 24 25 25
221 20 22 24 25 26 2
23| 20 23 25 26 27 27
24 24 24 27 28 28 28
25| 24 25 27 28 30 30
26 24 26 28 30 31 31
27| 24 27 30 31 32 32

values of {fn(s) : s € S} is a rather simple task involving no more than
evaluating |s/vy | and multiplying the result by wy. That is,

In(s) =wg x [s/vg] =4 x |(s/4] , s €{0,1,2,...,27} (5.35)

These values are listed in Table 5.1
Step 2: Stopping rule. Since n =6 — 1, go to Step 3.

Step 3: Iteration. Set n =n —1=6—1 = 5. To establish the values of f5(s),
we solve (5.29) for n =5, and s € {0,1,2,...,27}, namely

f5(s) = max {wsz + fo(s —vsa) 12 € {0,1,2,..., [s/vs|}} (5.36)
=max {3z + fo(s — 3z) 1z € {0,1,..., [(s/3]}} (5.37)
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For example, for s = 14 we obtain

f5(14) = max {3z + fe(14 — 3z) : 2 € {0,..., [14/3]}} (5.38)
= max{0 + f6(14),3 + f6(11),6 + f6(8),9 + f6(5),12 + f6(2)} (5.39)

On assigning fg its values from Table 5.1 we obtain the following

f5(14) = max{0 + 12,3+ 8,6 + 8,9 + 4,12 + 0} (5.40)
= max{12,11,14,13,12} = 14 (5.41)

The values of {f5(s) : s € S} are listed in Table 5.1.
Step 4. Go to Step 2.
Step 2. n =5 — 1. Go to Step 3.

Step 3. Iteration. n =n—1=>5—1= 4. We now solve (5.29) for n = 4, and
s€{0,1,2,...,27}, namely

fa(s) =max {wyz + f5(s —vq) 2 €{0,1,2,..., [s/val}} (5.42)
=max {9z + f5(s —8z) 1z €{0,1,2,...,[s/8]}} (5.43)

For example, s = 19 yields

f4(19) = max {9z + f5(19 — 8z) : 2 € {0,1,...,[19/8]}} (5.44)
=max {9z + f5(19 — 8z) : x € {0,1,2}} (5.45)

Assigning f5 the values taken from Table 5.1 we obtain the following:

£2(19) = max {0+ 19,9 + 11,18 + 3} (5.46)
= max {19,20,21} = 21 (5.47)

The values of {f4(s) : s € S} are given in Table 5.1.

As the functions f3, fo, and f; would be determined in a similar fashion
there is no need to repeat the procedure for n = 3,2, 1. The results for these
values of n are given in Table 5.1. In Section 7.2 I describe how the sequence
of optimal decisions is determined for problems of this type.

Note that Table 5.1 provides more information than is in fact required for
the objective stipulated by (5.17)-(5.19), which is to compute the value of p
corresponding to v* = 27, namely f1(27).

Attention is also called to the fact that, far more efficient dynamic pro-
gramming solution strategies would be available to solve the knapsack prob-
lem in question. These will be examined later in our discussion.

The sole reason for using the above strategy for this purpose is the excel-
lent framework it makes available for highlighting the key ingredients of the
formulation and solution of the dynamic programming functional equation
stemming from a multistage decision model. O

Having demonstrated a numeric solution of the functional equation let us
now examine an analytic solution.
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5.3.3 Example

Consider the following problem:

N
p(r) == max glzl/2 >0 (5.48)
@12n)
N
angr,r>0 (5.49)
n=1
2, >0, n=12...,N (5.50)

Observe that with no loss of generality we can assume that r = 1, because
obtaining an optimal solution for this case enables an easy determination of
the optimal solutions for the other values of r. Formally, this would involve
dividing the constraints by r and invoking the transformation y,, := x,/r.
The immediate implication would be that p(r) = /r’p(1). However, for
the purposes of this discussion it will be more instructive to forego this
“normalization” procedure.

Suppose then that this is a “resource allocation” problem. In this case, s,
denotes the amount of resource available at stage n following the allocation
of x1,x9,...,xs_1 units of the resource in the preceding stages.

Thus, if we start with s; = r units we have

n—1
sn:r—Zxk,1<n§N (5.51)
k=1

units at stage n. This also implies that the transition law is as follows:
Sp+1=T(n,s,x) =s—x (5.52)

Since no more than s,, units can be allocated at stage n, the set of feasible
decisions at stage n is as follows:

D(n,s)=10,s] , ne N,se€ S :=[0,r] (5.53)
Thus, we would set

S=D=10,r] (5.54)

S = {r) (5.55)

Finally, in view of (5.48), we would set opt = max and

N
g(s,x1, @9, xn) =y B/ (5.56)
n=1

Next, considering that the objective function is additive, the modified
objective functions have this form:

N
(8, T, Tyt 1y, IN) = Zﬂk_lxi/Q ,neN (5.57)

k=n
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Clearly then, the composition function would be defined thus:
p(n,s,z,a) = 22 4a, aeR (5.58)

That p has this form is due to the fact that by construction

N
(S, T, Tng1s o) = B @l Y pE g/ (5.59)
k=n+1
_ gn—1,.1/2 /
= 3" 2" + gnt1 (8, Tnt1, Tnga, .- aw) (5.60)

where s’ = T'(n, s, ).
Also, s and s are redundant in this case. And so, since S; = {r}, it follows
that

Sy ={T(1,r,xz):x € D(1,r)} (5.61)
={T(1,rz):0<z<r} (5.62)
={r—z:0<z<r} (5.63)
= [0, 7] (5.64)
s (5.65)

and by induction

S,=8=1[0,r], VneN (5.66)

Therefore, the functional equation is of the following form:
fN(S) = IEIB?K%S) gN(S, JE) y 8 € [07 T‘] (567)
_ N—1_1/2
= Olggsﬁ x (5.68)
and
_ n—1,1/2
fals) = max {502 foa (T, 5,0)) ) (5.69)

= max {ﬂn_1x1/2+fn+1(s—x)} , 1<n<N,seSy (5.70)

0<z<s
Let us examine then an analytic solution of this equation.
Step 1. Initialization. Set n = N. Clearly, (5.68) implies that
fn(s) = N2 s e 0,7 (5.71)

Step 2. Stopping rule. Because the functional equation is solved analytically,
this step does not apply here. Instead, the values of f, are searched for by
induction.
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Step 3. Iteration (induction). For n = N —1 (5.70) assumes this form

fn-1(s) = (hax, {5N_2a:1/2 + fn(s — az)} , 0<s<r (5.72)

Since (5.71) entails that fy(s—z) = 8V~ 1(s —x)'/2, it follows from (5.72)
that

fn-1(s) = max {5N_2x1/2 + N (s — x)1/2} , 0<s<r (5.73)

0<z<s

Observe that the variable s on the right-hand side of (5.73) is treated as
a known constant. Thus, from the standpoint of a typical s, the right-hand
side of (5.73) boils down to a problem involving the maximization of the
following function:

L(z) =N 22 4 gN"Ys— )2 0<az<s (5.74)
Hence, the first derivative of L with respect to x is as follows:

L'(z)= %BN_2 [m‘lﬂ — B(s — a:)_l/2] (5.75)
and the second as follows:

L' (z) = —iﬂN -2 [a;—?’/? + B(s — g;)—?’/?} (5.76)

Since the second derivative is nonpositive for all 0 < x < s, it follows that
L is concave with x on [0, s]. Hence, any local maximum is also global. To
identify the local maximum the first derivative is equated to zero. This yields
V2 —p(s—z)"1/2 =0.

The unique solution to this equation — expressed as a function of the
state s — is then as follows:

z"(s)

. S
__]7+.ﬁ2‘

This implies in turn that

0<s<r (5.77)

fn-1(s) = L(z*(s)) , 0<s<r (5.78)
= L(l n ﬁ2) (5.79)

s 112 s 112
_ N2 [1 . ﬁ2] 4Nt [s - ﬁ2] (5.80)

(5.81)

With these results in hand, the next move is to set n = N — 2, whereupon
the functional equation takes this form:

fn—2(s) = max {5N_3a:1/2 + fn—1(s — az)} , 0<s<r (5.82)

0<z<s
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Considering that (5.81) entails that

froils —z) = V2 [(s — 2)(1+ 62)) (5.83)
we now have to solve the following problem:

F_a(s) = max. {51\7—31,1/2 4 N2 [(s —2)(1+ 2] 1/2} (5.84)
for 0 < s < r. This calls for a redefinition of L as follows:

Liw) = V322 4 gV 2 [(s— )1+ 89)]* L 0<a <s (5.85)
Consequently, the first and second derivatives of L are:

() = g8V [a™2 — 5101+ 8]V (s — 2) 7] (5.56)
and

L (@) = — 38V [272 4 B0+ 525 — )] (5.87)
respectively.

Again, the second derivative is nonpositive on [0, s], hence L is concave on
[0, s]. Equating the first derivative to zero yields the unique solution

IIJ‘*(S) == m s 0 S S S T (588)
which in turn entails that
fn—2(s) = L(z"(s)) (5.89)
_ AN-3 s N-2 _ $ I
" e 0 \/(1+ﬁ2)(s ) (690
= BN/ s(1 4 5% + 1) (5.91)

Clearly, a pattern is beginning to emerge. The inference to be drawn from
this is that it should prove convenient to define

N—n
o= 8%, n=123.N (5.92)
k=0

whereupon one would be able to appeal to the following inductive hypothesis:

fal8)=p"""s—b, ,1<n<NO<s<r (5.93)

By inspection it is clear that this hypothesis holds forn = N, n=N — 1

and n = N — 2. Assume then that it holds for N > n > k+1 as well. In this
case, the functional equation pertaining to n = k takes this form

fr(s) = max {Bk_1x1/2 + 6% fry1(s — az)} ,0<s<r (5.94)

0<z<s
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From (5.93) it follows that

fr(s) = (ax {Bk_1x1/2 + 65 [(s — x)bk+1]1/2} (5.95)
Next, define

L(z) = "2 2 4 8% (s — 2)bpa])? , 0< 2 <5 (5.96)
and consider the first and second derivatives of L, namely

1

L) = 567 2712 = Bbffy (s — )72 (5.97)

and
" Log1 [ —3/2 | ,1/2 ~3/2
L'(2) = =8 [m + /A (s — ) } (5.98)

Again, since 8 and by, 1 are positive, the second derivative is nonpositive,
hence L is concave on [0, s|]. Equating the first derivative to zero yields the
unique solution

s
* = < s < .
z*(s) 1Jrﬁgbkﬂ,O_s_r (5.99)
and since (5.31) implies that by = 1 + 3%by41, it follows that
2 (s) = bi L0<s<r (5.100)
k
Thus,
fr(s) = L(z*(s)) (5.101)
§ 7172 5 1/2
el El L [ P D (5.102)
b bi

_ g { [i] V2 L g Ks _ i) bkﬂ} 1/2} (5.103)
— gkt [ﬂ v {1 + 8 [S(bk -1 <b’2—:1>] 1/2} (5.104)

In short, the inductive hypothesis holds for n = k and therefore it must
hold for all n € N. Consequently,

fi(s) =B [st]V?, 0<s<r (5.105)
= [sby]*/? (5.106)
roN-1 1/2
=[5> 52"] (5.107)
L n=0
s(1— g% 1/2
— [(1—752)} 1760 (5.108)
[sN]'/2 , B=1
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In particular, the value of p(r) defined by (5.48) is

(1 PN
o) = ary =\ 1o o FPPO

vVrN , =1

This confirms the initial observation that p(r) = /rp(1),r > 0. O

(5.109)

Having seen how a dynamic programming functional equation would be
solved either numerically or analytically, let us now examine a situation
where the equation defies a straightforward solution by either one of these
conventional approaches. The point to note here is that although the problem
in question is eminently amenable to a dynamic programming treatment —
in that it yields an unquestionably valid functional equation — the equation
proves impervious to standard solution techniques.

5.3.4 Example
Consider the problem

N
p:= max w(zy) (5.110)

(9017---7501\7) n=1

subject to (5.49)-(5.50), where
72

1+
— .1/2 —x
w(x)=x/"+e "+ T

+sin(z), 0<z<r (5.111)

Surely, this problem is similar to the problem studied in Fzample 5.3.3,
and yet the objective function in this case induces a functional equation
that is exceedingly difficult to solve. The equation in the present case has
this form:

1+ 22
14 a3

fn(s) := max {:131/2 +e 4+

i <s< 112
(max + Sm(x)} , 0<s<r (5.112)

1+ 22
1423

_ 1/2 —x
fn(s) 01;13;{3{:17 +e " +

+ sin(z) + frr1(s — x)} (5.113)

for1<n<N,0<s<r.

Recall that to initiate Procedure 5.5.1 we need to have on hand the val-
ues of {fn(s)}. But this calls for the solution of the following optimization
problem:

2

I+x
1/2 —z :
Jax, {a; te 4 e + sm(x)} (5.114)
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Suffice it to say that even if we could somehow solve this problem, it would
still be immensely difficult to recover the values of {f,(s) : 0 < s < r} for
n < N. O

To round out this general account on solution approaches for truncated
dynamic programming functional equations, I wish to point out that, should
the sets {D(n, s)} be finite and not too large, the functional equation would
allow solution by enumeration — as was done in Ezample 5.3.2. So in view
of the difficulties encountered in Example 5.3./, let us consider the following.

5.3.5 Example

Suppose that the problem featured in Fxample 5.3./ is additionally subject
to the constraint

xz, €{0,1,2,3,...} , neN (5.115)
Also, assume that r is a positive integer. In this case, we would set

S=D=S5,=1{0,1,23,...,r}, neN (5.116)
D(n,s)={0,1,2,...,s} , neN,s€ S (5.117)

Thus, the functional equation would take the form

2
fn(s) = xe{gﬁ}f..@} {g;l/2 +e T 4 i 1::3 + SiH(:L')} , s€S  (5.118)
and
fn(s) = {(1)(1}&;( }{w(x) + fat1(s—x)}, 1<n<N,seS (5.119)
xe10,1,2,...,8

Assuming that N and r are not unduly large, these equations would be
readily amenable to solution by enumeration. Namely, the required maxi-
mization will be carried out by enumerating the feasible values of z.

To illustrate how this would be done, let us solve { fy(s) : s € {0,1,...,7}}
for » = 5. This will yield the following results:

s |0 1 2 3 4 5
Sn(s) ] 2 23679 23679 23679 23679 24492

Given these values, we would be able to solve the functional equation
pertaining to n = N — 1, which is

fn-1(s) = xe{éﬂ%}f..,s}{w($) + fn(s—2)}, se S (5.120)

by identifying the feasible values of the decision variable. The results are:

s | o 1 2 3 4 5
fv—i(s)| 4 23679 43679 47358  4.7358  4.7358
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For example, fy_1(3) was evaluated as follows:

fna(3) = xe?&?ﬁg}{wm +/n@B-2)} (5.121)
= max{w(z) + fv(3 —z) : x € {0,1,2,3}} (5.122)
= max{w(0) + fn(3),w(1) + fn(2), w(2) + fn(1), w(3) + fn(0)}

(5.123)
= max{4.3679,4.7358, 4.4730,4.1390} (5.124)
=4.7358 (5.125)

Similarly, once the values of {fy_1(s) : s € S} are known, the same
method can be used to compute the values of {fy_2(s) : s € S}, and so on
forn = N —3,N —4,...,1. Recall that we are interested in the value of

Ja(r). O

Before I can proceed to outline the solution techniques for nontruncated
equations, I need to call attention to an important point that applies to
both truncated and nontruncated functional equations. The point is this.
The dynamic programming functional equation can be characterized as a
necessary condition that is required to be met by the optimal values of
the objective functions pertaining to the modified problems. However, as is
usually the case with most other necessary optimality conditions, these do
not constitute sufficient optimality conditions. Namely, they stop short of
providing unequivocal assurances that the solution yielded under their terms
is indeed the solution sought. The implication is therefore that there may be
cases where the functional equation of dynamic programming will generate
solutions that are not equal to the functions {f,}.

To illustrate this point, assume that the functions {f,} defined by (5.9)-
(5.12) satisfy the following dynamic programming functional equation

fa(s)= opt pn,s,z, fnr1(T(n,s,2))), 1<n<N,seS, (5126)
z€D(n,s)

What guarantee is there that the functions {f, : n € N} recovered by
the iterative procedure outlined above are indeed the functions defined by
(5.9)-(5.12)7 The answer to this question can be formulated as follows:

Lemma 5.3.1 Assume that N is finite and let

un(s) == ?)I()]E/ )gN(s,x) , SE€SN (5.127)
xe ,S

Then, if the functional equation

un(s) = opt p(n,s,z,upt1(T(n,s,2))), 1<n<NgsesS, (5128)
z€D(n,s)

has a solution, say w}(s), then this solution is UNIQUE. That is, if there
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are two sequences of real-valued functions {u),} and {ul'} on {S,} satisfying
(5.127)-(5.128), then

un(s)=u"(s), V1<n< N,s€S, (5.129)

n

PROOF. Let {u),} and {«”} be any two solutions for (5.127)-(5.128). Since
for each s € Sy the right-hand side of (5.127) produces a unique scalar, it
follows that u/y(s) = u”(s), Vs € Sy. Proceeding by induction, a similar
argument for (5.128) yields u),(s) = u”(s), Vn € N, s € S,,. O

Remark: Note that the uniqueness is with respect to u,(s), not the decision
variable x € D(n, s).

In other words, if N is finite and the functions defined by (5.9)-(5.12)
satisfy the dynamic programming functional equation, then this equation
constitutes both a sufficient and a necessary optimality condition for {f,}.
This is so because with IV being finite the functional equation has at most
one solution. On the other hand, in cases where NV is not finite, the dynamic
programming functional equation may have more than one solution. It would
therefore be necessary to ascertain that the solution obtained by the method
used to solve the functional equation is indeed the desired solution.

5.4 Nontruncated Functional Equations

Using an iterative solution procedure, structured on Procedure 5.3.1, to
solve nontruncated dynamic programming functional equations cannot even
be contemplated because it would simply be impossible to initialize the pro-
cedure. Indeed, if N is not finite, solving the modified problems for any given
n € N would normally be as difficult a task as solving the initial problem.

The solution techniques that are usually employed in such cases, deploy a
strategy known as SUCCESSIVE APPROXIMATION. I shall examine this strat-
egy in depth in the next chapter. Here I merely give its general drift.

As a framework for discussion, I shall use the following problem, which is
the nontruncated version of the problem featured in Ezample 5.3.3.

5.4.1 Example
Consider the problem

(1‘1,1'2,...

p:= max )Zﬁ"—lx}ﬂ ,0<p8<1 (5.130)
=1

o0
dzn<r,r>0 (5.131)
n=1

2, >0, neN:={1,23,...} (5.132)
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As this is our first encounter with a problem of this type, to begin with,
we need to identify the effect that the problem’s nontruncated character has
on its analysis.

The first thing to note then is that the objective function in this case is
stated formally as follows:

q(x1,72,...) =D gu(xn) , 20 €[0,7] (5.133)
n=1
where
an(zn) = ""2/?  0<p<1 (5.134)

Since 0 < B < 1, it is clear that the values attained by the function ¢ on
the set

[o¢]
X:{ZEROO:Zzngr,znZO} (5.135)
n=1
are bounded.
Furthermore, given that X is compact and ¢ is continuous on X, we have
an assurance that ¢ attains a maximum on X. Namely, the problem under
consideration has at least one optimal solution. Secondly, because

Zﬂ"‘lxiﬁ _ a:}ﬂ 4 Zﬂn—lx}ﬁ/? (5.136)
n=1 n=2
12 o~ 2 1/2
R Y (5.137)
n=2

it follows that
1/2

q(z1,22,...) =27 + Bg(x2,x3,...) (5.138)
— 0% + Bay* B2q (w3, 4, .. ) (5.139)
= a1 + Bas/? + B2ai? + BPy(g, x5, ... ) (5.140)
— 01 + Bzy? + B2y + BPuy)? + Bq(ws, ws,...)  (5.141)
etc.

As we shall later see, this property of the objective function provides for the
formulation of a Markovian decomposition scheme such that all the modified
objective functions that it gives rise to are identical to q.

Going back now to our topic of interest.

As in the case of the truncated problem featured in Example 5.3.3, we
would set the following:

Sy = {r} (5.142)
S=D=[0,r] (5.143)
D(n,s)=[0,s], neN,se S (5.144)
T(n,s,x)=s—x,neN,seSxeDn,s) (5.145)
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The objective function would be defined thus:

o0

g(s,x1,29,...) = Zﬁ"‘lx}ﬂ (5.146)

n=1

Except for the set of stages N now being equal to {1,2,3,... } rather than
to {1,2,3,...,N}, N < oo, the problem under consideration is modeled
along the same lines as the truncated problem in Ezxample 5.3.3. Thus, in a
similar fashion we would set:

Sp=5,V¥neN (5.147)

The modified objective functions would be defined as follows:

(e}

gn (S, Ty Tpst,...) = Zﬁk_lx}gp (5.148)
k=n

which suggests in turn the following composition function:
p(n,s,x,a) = 224 a, aeR (5.149)

In short, if the derivation process yielding the truncated functional equa-
tion in Ezxample 5.3.8 is to be repeated step by step in the case of the
nontruncated problem in question, the end product will be the same func-
tional equation, except that now N = oo. In other words, the functional
equation will take this form:

fn(s) = 0121358{5"_1331/2 + fat1(s —x)}, ne{1,2,3,... } (5.150)
for0<s<r.

The difficulty posed by this equation, as indicated above, is that it will be
impossible to initialize Procedure 5.3.1. We would therefore have to approach
its solution with a different set of ideas in mind.

The first step would be then to transform this equation so that instead of
infinitely many functions { f,,}, we would have only one function to contend
with. This is accomplished as follows.

1. From the definition of the functions {g,} it follows that

0

(8, Tny g, -.-) = O B Ly (5.151)
k=n
=Y gy (5.152)
k=n
=N g (5.153)
k=1

=" g(s, 2, Tyt .. ) (5.154)
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so that
g =08""1g, neN (5.155)

2. As n has no bearing on the sets {D(n, s)}, it follows that for every s’ € S,
all the modified problems {Problem P(n,s’) : n € N} have the same set of
feasible solutions. Therefore, (5.44) entails that

fa(s)=p"""f(s), VneN,s €S (5.156)

3. Substituting 3"~ f(s) for f,(s) and 8" f(s —x) for f,11(s—x) in (5.150)
and then dividing both sides by "', we obtain the following functional
equation:

f(s) = max {z'/2 + Bf(s —2)} , neN,s € S (5.157)

0<z<s

recalling that the function f = f; is defined as follows:

f(s):= ( max )Zﬁ"a?}/? ,0<s<r (5.158)
o) gy
< (5.159)
n=1
xn >0,ne{1,2,3,...} (5.160)

In view of (5.156), it is sufficient to recover a solution for the function f as
the sequence {f,} is readily obtainable from f. This allows treating (5.157)
rather than (5.150) as the functional equation of interest.

This clear, let us now examine how the successive approximation method
would handle equation (5.157). To be able to highlight the method’s main
points, we ignore the fact that the equation derives from a dynamic pro-
gramming model formulation, as in essence this equation sets the following
task:

Given the constants v > 0 and 0 < 8 < 1, find a real-valued function
u on the interval [0,7] such that

u(s) = max {x1/2 + Pu(s — a:)} , Vs €[0,r] (5.161)

0<z<s

The successive approximation strategy would be set into motion by pos-
tulating an initial approximation for u, say

u®(s):=0, Vs €[0,r] (5.162)
Then, using the procedure implied by

W (s) = max {2 + pu®(s —2)} , s € [0,7] (5.163)
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this approximation would be successively updated. Thus, after assigning u(?)
the initial value, we would solve the equation
uM (s) == ax. {2'? + u (s — )} , s € [0,r] (5.164)
and evaluate the function u(!).
If uM is found to be equal to u(®) the procedure would be stopped as a
solution had been recovered. Otherwise, it would continue with
u?(s) := Jnax, {22 4+ BuWD(s —x)} , s €[0,r] (5.165)
In short, the approximation process will carry on, in this fashion, until
u* D = 4*) for some k, or until it becomes evident that the sequence
{u} unfolds in a pattern. If the latter rather than the former will prove
to be the case, then it will be necessary to test whether the said sequence

converges and whether its limit satisfies the functional equation.
To go back then to Example 5.3.1, observe that (5.162)-(5.164) yield

W) (e .— 1/2
u/(s) Dax z7, € [0,r7] (5.166)
Hence,
uM(s) = s se[0,7] (5.167)

Thus, applying (5.163) with k£ = 1 yields

u?(s): = Jax {21/? 4+ puW (s — )} (5.168)
—}gg{fﬂ+5( )2} se0,r] (5.169)

Note that this problem is similar to the one encountered in the solution
of the problem that was analyzed in Ezxample 5.3.3. So, equating the first
derivative of the function being maximized in (5.169) to zero yields the
following optimal solution:

z*(s) ==

S
— 5 S
1+32°

Since the function being maximized in (5.169) is concave, the implication
is that this is a global maximum point. Hence,

€ [0,7] (5.170)

u® (s) = [&*(s)]Y2 + B[s — x*(s)]"/ (5.171)
s 1/2 s 1/2
- [1+52] ”[3_ 1+52} (172
1/2
p+ﬁﬂ[ ] (5.173)

+ p?
1/2

1
= [s(1+6%)] e [0,7] (5.174)
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Thus, for £k = 2 we obtain

u®(s): = Jmax {ZE1/2 + Bu? (s — x)} , s€0,r] (5.175)
— max {:171/2 +B[(1+B2)(s — )] 1/2} (5.176)

Again, note that this problem is also similar to the problem encountered
in Ezample 5.2.3. Here as well, the function being maximized is concave.
Equating this function’s first derivative to zero yields the optimal solution

S

.’I'*(S) = m , S € [O,T] (5177)

which in turn yields

u®(s) = [o* ()2 + B[(1+ B2)(s — a*(s))] 2 (5.178)

= [s(1+ 82+ Y] | se(o,r] (5.179)

We now proceed by induction using the following inductive hypothesis

u™ (s) = [sb]*? , me {1,2,...},s €[0,r] (5.180)
where
m—1
b= > _ 8%, me{1,2,3,...} (5.181)
k=0

By inspection, it is clear that this inductive hypothesis holds for 1 < m <
3. We therefore assume that it is true for m = 4,5,...,n and we consider
m =n + 1. In this case we have

u(n-l—l) (8) - Olga‘? {1'1/2 + Bu(”) (3 _ x)} , S € [077‘] (5182)
o 1/2 _ 1172
= max {:1: + Blbn(s — )] } (5.183)

Solving this problem in the standard classical fashion we obtain the fol-
lowing optimal solution:

2'(s) = ; S+1 . s€[0,r] (5.184)

which in turn yields

a0 (s) = [ (5))2 + B (s — 2" (9)) (5185)
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o 712 s 1/2
_bn+1_ bn-‘rl
r s 1 1/2 172
=i (1 8 {ba(bar1 — 1))?] (5.187)
P
= | S+1 [1 + B [bn(82b,)] 1/2] (5.188)
1/2
= [1+ 3%bn] [ . ] (5.189)
n+1
|: s :|1/2
= byt (5.190)
bn—l—l
= [sbn41]"? (5.191)

Note that the above derivation invoked twice the relation b,.1 = 1+ B3%by,
which follows directly from the definition of b,, in (5.181).

This implies that the inductive hypothesis holds for m = n+ 1, and hence,
that it is true for all m > 1.

Turning now to the sequence {u(™}, we first need to determine whether it
converges and, if it does, whether its limit satisfies the functional equation.
So, we define

u*(s): = lim u™(s) (5.192)
= lim [sb,]'/? (5.193)
n—1 1/2
= lim [sz ﬁzk] (5.194)
. s(1— an) 1/2

Since 1 > [ > 0 it follows that

s 112
u*(s) = [1—752] , s€|0,r] (5.196)

To ascertain that this function indeed satisfies the functional equation, we
define

v(s) := max {x1/2 + pu* (s — az)} , s€[0,7] (5.197)

0<z<s

As we need to show that v(s) = u*(s), Vs € [0,7], we proceed as follows.
From (5.196)-(5.197) it follows that

1/2
v(s) = max {x1/2+ﬂ[8_$] } , s €0,7] (5.198)

0<z<s 1— 32
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We therefore define

L(z) = 2% 4 3 [13__;2} v 0<z<s (5.199)
so that the first and second derivatives of L are

L'(z) := % {x—l/z _ %%2 [%} _1/2} (5.200)
and

L'(z) = —% {x—s/z 4 _652)2 [13__;2} _3/2} (5.201)

Because the second derivative of L is nonpositive for all 0 < z < s, it
follows that for each 0 < s < r, the function L is concave on [0, s]. Thus,
equating the first derivative to zero, we obtain the optimal solution

z*(s) = s(1— (%), s €[0,7] (5.202)

which in turn yields

v(s) = L(z"(s)) (5.203)
= [2%(s)]"/? + Bu*(s — 2) (5.204)
= [s(1- 6]+ i(s)} v (5.205)

| 1-p52 '
T — s(1— 32)]Y2
[ 532 1/2
= [s(1- )]+ 1_—%2} (5.207)
s 1/2
= [1 = 62} [(1—-5%) + 3% (5.208)
s 1/2
= [1 —62} (5.209)
= u’(s) (5.210)

We conclude then that the function u* defined by (5.196) is a solution for
the functional equation (5.161). O

An important question remains, however. Much as the function u* turned
out to be a solution to the functional equation in question, namely (5.161),
what assurance is there that u* = f7 This question arises because there is
nothing in the definition of function f, namely in (5.158)-(5.160), to provide
for this.
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This matter will be taken up in the following chapter. For the moment it
suffices to note that one would need to show that the functional equation
(5.161) has a unique solution. In demonstrating that the equation has only
one solution, and considering that f is a solution to this equation, one would
thereby show that the solution obtained is necessarily equal to f.

As we shall see, certain dynamic programming functional equations have
more than one solution. In such cases, therefore, it will be necessary to track
down the solution that meets the definition of the functions {f, :,n € N}.

And to go back to the problem featured in Example 5.4.1, we may conclude
the following. The foregoing analysis suggests that the function f defined by
(5.158)-(5.160) is as follows:

S

1/2
f(s)= [1—7@] , s€[0,r] (5.211)

Furthermore, (5.202) suggests that the optimal decisions expressed as a
function of the state variable are independent of the stage variable and take
the form:

¥ (s)=s(1—-F%),0<s<r (5.212)

These results will be corroborated in the next chapter where I shall show
that the function f defined by (5.158)-(5.160) is indeed the unique solution
for the functional equation (5.161). O

5.5 Summary

The discussion in this chapter illustrated that the decisive factor determin-
ing how a given dynamic programming functional equation would be solved
is whether the equation is truncated or nontruncated.

Truncated equations are normally solved by direct methods that iterate
on the stage variable, whereas nontruncated equations are normally solved
by means of successive approximation procedures.

As regards the solution obtained for the equation, we saw that in the case
of nontruncated problems the solution must be shown to be equal to the
functions {f,}. In the case of truncated problems, one is assured of this a
priori.

It must be appreciated that usually a given functional equation can be
solved by more than one method. The most famous case in point is the
shortest path problem. As we shall see, functional equations associated with
problems of this type can be solved by a variety of direct and successive
approximation methods.

In the next chapter I take a closer look at the successive approximation
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strategy, and in Chapter 7 I show that the solution of the dynamic program-
ming functional equation provides for the recovery of optimal policies.

And as a final note, I should point out that there are, of course, methods
that by design do not seek “exact” solutions to the dynamic programming
functional equation but settle instead for an approximation (eg. Heidari et al.
[1971], Gal [1989], Sutton [1990], Sniedovich and Vo3 [2006], Powell [2007]).
The rationale behind this “heuristic” approach is the forbidding compu-
tational requirements that “exact” methods can have in certain cases (see
Chapter 8).
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6.1 Introduction

In this chapter I examine in greater detail the basic structure of the generic
successive approximation method as it is used in the solution of dynamic
programming functional equations. I begin with an investigation of those
elements of the successive approximation method that are pivotal in the so-
lution of a nontruncated dynamic programming functional equation, namely
convergence and uniqueness. After that I outline in broad terms an alter-
native method for nontruncated dynamic programming functional equations
— which I call truncation method. Then, following a brief discussion on the
nature of stationary models, I conclude with an examination of the relation
between the generic successive approximation method and the truncation
method.

The nontruncated dynamic programming functional equation that is under
examination here has this form:

fn(s) = opt p(n,s,z, fns1(T(n,s,2))) , neN;seS, (6.1)
z€D(n,s)

where the functions {f,} are defined as follows:

fa(s) = opt gn(s,Tn,Tni1,...), nE€N;s €S, (6.2)

($1,$2,~--)

Tm € D(M,Spy) , m>n (6.3)

where s, = 3, Syy1 = T(M, Sy T ), and N = {1,2,3,... }.
For the purposes of this discussion it is convenient to incorporate the stage
variable as a formal argument of f and rewrite this equation as follows:

f(n,s) = opt p(n,s,z,f(n+1,T(n,s,2))), neN,seS,  (6.4)
z€D(n,s)

In this framework f is regarded an unknown real-valued function on
{(n,s) : n € N,s € S,}. The objective is to find a solution to this equa-
tion, that is a function f that satisfies (6.4).

My investigation will be conducted in the general framework of the follow-
ing prototype functional equation:

u=Au, uelU (6.5)

where U is a nonempty set and A is a map from U into itself, namely to
each u € U the map A assigns an element in U denoted by Au.

To be precise, I shall study the ramifications of convergence and uniqueness
for the solution of a nontruncated dynamic programming functional equation
through the medium of equation (6.5). The advantage in this approach is
that it will enable couching the presentation in the language of classical
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functional analysis and to appeal to its established results. The terminology
and results that are pertinent to this discussion are summed up in Appendiz
A.

Note that the following is an abstraction of (6.4) where u represents f and
the operation A represents the operation

(Au)(n,s) := opt p(n,s,z,u(n+1,T(n,s,z))), ne N,se S, (6.6)
z€D(n,s)

So, the question is how would the successive approximation procedure —
delineated in Chapter 5§ — handle the equation Au = u.

6.2 Motivation

A rough sketch outlining the successive approximation procedure for solv-
ing equation (6.5) would run as follows:

6.2.1 Procedure

Step 1. Initialization
Set m = 0 and select some element «(™ from U.
Step 2. Iteration
Set w(mH) .= Ay(m),
Step 3. Stopping rule
If w1 = (™) get u* = w(™ and stop. Otherwise set m = m + 1
and go to Step 2. g

Now, as can be gathered from Chapter 5, this procedure basically has two
possible “useful” outcomes:

- The procedure terminates, thus yielding a u* € U such that u* = Au*.

- The procedure does not terminate but the sequence {u(™} that it gen-
erates converges to some u* € U such that u* = Au*.

Contrary to the first case, whose implications are clear, the latter warrants
special attention, obviously because of the infinite sequence that it engenders.
I shall therefore ignore the first and concentrate entirely on the second. To
illustrate the type of issues that the second situation gives rise to, let us
consider the following simple example.

6.2.2 Example

Consider the equation

q(z) =22 +q(B2), 0< B <1,2€ Z:=10,00) (6.7)
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where ¢ is an unknown real-valued function on Z.

Our goal is to find a function ¢ satisfying this equation. Let U denote
the set of all bounded real-valued functions on Z and define the map A as
follows:

(Au)(z) == 22 +u(Bz) , z€ Z (6.8)

where (Au)(z) denotes the value assigned to z € Z by the function Au. Then
Procedure 6.2.1 would yield a sequence {u(™} such that

u ) (2) = (Au™)(z) , z € Z (6.9)
=22 + ™ (Bz) (6.10)

For simplicity, define the initial approximation, namely u©) as follows:
u(z):=0,VzeZ (6.11)

Then the procedure would yield the following sequence of approximations:

uM (2): =22 +u0(B2), z€ 2 (6.12)
=2240 (6.13)
= 22 (6.14)
u(z) =22+ uV(B2), z€Z (6.15)
_ 2 (8 (6.16)
=22(1+ (%) (6.17)
u®(z): =22+ u?(B2), z€Z (6.18)
=224 (32)2(1 + ) (6.19)
=21+ 6%+ 8 (6.20)
By induction then,

m—1
ulM(z) =22 %, ze Zm=1,23, ... (6.21)

k=0

It follows therefore that
u¥(z) = lim u"(z), z€ Z (6.22)
m—1
= lim 22 ) g% (6.23)
_ 22m
= 2? lim 11 _ﬂ P (6.24)
2

S (6.25)
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To ascertain that the function u* satisfies the equation u = Au we would
define v” := Au* and aim to show that u” = u*, namely that v”(z) = u*(z2),
Vz € Z. Notice then that by definition:

u”’(2) = (Au*)(2),2 € Z (6.26)
= 22 4 u*(B2) (6.27)
=24 1(5_”);2 (6.28)

2
- = (6.29)
=u"(2) (6.30)

This means that «* is indeed a solution to the functional equation
u(z) = 22 +u(B2) , z €0,00) O (6.31)
So, the basic question is this:

Under what conditions does the sequence {u(™} generated by Proce-
dure 6.2.1 converge to a u* € U such that u* = Au*?

Or, to put it differently, the following two separate, yet closely related,
questions arise:

- What conditions guarantee the convergence of the sequence {u(™} gen-
erated by Procedure 6.2.1 7

- What conditions guarantee that the limit of this sequence satisfies the
equation u = Au 7

Keep in mind that these questions about u = Au are of concern to us only
insofar as they are immediately applicable to the solution of the nontruncated
dynamic programming equation.

Another important question that we shall have to answer in this chapter
is the following:

What conditions ensure that a solution generated by Procedure 6.2.1
is the desired solution to the given dynamic programming functional
equation?

As I noted in Chapter 5, this question arises because a nontruncated dy-
namic programming functional equation may have more than one solution.
We must therefore be able to determine whether the solution obtained is the
solution sought.

The next two examples illustrate this issue.
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6.2.3 Example

Consider the multistage decision model comprising the following con-
structs:

=5 =D=[0,7], r>0 (6.32)

D(n,s) =[0,s],neN, se€ S (6.33)

T(n,s,z)=0(s—x), 0<pf<l,neN,se S xeDn,s) (6.34)

g(s, w1, w2,...) = > _a,/” (6.35)
n=1

Since the objective function is additive, to derive a functional equation we
invoke an additive decomposition scheme consisting of the following modified
objective functions:

(o]
In(Sny Ty Tt 1y .. ) = Z 3311742 ,neN (6.36)
m=n

and the following additive decomposition function:
p(n,s,z,a) = 2Y?+a,neN,seSze D(n,s),a € R (6.37)

The resulting dynamic programming functional equation therefore takes
this form:

fn(s) = opt ,O(TL,S,I', fn+1(T(n,s,a:))) ,neN;ses,
z€D(n,s)

= opt {22+ fr1(B(s — 2))} (6.38)

0<z<s

Now, by definition, Problem P(n,s) is of the form

fa(s) = opt  gn(s,z1,22,...) (6.39)

(mn,:pn+1,...)

= opt )/ (6.40)
(Tn,Tnt1,.-) k=n

zp €[0,8] , k>n (6.41)

Sn =5 (6.42)

spr1=B(sk —xk) , k>n (6.43)

Clearly, n has no bearing on f,(s), hence,
fi(s) = fu(s) , VneN,s € S (6.44)
whereupon (6.38) yields

fi(s) = opt {&'2+ fi(B(s =)}, 0<s < (6.45)

0<z<s
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Now, set opt = max and u = f1, in which case (6.45) yields
u(s) = max {z'/? +u(f(s —z))}, 0<s<r (6.46)

0<z<s

Thus, in the u = Au framework, we can rewrite (6.46) as follows:

(Au)(s) := max {m1/2 + u(B(s — x))} ,0<s<ruelU (6.47)

0<z<s

where U denotes the set of all bounded real-valued functions on [0, 7]. Con-
sider now the function u” € U defined as follows:

s
1-p

To show that u” is a solution to (6.46) we need to show that

u”(s) == [ ]1/2 ,0<s<r (6.48)

u”’(s) = (Au")(s) , Vs,0<s<r (6.49)

Observe then that from (6.47)

(Au")(s) = Jnax {ZE1/2 +u”(B(s — 3:))} ,0<s<r (6.50)
1/2
_ 1/2 B(s — )
021;?%(3 {az + [71 "y (6.51)
Thus, focusing on a given s € S, we define
B 1/2
L(z) = z'/? + [5(1%;)] ,0<x<s (6.52)

On equating the first derivative of L to zero we obtain the unique solution
¥ (s)=s(1—-0),0<s<r (6.53)

Since L is concave on [0, s], it follows that x*(s) is the optimal solution to
(6.13). Hence,

(Au")(s) = L(z*(s)) (6.54)
= [2*(s)]Y2 + [ﬂ (s 1__96;(3)) T/Q (6.55)
= [s(1 =B+ [ﬁ@ _—— m)] v (6.50)
_ [(1 g2y #} (6.57)
_ [1 j ﬂ] v (6.58)

=u"(s) (6.59)
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The conclusion then is that u” is a solution to the equation Au = u. It
turns out, however, that for any a € R, the function

ug(s) :=a+u"(s), 0<s<r (6.60)
s Y2
=a+ [1—ﬁ] (6.61)
also constitutes a solution to this equation. That is, because by definition
(Aug)(s) == (nax {x1/2 + uq (B(s — a;))} ,0<s<r (6.62)
it follows that
(Aug)(s) = Og%{xlﬂ +a+u"(B(s —x))} (6.63)

s s U2
= 01;1;3%(8 {az +a+ [m} } (6.64)

; s /2
_ 1/2
_a—i—olggics{x +[1—ﬁ}

= a+ max {x1/2 " (B(s — x))} (6.66)
=a+ (Au")(s) (6.67)
= a+u"(s) (6.68)
= uq(s) (6.69)

In short, the functional equation specified by (6.46) has an infinite number
of solutions of the form

s
1-p

The question therefore is: which solution, if any, is the desired solution to
(6.45)7 Recall that to count as the desired solution, it must comply with the
definition of fi stipulated by (6.39)-(6.43). O

1/2
ua(s):a—l—[ } ,aeR0<s<r (6.70)

6.2.4 Example

As already shown in Chapter 4, a functional equation deriving from a
nontruncated final state model would be of this form:

fa(s) = opt  fop1(T(n,s,2)), ne€N,s €Sy (6.71)
z€D(n,s)

Thus, let U be the set of all the bounded real-valued functions on the set
Z =:{(n,s):n €N, se€S,} and define

(Au)(n,s) := opt un+1,T(n,s,x)), (n,s) € Z (6.72)
z€D(n,s)
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Equation v = Aw, in this case, has infinitely many solutions in U. That
is, for any r € R the function

up(n,s)=r, V(n,s) € Z (6.73)

trivially satisfies the equation u, = Au,.. O

Before I can turn to the investigation of the questions posed above, I must
first clarify a few points.

6.3 Preliminaries

Using the equation u = Au as a framework for the study of convergence
and uniqueness in the solution of nontruncated dynamic programming func-
tional equations obviously implies that the nontruncated dynamic program-
ming functional equation is viewed as a manifestation of u = Awu. This
means that the object u is considered to be a real-valued function on the set
Z :={(n,s) :n €N, s e S,}, so that the equation v = Au is understood to
set the following task:

Given a set Z, a set U consisting of all bounded real-valued functions
on Z, and a map A from U into itself, find a u € U such that u = Au.

All the same, the two equations namely Au = w and the dynamic pro-
gramming functional equation, must still be reconciled. This is so because,
as you will recall, the nontruncated dynamic programming functional equa-
tion under consideration, namely

fa(s)= opt p(n,s,z, fnr1(T(n,s,2))) , neN,;se€ S, (6.74)
z€D(n,s)

involves infinitely many unknown real-valued functions {f,}; whereas the
equation 4 = Aw involves only one such function. We saw at the outset that
the sequence {f, : n € N} can be slightly modified so as to allow regarding
it a single function rather than a sequence of functions.

Let us quickly repeat this simple exercise, this time in a somewhat more
formal manner. First, define

Z:={(n,s):neN,;seS,} (6.75)
and

ff(n,s) = fu(s),(n,s) € Z (6.76)
This will allow the function f* to satisfy the equation

Fns) = opt plns,a [0+ LT(n,5,2)) , Yins) € 2 (6.77)
z€D(n,s)
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In turn, with U being treated as the set of all bounded real-valued functions
on Z, the map A will be defined as follows:

(Au)(n,s) := opt p(n,s,z,u(n+1,T(n,s,z))) (6.78)
z€D(n,s)

for all w € U, (n,s) € Z.
But the truth is that dynamic programming functional equations that
are amenable to the successive approximation procedure very often lend

themselves to a simpler formulation. Indeed, in many cases f, = "' f1,
0<pB<1,and S, C S, for all n € N, so that (6.74) yields

fils) =" opt p(1,s,, f2(T(1,5,2))) , s €5 (6.79)
z€D(1,s)

= opt p(1a8a$aﬁf1(T(1>Sax))) (680)
z€D(1,s)

This being so, we can set Z = S1. Given that U denotes the set of all
bounded real-valued functions on Z, the map A can be defined as follows:

(Au)(s) := opt p(l,s,z,pu(T(1,s,2))) , uecUss €S (6.81)
z€D(1,s)

A case in point is the problem featured in Example 5.4.1. We shall come
back to this issue later in this chapter, in our analysis of STATIONARY MOD-
ELS in Section 6.7.

Another point to note is that throughout this discussion, the assumption
is that opt = max. Confining the investigation to this case will enable to
maintain clarity of presentation without compromising on matters of sub-
stance. For opt = min, simply multiply the objective function by —1 while
preserving opt = max.

Also, throughout the analysis I shall employ the following metric, denoted
O, on U:

O(u,v) := ilelfz) lu(z) —v(2)|, u,velU (6.82)

Observe that (U, ©) is a complete metric space (see Lemma A.2.2 in Ap-
pendiz A). And I shall assume that the map A has the following attractive
contraction property:

Assumption 6.3.1
O(Au, Av) < O(u,v) , Yu,v € U (6.83)
On the strength of this assumption, Lemma A.2.3 yields the following.

Theorem 6.3.1 If Assumption 6.3.1 holds and the sequence {u(m)} gener-
ated by Procedure 6.2.1 converges to some u” € U, then u” = Au”.
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PROOF. Suppose that the above conditions hold. Now, consider the sequence
{v™} where o™ := Aul™ m =0,1,2,3,... Since (U,©) is a complete
metric space and the modulus of A is equal to a = 1, it follows from Lemma
A.2.3 that the sequence {v(™} converges to some v € U such that v =
Av”. Thus, because by construction v(™ = Au(™ = ™+ it follows that

v" =u”. Hence, v’ = Au". O

Note that all the nontruncated dynamic programming functional equations
that we shall encounter in this book satisfy Assumption 6.5.1, and hence
Theorem 6.3.1. And finally, a brief explanation of the strategy I shall pursue
in the investigation of the equation u = Au.

As we shall shortly see, this equation’s behavior is essentially determined
by two types of conditions. Under the first condition it will be referred to as
a TYPE ONE EQUATION and under the second as a TYPE TwO EQUATION.

In both cases, I shall proceed in the following fashion. First, I shall conduct
a general analysis of the equation © = Au, general in the sense that, other
than allowing U to be a set of real-valued functions on some set Z, both
A and U will be abstracted from any specific context. Then, the results
obtained from this analysis will be translated back into the context of a
nontruncated dynamic programming functional equation.

6.4 Functional Equations of Type One

Let us consider the following condition which, it should be noted, is
stronger than the one required by Assumption 6.3.1, observing that here
a <1

Assumption 6.4.1
O(Au, Av) < aB(u,v) , Yu,v € U for some o € [0,1) (6.84)

Functional equations satisfying this assumption will henceforth be referred
to as TYPE ONE EQUATIONS. In the framework of this assumption Theorem
A.3.1 states the following:

Theorem 6.4.1 (Fized Point Theorem)
If u = Au is a Type One equation then it has a unique solution in U and
any sequence generated by Procedure 6.2.1 converges to this solution.

The following example illustrates this theorem.

6.4.1 Example

Recall that the functional equation induced by the problem featured in
Example 5.4.1 was of the following form:
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fu(s) = Jnax {ﬁ”_lznl/z + frny1(s — ZE)} ,neN0<s<r (6.85)

On showing that f, = 8"~ !f; we deduced that

fi(s) = max {x1/2 + Bf1(s —x)} ,0<s<r (6.86)

0<z<s

to obtain the following solution to the associated equation v = Auw :

s 1/2
"

In view of the condition laid down by Theorem 6.4.1, to establish that f; =
u” we need to show that the functional equation (6.86) satisfies Assumption
6.4.1. So, let U denote the set of all bounded real-valued functions on Z =
S =[0,7] and define the map A as follows:

(Au)(s) := sup {z"? + pu(s —2)} , 0<s<r (6.88)
0<z<s

Note that max is substituted by sup to underscore that v can be any

bounded real-valued function on S and that, under these terms, there is no

assurance that a maximum is attainable. The replacement itself is a straight-

forward matter, indeed a mere technicality. The definition of A entails that

sup {z/2 + Bu(s — 2)} — sup {z'/? + Bo(s —z)}
0<z<s 0<z<s

O©(Au, Av) = sup

0<s<r

(6.89)
which, in conjunction with Lemma A.1.12, yield
O(Au, Av) < sup { sup <‘{3:1/2 + Bu(s — :E)}‘

0<s<r L0<a<s
- ‘{acl/2 + Pu(s — ac)}‘)} (6.90)

< s {0228 |Bu(s — 2) — Bu(s — az)!} (6.91)
= 02&23{ 18 [u(s — ) = v(s —2)]| | (6.92)
= s {1Bluz) —v@Nl ), z=5-a (6.93)
= s 81| [u(z) — v(2)]| (6.94)
=0 sup |[u(z) — v(2)]| (6.95)

= #0(u,v) (6.96)
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But because 0 < § < 1, it follows that ©(Au, Av) < ©(u,v). Hence,
Assumption 6.4.1 holds with o = . This means that f; = «” is a unique
solution to the functional equation in question, so that (5.154) yields

fu(s)=B""fi(s), neN,0<s <7 (6.97)
1/2
_ an—1 S
=0 [1 — ﬂ2] (6.98)

Theorem 6.4.1 can now be rephrased as follows.

Theorem 6.4.2 Suppose that the functions {f,} defined by (6.2)-(6.3) sat-
1sfy the dynamic programming functional equation

fn(S) = HDH()“X )p(n,s,x,fn+1(T(n,s,x))),n € N y 8 € STL (699)
zel(n,s
Next define
Z:={(n,s):neN;seS,} (6.100)
f*(’I’L, S) F= fn(s)a (n,s) €z (6101)

and assume that there exists a o € [0,1) such that
lp(n,s,x,a) — p(n,s,z,b)| <ala—1b| ,Y(n,s) € Z,a,b e R (6.102)

Now, let w9 be any bounded real-valued function on Z and consider the
sequence of real valued functions {u(m)}, where

u™D(n,s) = sup p(n,s,z,u™ (n+1,T(n,s,z))) (6.103)
z€D(n,s)

for all (n,s) € Z.

Then the sequence {u(m)} converges to the function f* defined above in
(6.76).

ProoOF. Considering the claim made by Theorem 6.4.1, it is sufficient to
show that the conditions laid down by Theorem 6.4.2 uphold Assumption
6.4.1. Let then U denote the set of all bounded real-valued functions on Z
and let A be a map from U into itself defined as follows:

(Au)(n,s) := sup p(n,s,z,u(n+1,T(n,s,x))), (n,s) € Z (6.104)
z€D(n,s)

As by construction,

O(Au, Av) = sup |(Au)(n,s) — (Av)(n,s)| , u,v € U (6.105)
(n,s)eZ
= sup b(u,v,n,s) (6.106)

(n,s)eZ
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where

b(u,v,n,s) :=|(Au)(n,s) — (Av)(n,s)| , u,v € U,(n,s) € Z (6.107)
Lemma A.1.12, in conjunction with (6.104) and (6.107), imply that

b(u,v,n,s) = sup |p(n, s,z,u(n+1,8")) — p(n,s,z,v(n + 1, s'))|

z€D(n,s)
(6.108)
where s’ = T'(n, s,x), and therefore (6.102) yields
O(Au, Av) <« sup sup  |u(n+1,5") —v(n+1,5)| (6.109)
(n,s)eZ | zeD(n,s)

<a sup |u(n+1,T(n,s,z)) —v(n+1,T(n,s,x))| (6.110)

z€D(n,s)

(n,s)€Z

Since by definition

Spt1={T(n,s,z) : s € Sp,xz € D(n,s)} (6.111)
Z={(n,s):neN,;seS,} (6.112)

it follows from (6.110) that

O(Au, Av) < a sup |u(n,s) —v(n,s)] (6.113)
S Sn 1
en
= aO(u,v) (6.114)
The implication is then that Assumption 6.4.1 holds here. O

6.4.2 Discounted Additive Functional Equations

Consider the case where the composition scheme is of the following additive
form:

p(n,s,z,a) =w(n,s, x)+af(n,s,z) , a € R (6.115)
where w and 3 are bounded real-valued functions on

NSD :={(n,s,z) :neN,se€S,,x € D(n,s)} (6.116)
and

0<pB(n,s,z)<a<l, V(n,sz)eNSD (6.117)
Then clearly,

lp(n,s,x,a) — p(n,s,z,b)| =|B(n,s,x)(a—b)| (6.118)
= B(n, s,z)|a —b| (6.119)
< afa — b (6.120)
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The conclusion to be drawn is that any functional equation of this variety is
a Type One Equation. Take note, though, that when performed analytically,
Procedure 6.2.1 can be adversely affected by (3 not being constant over NSD.
An analytic solution of (6.103) may also prove difficult should w depend on
n and s.

6.5 Functional Equations of Type Two

The distinctive feature of equations falling in this group is that they involve
a contraction in the domain space rather than in the functional space. In
the context of dynamic programming functional equations this means that a
contraction occurs in the state space S. This happens, for example, when the
transition function 7" is such that the sequence of states s, s9,... converges
to some s’ € S which is independent of the decisions z1,xs,... made.

For instance, in the case of Example 6.2.3 we have s’ = T(n,s,x) =
B(s —x) where 0 < 8 < 1 and 0 < z < s. It follows then that s,+1 < fBsy,
hence s, < " 1s1, and therefore as n — oo the state variable will converge
to ' = 0 regardless of the value of the initial state s; and the decisions
x1,%2,... made.

The point is that such a contraction in the state space, in conjunction
with appropriate additional conditions, induce a contraction in the return
space that characterizes functional equations of the type discussed in the
preceding section.

The technical details associated with generic functional equations of this
type are discussed in Appendiz A. The following example features a dynamic
programming functional equation of this type.

6.5.1 Example

Let us go back to the problem discussed in Fxample 6.2.3, recalling that
in this context

S=D=S5=[0,7],r>0 (6.121)

D(n,s) =10, s] (6.122)

T(n,s,z)=0(s—x), 0<pf<1 (6.123)

g(s1,2,2,...) =Y }/” (6.124)
n=1

Thus in view of the modified objective functions

In(Sns Ty Tng1s -0 ) = Z le.g/2 (6.125)
k=n
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and the additive composition function

p(n,s,x,a) = 2?2 4+a,aeR (6.126)
we deduced the following functional equation (see (6.45)):

fils) = opt {&V2+ f1(B(s — )}, 0<s<r (6.127)

0<z<s

Then, using Procedure 6.2.1, for opt = max we obtained the solution

1/2
u'(s) = [1_—%2} L0<s<r (6.128)

As it turned out that for every a € R the function
ug(s) =a+u"(s), 0<s<r (6.129)
is also a solution to the equation v = Au, where

(Au)(s) := max {z"/? +u(B(s —x))}, 0<s<r (6.130)

0<z<s

we concluded that it ought to be established that f; = u”.
So in line with the framework outlined in Appendiz A.4, set Z = Sy,
z*=0, K =r,a= 0, and ¢ = 0, and define

0'(z,7) = 27|, 2,7/ € Z (6.131)
Then clearly,

0'(z,2") = |z - 0] (6.132)
=2|<K,VzeZ (6.133)

Now, by definition

Zm)=1{2€7:0'(2,2*)<a™K}, m=0,1,2,3,... (6.134)
={ze0,7]: |z <rp™} (6.135)
= [0,73™] (6.136)
Hence,
— 1/2 _ _
O 2 (m) (Aw, w) ogilgllr)ﬁm { 0213; {33 +w(B(z x))} w(z) } (6.137)
_ 1/2
ogigfﬁm foax |@ ‘ (6.138)
= sup ‘z” 2‘ (6.139)

0<z<rpgm
_ (g2 (6.140)



Successive Approximation Methods 127

recalling that w(z) = ¢, Vz € Z, and that in this case w(z) = 0, Vz € Z.
Therefore,

> Oy (Aw,w) =Y (6™r)"? (6.141)
m=0 m=0
=ri/2y (B (6.142)
e
=1 5E < (6.143)

Clearly, the equation under consideration here is a functional equation of
Type Two. Since the solution u” was generated by the initial approximation
u(®) = w it follows that u” is the unique solution that u = Au has in U(c),
¢ = 0. Thus, to establish that f; = «”, it is sufficient to show that f; is an
element of U(0). In other words, it is sufficient to show that f; is continuous
at s* = z* = 0 and equal to ¢ = 0 there. Observe then that, by definition,

fi(s) :== ( max )Zx,l/z (6.144)
T1,L2,... 1

xn € D(n,s,) , neN:={1,2,3,...} (6.145)

s1=s (6.146)

Spt1 =T (n, Sp,xy) , n €N (6.147)

Because D(n, s) = [0, s] and T'(n, s,x) = B(s—x), the only feasible solution
to this problem for s = 0 is the sequence y = (0,0,0,...). Therefore, it is
clear that f1(0) = 0. This means that we have to demonstrate that fi is
continuous at s* = 0. Note then that

fi(s) >0, Vs S (6.148)

and that =, € D(n,s,) implies that

0<z,<s,, VneN (6.149)
Hence,
o0 o0
0> @<y sy (6.150)
n=1 n=1

Let us then determine the largest feasible value that s, can take, the initial
state being s;. Since

S9 = T(l, 81,:E1) = ﬁ(Sl — 1’1) (6.151)
and

xr] € D(l,sl) = [0,81] (6.152)
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it follows that

0 < s9 < fs1 (6.153)
and

x9 € D(2,52) = [0, s2] (6.154)
so that

0 < s3< (% (6.155)

and by induction

0<s,<f" sy, VneN (6.156)
Hence,
0< fils) <> 57 (6.157)
n=1
<> (B sy)? (6.158)
n=1
=52 (g HY? (6.159)
n=1
=52 (M) (6.160)
n=0
1/2
_ [71 — /2} (6.161)

Given that the upper bound of f;(s) converges to its lower bound as s
tends to zero, it follows that f; is continuous at s; = 0. Because this entails
that f1 € U(c), ¢ =0, we conclude that

fi(s) = [1%51/2} " , SES (6.162)
is the sought solution. Therefore, (6.44) entails that
fa(s)=fi(s) , neN,s € S, (6.163)
s 1/2
_ [m] (6.164)

It should be observed that it is plainly no coincidence that Z(n) = S,
here. O

The following theorem summarizes the discussion on functional equations
of Type Two.
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Theorem 6.5.1 Consider the case of the stationary dynamic programming
functional equation

f(s) = xglgé)p(s,w, f(T(s,x))) , Vs €S (6.165)

and assume that the following conditions hold:

1. There exist a metric ©” on S, a state s* € S and a constant K > 0 such
that

0"(s,s" ) <K<, VseS (6.166)
2. There exists an o € [0,1) such that
0" (T(s,x),s*) < a®’(s,s*), Vs € S,z € D(s,x) (6.167)

3. Let (s,x) be any pair such that s € S and x € D(s). Then,

lp(s,z,a) — p(s,x,b)| <|la—10b|, Va,be R (6.168)
4. Define,
S(m):={s€S:0"(s,s*) <aK}, m=0,1,2,3,... (6.169)
Then,

Z sup { sup |p(s,z,c) —c[} < oo, c= f(s) (6.170)
n—o $€S(m) | z€D(s)

5. f is continuous at s = s*.

Now let U denote the set of all the bounded real-valued functions on S and
let A be the map from U into itself defined as follows:

(Au)(s) := sup p(s,z,u(T(s,x))), s€S (6.171)
z€D(s)

Then,

1. f is the unique solution of u = Au in U(c), where U(c) denotes the set of
all the bounded real-valued functions on S that are continuous at s = s*
and equal to c there.

2. Ifu® is an element of U(c) then the sequence {ul™} generated by Pro-
cedure 6.2.1 converges to the function f.

PROOF. Set Z = S and z* = s*. Then clearly (6.166) implies that Assump-
tion 6.4.2 holds true for © = ©”. Thus, to prove the theorem, it is sufficient
to show that Assumption 6.4.3 is also true. Let then s be any element of S,
let x be any element of D(s), let (u,v) be any element of U x U, and set
s’ =T(s,x). Since (6.168) implies that

Ipls,2,u(s')) — pls,z,v(s))| < |uls) - v(s") (6.172)
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it follows that

sup |p(s,z,u(s)] - p(s,2,0(s))| < sup Ju(s) —o(s)]  (6.173)
z€D(s) z€D(s)

so that an appeal to Lemma A.4.1 yields

|(Au)(s) — (Av)(s)| < :%IE)IU(T(&%)) —o(T(s,z))l (6.174)

This implies that

Oy (Au, Av) < sup{ sup |u(T(s,x)) — fu(T(s,a:))\} (6.175)
s€Y | zeD(s)
for any subset Y of S. In particular,
O5(m) (Au, Av) < sup { sup |u(T(s,x)) — fu(T(s,a:))\} (6.176)
seS(m) | zeD(s)

for all m > 0. Therefore,

O5(m)(Au, Av) < xég}()s) lu(T(s,z)) —v(T(s,z))] (6.177)
seS(m)
= sup |u(s") —v(s)] (6.178)
s'eS’'(m)
where
S'(m):={s" € S(m):s =T(s,x),x € D(s)} (6.179)

Since (6.167), in conjunction with (6.169), entail that
S'(m)CS(m+1), Vm >0 (6.180)
it follows from (6.178) that
O5(m) (Au, Av) < Og(m1)(u,v) (6.181)
Thus, (A.52) is true. What remains to be shown is that (A.57) is true.
Observe then that since

sup p(s,x,¢c) —c (6.182)

z€D(s)

sup |p($,x,c) - C‘ <
z€D(s)

it follows that

Z{ sup |<Aw><s>—w<s>|} <Y swp { sup |p<s,x,c>—c|}

m—=0 |s€S(m) m—0 SE€ES(m) | z€D(s)

(6.183)
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recalling that w(s) = ¢, Vs € S. Hence,

Z@S(m)(Aw,w Z sup { sup |p(s,x,c)—c|} (6.184)
m=0

m—0 S€S(m) | z€D(s)

so that (6.170) implies that
> Og(m)(Aw, w) < oo (6.185)

Since by construction Z(m) = S(m), it follows that (A.57) is true, or in
other words, that the functional equation under consideration is a Type Two
Equation. This means that this equation has a unique solution in U (c). Since
f is continuous at s* = s and f(s*) = ¢, it follows that f is the only solution
to u = Au in Ufc).

Moreover, if u(®) € U(c), then the sequence {u(™} generated by Procedure
6.2.1 will converge to f. O

6.6 Truncation Method

In this section I describe the main points of an alternative solution method
for nontruncated dynamic programming functional equations. As implied
by the title — truncation — the method’s basic proposition is to solve a
nontruncated problem by treating it as though one were solving a sequence
of truncated problems so as to generate a solution at the “limit”.

The proposition to approach nontruncated problems in this fashion is mo-
tivated by the idea that the objective function g of a nontruncated multistage
decision problem can in fact be explained as being the limit of a sequence
of truncated objective functions {g("™} where g™ is a real-valued function
on S x D™. And to illustrate, consider the following additive nontruncated
objective function

g(s1,21,22,...) = an(sn,xn) (6.186)

where so = T'(1,s1,21), s3 = T(2, s9,z2), etc. Because by definition

N—oo

o0
an(sn,xn = lim an Sy L) (6.187)
n=1

we can write

g(m)(sl,ajl,azg, ey Ty = an(sn,xn) ,m=1,23,... (6.188)
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whereupon, by construction

g(s1,x1,29,...) = mlgnC>O g(m)(sl,xl,xg, ey T) (6.189)
Thus, for each m, 1 < m < oo, the function g(m) is taken to be a truncated
objective function, to wit an objective function associated with a truncated
multistage decision process consisting of m stages.
In this vein, the truncation method argues as follows. Consider the non-
truncated multistage decision problem defined thus:

Problem P(s), s € Sy:

f(s) ::( opt )g(s,xl,xg,...) (6.190)
xn € D(n,sp) , ne N:={1,2,3,...} (6.191)

s1 =35 (6.192)

Sn+1 =T(n, Sp,xn) , n €N O (6.193)

Suppose that the objective function g is the limit of a sequence of functions
{g"™} such that ¢ = ¢ (s, 1, z9,...,xy), and Problem P(s) is treated
as the “limit” of the following sequence of problems:

Problem P (s), s€ S, meN:

F(s) = opt ¢ (s a1, 39, .., 2m) (6.194)
(21,250 sTm)
Tn € D(n,sy), n=1,23,...,m (6.195)
s1=3s (6.196)
Snt+1 = T'(n, Sp, ) O (6.197)
Then, if
f(s) = lim fO(s), Vs S (6.198)

one would solve Problem P(s) by solving the sequence of truncated problems
{Problem P (s):meN, s e Sp}.

Because the validity of this argument is contingent on (6.198), we need to
determine under what conditions (6.198) holds — assuming that (6.189) is
valid.

Observe then that by definition, if s € Sy and (z7,53,...) is an optimal
solution for Problem P(s) then

o(s, 24,73 ) = £(5) (6.199)
Now, assume that opt = max. Because for each m € N the sub-sequence
(x7,25,...,x%,) is a feasible — but not necessarily optimal — solution to

Problem P (s), it follows that

Fr(s) > g™ (s, 2%, 25,...) , Vm e N (6.200)
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and therefore

lim f0(s) > lim g™ (s,a% x3,...) (6.201)

m—0o0 m—00

provided that these limits exist. Thus, if (6.189) is true, then (6.201) yields

lim f™(s) > f(s), Vs €S (6.202)

m—00

From this it follows that for (6.198) to also be true, it is sufficient that
FM(s) < f(s), YmeN,s e S (6.203)
Notice then that this is indeed the case if
g(m)(s,ajl,azg, cos ) < g(s, 21,79, ..) (6.204)

for all (z1,x2,...) € X(s) and m € N, where X (s) denotes the set of feasible
solutions for Problem P(s).

For example, the additive objective function defined by (6.186) can be
stated thus:

g(s1,21,22,...) = an(sn,wn) (6.205)
n=1
= an(sn,xn) + Z W (S, Tn) (6.206)
n=1 n=m+1
=g (sy, 1,29, .., &m) + Z Wr(Sp, ) (6.207)
n=m+1

where g(™) is the function defined by (6.188).

Hence, it is clear that (6.204) — and therefore (6.198) — hold if the
functions {w,} are non-negative, namely if wy(s,x) > 0, Vn € N, s € S,,,
x € D(n,s).

The following example illustrates the truncation method in action.

6.6.1 Example

Consider the truncated problem studied in Ezample 5.3.3. You will recall
that it was formulated as follows:

N
p = ( max )Zﬂ”_lx}ﬁ ,0<pB<1 (6.208)
L5 N n=1
N
D <r,r>0 (6.209)
n=1

2, >0, n=1,23,...,N (6.210)
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The nontruncated version of this problem is then

o
e n—1,1/2 6.211
phi= max DA ey (6:211)
n=1
o
> an<r, r>0 (6.212)
n=1
2, >0, n=1,23,... (6.213)

We can therefore set

S=8 =D=[0,r] (6.214)

D(n,s)=1[0,s], neN,se€ S (6.215)

T(n,s,z)=s—xz, neN,se S xec D(n,s) (6.216)

g(s1,71,72,...) = Zﬁn_lﬂf}/z (6.217)
n=1

Observe that because 1 > (3 > 0, it is clear that g is bounded above. Next,
we truncate g as follows:

9" (st 21,0, wm) =Y BVl meN (6.218)
n=1

Clearly, (6.189) holds in this case. Furthermore, as opt = max and the
functions

Wy (s, ) = B al/? (6.219)

are non-negative, it is obvious that the problem concerned satisfies (6.204)
and therefore (6.198).

Thus, since Problem P(™(s) is identical to the truncated problem in Ez-
ample 5.3.8 (with N = m), we conclude that

ma1/2
FM(s) = [3(11:75;)] ,meN,0<s<r (6.220)
Thus,
f(s)= lim_ Fm(s), 0<s<r (6.221)
) 1— ﬁ2m 1/2

_ [1_7352] v (6.223)
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In short,
, 1/2
p = flr)= [1—752] (6.224)
This result accords with the one obtained in Example 6.4.1 by the succes-
sive approximations procedure. ]

In Section 6.7 1 examine the relation between the truncation method and
the successive approximation method. But before I can do this, I need to
introduce the concept Stationary into the discussion. This will allow a sig-
nificant simplification of the notation in the discussion that follows.

6.7 Stationary Models

Any object in a multistage decision model that is insensitive to the stage
variable n is said to be stationary. For example, the transition function

T(n,s,x)=x—s (6.225)
and the composition function

p(n,s,z,a) =als —2)* +a (6.226)
are stationary. Similarly, the Markovian policy ¢ defined thus

d(n,s) =s(1—p0), se S:=10,r] (6.227)

is stationary.

If all the elements that are distinctive to a dynamic programming model
are stationary, the model as a whole is rendered stationary. To set the scene
for the definition of a stationary nontruncated dynamic programming model,
let us first consider the definition of a stationary nontruncated multistage
decision model.

Definition 6.7.1 A STATIONARY nontruncated multistage decision model is
a collection (S, D,T,g) where

1. S is a nonempty set called the STATE SPACE.

2. D is a function on S such that to each s € S it assigns a nonempty subset
of some set D. We refer to D(s) as the SET OF FEASIBLE DECISIONS
pertaining to state s. The set D is called the DECISION SPACE.

3. T is a function on S x D with values in S called the TRANSITION FUNC-
TION.

4. g is a real-valued function on S x D*° called the OBJECTIVE FUNCTION.
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With the above definition as background, consider now the following family
of optimization problems.

Problem P(s),s € St :

f(s) ::( opt )g(s,xl,mg,...) (6.228)
Ty € D(sy), ne N:={1,2,3,...} (6.229)

s1=3s (6.230)

Sn+1 =T (sp,xpn) , n €N (6.231)

For each s € S, let X(s) denote the set of feasible solutions for Problem
P(s), and let X*(s) denote the set of optimal solutions for Problem P(s). O

The definition of a stationary nontruncated dynamic programming model
would therefore read as follows:

Definition 6.7.2 A STATIONARY nontruncated dynamic programming
model is a collection (S,D,T,g,p) such that

1. (S,D,T,g) is a STATIONARY multistage decision model.
2. pis a real-valued function on S xD xR, called the COMPOSITION FUNC-
TION, satisfying the following condition:

g(S,ZL‘,Z) = p(S,ﬂj‘,g(T(S,SE),Z)) , VseS,x € D(S)7Z € X(S) (6232)
3. The function [ defined by (6.228)-(6.231) satisfies the equation

f(s)= opt p(s,z, f(T(s,x))), Vs€ S (6.233)
z€D(s)

In a word, a nontruncated dynamic programming model is rendered sta-
tionary by D,T and p being stationary and all its modified objective func-
tions being identical.

6.7.1 Example

Consider the problem

p:= max Zﬁ” Yo(zn), 0<p<1 (6.234)

(IB1,IB2,
angr, r>0 (6.235)
xn >0, neN:={1,23,...} (6.236)

where v is a real-valued function on [0,7] such that |v(z)| < b for some
b < 00. To frame a stationary dynamic programming model for this problem
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set
S=D=10,7] (6.237)
D(s)=1[0,s], s€S (6.238)
T(s,x)=s—x,seS,zeD(s) (6.239)
g9(s1,21,22,...) = Zﬁ"‘lv(xn) (6.240)
n=1
By construction then,
g(s1,z1,23,...) = u(zy) + Zﬁ"‘lv(xn) (6.241)
n=2
=v(z1) + 8 8" v(wn) (6.242)
n=2
=v(z1)+ 8B v(@nt1) (6.243)
n=1

=v(r1) + By(s', x2,23,...) , 8 =T(s1,21) (6.244)
Thus, if we set
p(s,z,a) =v(z)+Pa, s€S,x € D(s),acR (6.245)

then p satisfies (6.232). Finally, to show that the functional equation (6.233)
is valid, note that by definition

X(s):={(z,2) :x € D(s),z € X(T(s,z))} (6.246)
so that

f(s)=opt  g(s,z,2) (6.247)
(z,2)€X(s)

= opt g(s,z,2) (6.248)
z€D(s)
ze€X(s")
s'=T(s,x)

Hence, applying the Principle of Conditional Optimization to (6.248)
yields the following:

f(s)= opt { opt g(s,x,z)} (6.249)
ze€D(s) ~ s'=T(s,x)
ze€X(s")

= opt { opt  v(z)+ 59(3',2’)} ,0<p8<1 (6.250)
z€D(s) ~ s'=T(s,x)

ze€X(s")
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= opt {v opt Bg(s', z)} (6.251)
z€D(s) (s,x)
zGX(s )
= opt {v opt g(s, z)} (6.252)
z€D(s) s'=T(s,z)
z€X(s")
= opt {v + 6f(s } =T(s,x) (6.253)
z€D(s)
= opt {v(m) + Bf(T(s, a;))} O (6.254)
z€D(s)

I remind the reader that the property stationary applies to an object only
insofar as it is a component of the model, and to the model itself. But it
cannot be said to characterize the problem as such, as the optimization prob-
lem is neither stationary nor nonstationary. Indeed, the same problem can
assume formulations that are stationary and others that are nonstationary.

So, when we say that a problem is stationary/nonstationary we mean
that the problem will lend itself to formulation in terms of a station-
ary/nonstationary model. The reader may wish to ascertain that the trivial
dynamic programming model in Lemma 4.5.1 can be cast as a stationary
model.

And before winding up this section I also call attention to these points.
First, the above definitions can be modified so as to encompass truncated
models as well. I put off the examination of stationary truncated models to
Chapter 10.

Second, often a dynamic programming model is only partially stationary
in that certain, but not all, of its constituent elements are stationary. In
this case the definition of the object concerned can be modified accordingly.
To be precise, as the stage variable n is irrelevant from the standpoint of a
stationary object, it can be omitted from the object’s formulation altogether.
For example, instead of writing

D(n,s)=10,s], 0<s<rmneN (6.255)
we can write
D(s)=10,s], 0<s<r (6.256)

in which case D would be a function on S rather than on N x S.

By the same token, should an object prove to be insensitive to the state
variable s it will also be expedient to omit the latter from the definition of
the object concerned. Thus, I shall write

p(z,a)=a"?+a,0<zaecR (6.257)
instead of

p(n,s,z,a) =22 +a,1<n<N,seS,0<z,aecR (6.258)
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and
N
g(x1, 29, o) = Yz (6.259)
n=1
instead of
N
g(s1, 1,20, ay) = x)f? (6.260)
n=1

without explicitly stating that p is defined on [0,00) x R rather than on
N x S x R and that g is defined on DV rather than on S; x DY, etc.

6.8 Truncation and Successive Approximation

Whatever the technical and conceptual differences between the truncation
and successive approximation methods, in many instances they amount to
the same thing. In what follows I explain this point.

The truncation method proceeds from a sequence of modified objective
functions {g(™}, each of the following form:

(m—l—l)(

g 87$17$27"'7$m+1) :M(87$1>g(m)(8/7x27x37"'7$m+1)) (6261)

where p is some real—valued function on S x D x R.
Furthermore, the sequence { f(™} defined by (6.194)-(6.197) normally sat-
isfies the following functional equation:

FOH ) = opt p(s,a, [ON(T(s,a))) L Vse SmeN  (6262)
z€D(s)

Thus, in the case of opt = max and the model being stationary, the
truncation method is targeted on the following functional equation:

FOtD(s) = max u(s,z, f(T(s,x))), meN,se S (6.263)
z€D(s)
Turning now to the successive approximation method, in the case of sta-
tionary formulations the functional equation that the successive approxima-
tion procedure seeks to solve is of the form

W™ (s) = sup p(s,z, u™(T(s,2))) , meN,se S (6.264)
z€D(s)
where u(?) can be any real-valued function on S, and p is the composition

function of the pertinent decomposition scheme.
If we disregard the technicality of sup and max, collating (6.263) and
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(6.264) reveals the following. In cases where the functions p and p are iden-
tical, if the initial approximation u(?) is set so as to be identical to f @, that
is, if

u(s) = fW(s), Vs e S (6.265)

then the successive approximation procedure and the truncation method
come down to the same thing in the sense that

F(s) =u™(s) , Vs e S (6.266)

holds for all m > 1, and the functional equations (6.263)-(6.264) are essen-
tially identical.

The relation between the two methods can be accounted for by a still more
elegant explanation. Considering that by definition

FU(s) := max ¢M(s,2), se S (6.267)
z€D(s)
and
uM (s) == 8111)[() )p(s,x,u(o) (T'(s,x))), s€S (6.268)
xel(s

to bring out the relation between the two methods we need to identify that
particular initial approximation u(?) that would satisfy the equation

g (s, z) = p(s,z,u® (T'(s,x))) , Vs € S,z € D(s) (6.269)

Clearly, in this case we would have f()(s) = u()(s), Vs € S, which if
assuming that p = p, would entail that

F(s) =u™(s), Vse S,m>1 (6.270)

The question is then how would we track down such an initial approxima-
tion. I shall do this through an appeal to the concept identity element. This
concept is invoked again in Chapter 10 in our discussion on decomposition
schemes. For our present purposes a brief explanation will suffice.

If B is a set and @ is a binary function on B x B then a € B is said to be
the identity element of @ if, and only if,

a®b="b,VbeB (6.271)
bda="b,Vbe B (6.272)

For example, the identity element of the function + is zero and the identity
element of the function X is one.

Going back then to where we left off, suppose that the objective function
is of the following additive form:

o0

g(s1,21,22,...) = Zﬁn_lv(sn,azn) ,0<pB<1 (6.273)

n=1
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Then in the case of the truncation method, the sequence of modified ob-
jective functions is of the form

m

g(m)(sl, X1, X2,y Tyyy) = Z B (s, ) (6.274)
n=1
Thus, by construction
m—+1
g(mH)(Sl,xl,xQ, ey Tpy1) = Z B u(sn, ) (6.275)
n=1
m—+1
=wv(s1, 1)+ Z B o(sp, 0) (6.276)
n=2
=uv(s1,z1)+ 06 Zﬂk_lv(skﬂ, Tht1) (6.277)
k=1
= v(s1,21) + B9 (59,29, 23, . .., 1) (6.278)
= u(s1,21, 9™ (s2, 29,23, . ., Tipt1)) (6.279)
where
p(s,z,a) =v(s,x)+pPa, s€ S,z e D(s),aeR (6.280)

On the other hand, in the case of the successive approximation method,
the sequence of modified objective functions is of the following form:

oo

In(Sny Ty Tt 1y -0 ) = Zﬁk_”v(sk,xk) (6.281)
k=n
By construction then,
In(Sn Ty Trgts - ) = 0(smyn) + 8 Y B0 (sp, ) (6.282)
k=n+1
= v(Sp, Zn) + 0 Z BE= Dy (s, ) (6.283)
k=n+1
= 0(Sn, Tn) + BIn+1(Sn+1s Tntl, Tnt2s-..) (6.284)
::p(snaxnygn+l(3n+l7xn+laxn+27u')) «i285)
where
p(s,x,a) =v(s,z)+ PBa, s€ S,z € D(s),a e R (6.286)

Now, clearly

p(s,x,a) = p(s,z,a) = v(s,z) ® Ba (6.287)
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with & = +.
Since the identity element of + is zero, setting u(?) (s) = 0, Vs € S has the
effect of yielding

uM(s) = sup p(s,z,uO(T(s,z))), seS (6.288)
z€D(s)

= sup {v(s,z) + 0} (6.289)
z€D(s)

= sup v(s,x) (6.290)
z€D(s)

= sup gW(s, ) (6.291)
zeD(s)

= fM(s) (6.292)

Alternatively, the function u(?) satisfying (6.269) can be identified as fol-
lows. By construction

g (s,z) = v(s, z) (6.293)
and

p(s, z,uO(T(s,x))) = v(s,z) + Bul® (T (s, z)) (6.294)
Thus, (6.269) reduces to

v(s,z) = v(s, z) + fuO(T (s, x)) (6.295)
which in turn yields

u®(s)=0, Vse S (6.296)

In short, if the objective function relevant to the truncation procedure is
additive and the initial approximation relevant to the successive approxima-
tion procedure is u(o)(s) =0, Vs € S, then the two procedures are identical.
More generally, assume that

p(s,xz,a) = p(s,z,a) =v(s,x) Ga, Vs € S,z € D(s),a € R (6.297)

and let Ig denote the identity element of @. Then, using the initial approx-
imation

u(s) =1y, Vse S (6.298)

the successive approximation procedure and the truncation method amount
to the same thing.

It should also be noted that the identity element concept can be employed
as a device for simplifying the initialization of the iterative procedure for
truncated dynamic programming functional equations discussed in Chapter
5.
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That is, if N is finite we can define

fnii(s) ==1g , s € Snia (6.299)

in which case, the truncated dynamic programming functional equation can
be written thus:

fa(s)= opt pn,s,z, fnr1(T(n,s,2))), 1<n<N,s€S, (6.300)
z€D(n,s)

where
p(N,s,z,a) = gn(s,x) ®Ig , s € Sy,z € D(N,s),a € R (6.301)

For example, if the objective function is additive, the initialization step
would involve setting

fN+1(S) =0, Vse Sy (6.302)
rather than solving the optimization problems
fn(s)= opt gn(s,x), s€ Sy (6.303)
z€D(N,s)

This modification, of course, has no impact whatsoever on the computa-
tional or analytic side of the iterative procedures of direct methods. It does,
however, make for a more uniform and thus more elegant formulation of
these procedures.

6.9 Summary

We saw that the nontruncated dynamic programming functional equa-
tion is amenable to the techniques of the standard successive approximation
method. We also saw that one of the most salient differences between the
successive approximation method and the direct method employed to solve
truncated functional equations is that the former usually necessitates prov-
ing that the equation has a unique solution.

As we shall see at a later stage, successive approximation methods can
also be used to solve truncated functional equation. Indeed, one of the most
famous algorithms in computer science and operations research, namely Di-
jkstra’s Algorithm for the shortest path problem is a successive approxima-
tion method that can be applied to truncated and non-truncated functional
equations. I examine this algorithm in Chapter 15.

To conclude our discussion on the mathematical idiom of dynamic pro-
gramming I shall have to show that the policies generated by the solution
of the dynamic programming functional equation are optimal. And, I shall
have to look into the issue of the computational requirements of dynamic
programming algorithms.
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6.10 Bibliographic Notes

The essentials of how to use successive approximation techniques in the
solution of nontruncated dynamic programming functional equations go
back to Bellman’s early papers and his first book on dynamic program-
ming (1957a). Bellman’s analysis was confined, however, to additive objec-
tive functions and it was not explicitly couched in the contraction mappings
terminology.

The general approach to what I labeled here Type One functional equa-
tions, based in the language and results of classical functional analysis and
contraction mapping, was formulated by Denardo [1965, 1968].

The treatment of the functional equation of Type Two outlined in this
chapter synthesizes Bellman’s treatment of the additive case and Denardo’s
treatment of functional equations of Type One.

Needless to say, there are several other approaches to successive approxi-
mation that can be used effectively to solve nontruncated and, it might be
added, truncated dynamic programming equations. To mention but a few,
Bellman [1957a, 1971], Denardo [1982], Hartley et al. [1986], Howard [1960],
White [1963, 1978], Zuo and Wu [1989].

For “heuristic” successive approximation methods, that is successive ap-
proximation methods that do not aim to find exact solutions to the dy-
namic programming functional equation, see Heidari et al. [1971], Gal [1989],
Sniedovich and Vof§ [2006], Powell [2007].
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7.1 Introduction

To be sure, obtaining an optimal solution for the dynamic programming
functional equation is the driving force behind the effort to obtain an op-
timal solution for the optimization problem considered. So, having charted
the solution techniques that are available for this equation, I could have
presumably deemed the analysis of dynamic programming’s treatment of an
optimization problem to be complete. But, we are reminded that:

The problem is not considered completely solved in the mathematical
sense until the structure of the optimal policy is understood.
Bellman [1957a, p. ix]

The implication is then that a full appreciation of dynamic programming’s
handling of a problem requires a good grasp of the policy underlying the
optimal solution of the problem. I therefore devote this chapter to an ex-
amination of the polices generated by the dynamic programming functional
equation, focusing on two key issues:

- Their basic features.
- The conditions assuring their optimality.

To do this I shall draw on the results obtained in the preceding three
chapters.

7.2 Preliminary Analysis

Let us begin then with a quick review of what we have seen thus far about
the topic of policies. In Section 3.3, I described four types of policies that are
suitable for the multistage decision model. Of the four types, the Markovian
policy was singled out as the most natural for dynamic programming. I also
observed that, ideally, a single Markovian policy would be optimal for all
the initial problems. I demonstrated, however, that under the terms of the
multistage decision model there are no a priori guarantees that such a policy
always exists. I concluded therefore that added measures are necessary to
secure its existence. Subsequently, discussions on the Markovian property
in ensuing chapters have shed considerable light on what sort of provisions
would ensure the existence of such an optimal Markovian policy.

With this as background, I begin this chapter by first updating the defini-
tion of an optimal policy. This is called for in view of the introduction into
the discussion in Chapter 4 of the notion modified problems.

Recall then that A denotes the set of Markovian policies and that X*(n, s)
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denotes the set of optimal solutions for the modified problem at (n,s),
namely Problem P(n,s).

Definition 7.2.1 Let (n,s,d) be any triplet such thatn € N, s € S, and § €
A. Then § is said to be OPTIMAL WITH RESPECT TO (n,s) if its application at
(n, s) generates a sequence of decisions (xy, ...,xN) such that (z,,...,xN) €
X*(n,s). Similarly, a policy 6 € A is said to be OPTIMAL if it is optimal
for all pairs {(n,s)} such that n € N and s € S,,. Let A* denote the set of
optimal Markovian policies.

In this rendering, a Markovian policy would be optimal if it proves optimal
for all the modified problems induced by the decomposition scheme under
consideration.

It is important to note, therefore, that with an optimal policy in hand,
working out the optimal solution is a straightforward matter. This is so
because the sequence of decisions (x, ..., xy) obtained by applying a policy
d € A to a pair (n, s) is determined as follows: z,, = d(n, s) and

Tyl =0(m+1,8m41) , n<m< N (7.1)
where s,, = s and
Sma1 =T (M, Sy Tm) , n <m <N (7.2)

Obviously, of the policies comprising the Markovian set A, of concern to
us here are only those that are recoverable from the solution to the dy-
namic programming functional equation. So, henceforth I shall refer to these
policies as dynamic programming policies. Their formal definition reads as
follows.

Definition 7.2.2 For each pair (n,s) such that n € N and s € Sy, let
D*°(n,s) denote the subset of D(n,s) whose elements are solutions to the
dynamic programming functional equation

fa(s)= opt p(n,s,z, fnr1(T(n,s,2))) , 1<n<N,seS, (7.3)
z€D(n,s)

Namely, for each pair (n,s) such that 1 <n < N and s € S,, define
D°(n,s) :={x € D(n,s) : p(n,s,z, fuy1(T(n,s,x))) = fu(s)} (7.4)

and if N is finite define

D°(N,s):={x € D(N,s) :gn(s,x) = fn(s)} , s € Sy (7.5)
Now, define
A°:={0 € A:d(n,s) € D°(n,s),VneN,s € S} (7.6)

We shall refer to A° as the set of DYNAMIC PROGRAMMING POLICIES.
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The next task is to examine the relation between the set of optimal Marko-
vian policies and the set of dynamic programming policies. But before I do
this, I need to introduce the following notation.

For any Markovian policy § € A, let x(n,s,d) denote the sequence of

decisions (zy,...,zN) generated by applying 0 to (n, s), as described above
by (7.1)-(7.2). Also, define

g(s,0) :==g(s,z(1,s,0)) (7.7)
and

gn(8,0) == gn(s,z(n,s,0)) (7.8)

Thus, the expression ¢(s,d) designates the return obtained by applying
the objective function g to the initial state s and the decisions generated by
0 and s. Likewise, g,,(s,0) designates the return from the modified objective
function g,, given state s at stage n, and the sequence of decisions generated
by (n,s) and ¢ as described above.

Now, let (p, G) be any decomposition scheme, § be any Markovian policy,
and (n,s) any stage-state pair. Then from the definition of (p, G) it follows
that

gn(sv Tny Tnt1y--- 7$N) = p(’I’L, S, T, gn+1(8/7 Tn+1; Tn42; - - - 7$N)) (79)

where s = T'(n, s, ).
Also, since by construction

z(n,s,0) = (8(n,s),z(n +1,5,9)) , s =T(n,s,6(n,s)) (7.10)
it follows from (7.9)-(7.10) that
gn(s,0) = p(n,s,6(n,s), gni1(s',9)) , s =T(n,s,d(n,s)) (7.11)

In brief, the above notation permits incorporating ¢ in the expression
stipulating the relation between g, and g,+1. And now consider the following.

Theorem 7.2.1 If A* is not empty, then the dynamic programming func-
tional equation is valid and A* C A°. That is, if an optimal policy exists,
then any Markovian optimal policy is a dynamic programming policy.

PROOF. Assume that A* is not empty and let 6 be any element of A*. I
shall first show that this implies that the functional equation is valid, and
on these grounds that § € A°.

Observe then that as § is assumed to be an optimal Markovian policy, it
follows that for all 1 <n < N, and s € S,, we have

fn(8) = gul(s,9) (7.12)
= p(n,s,x,gnH(T(n,s,m),é)) (713)
= p(n,s,x, fn-i-l(T(n?S?x))) (7'14)
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Now, define

an(s) = %zzt )p(n,s,x,fm(T(n,s,w))) , 1<n<N,seS, (7.15)
rxel(n,s

To show that the functional equation is valid, we have to show that
fa(s) =an(s) , V1<n< N,se S, (7.16)

Case 1. opt = max.

Since 0(n,s) € D(n,s) for all n € N and s € Sy, it follows from (7.14)-
(7.15) that an(s) > fu(s), V1 <n < N, s € S,. Now, assume that contrary
to (7.16), there exists a pair (m,z) such that 1 < m < N, z € S, and
am(z) > fm(z). This implies in turn the existence of some z* € D(m, z)
such that

p(m, 2, 2%, fni1 (T(m, 2,27))) > fn(2) = gm(2,9) (7.17)

Next, consider the policy 6* specified as follows:

0%(n,s) :{ S(ms) | otherwise (7.18)
By construction then,

Int1(5,0%) = gn41(5,9) , Vs € Sy (7.19)

= fn+1(s) (7.20)

so that (7.17) entails that

p(m, 2, 2", 1 (T, 2,2),6%)) > g (2,) (7.21)
As §*(m, z) = x*, it follows that

p(m, 2, 2%, g1 (T(m, 2,27),6%)) = gm(2,0%) (7.22)
so that (7.21)-(7.22) yield

gm(2,0%) > gm(z,0) (7.23)

However, since §* is feasible and opt = max, (7.23) contradicts the asser-
tion that ¢ is an optimal policy. We conclude then that (7.16) holds, and
hence, that the functional equation for the case opt = max is valid.

Case 2. opt = min.
Reverse the above inequalities.

What remains to be shown then is that § being an optimal Markovian
policy entails that it must be a dynamic programming policy. In other words,
it needs to be shown that if § € A* then

d(n,s) € D°(n,s) , Vn e N,s € Sy, (7.24)
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This follows immediately from (7.14) and (7.4). Because, if § is optimal it
must also be feasible, hence §(n,s) € D(n,s),V1<n < N, s € S,,. O

This clear, I can now proceed to identify conditions ensuring the optimality
of the dynamic programming policies and to describe their general structure.
Prior to this, I need to call attention to two points. First, it is important to
keep in mind that the same problem can have more than one set of optimal
policies. This is so because, as we have seen, the same optimization problem
can assume various valid dynamic programming formulations. The inference
is therefore that each formulation would have a corresponding set of optimal
policies.

Second, a stationary functional equation will give rise to stationary dy-
namic programming policies. Note that a stationary policy is a function on
S with values in D.

7.3 Truncated Functional Equations

Within the framework of truncated functional equations, to show that a
Markovian policy § is optimal one has to demonstrate that

gn(8,0) = fu(s) , V1<n < N,s €S, (7.25)

I shall prove this by induction on n. Assume then that the truncated
dynamic programming functional equation is valid, and let § be any dynamic
programming policy. Considering that, by definition, §(NV,s) € D°(N,s) for
all s € Sy and gn(s,z) = fn(s) for all s € Sy and x € D°(N, s), it follows
that gn(s,d) = fn(s) for all s € Sy. Hence, the inductive hypothesis holds
for n = N. This being so, assume next that it holds for all N >n >m +1
as well. In this case, since

fmt1(8) = gm+1(5,0) , Vs € Syt (7.26)
then (7.3) implies that

fm(s) = opt  p(m,s,z,gm+1(T(n,s,z),9)),Vs € Sy, (7.27)
z€D(m,s)

so that (7.4), in conjunction with (7.25)-(7.27), entail that
fm(s) = p(m, s, x, gmi1(T(m, s,x),0)) , Vs € Spy,x € D°(m,s)  (7.28)

Furthermore, § being a dynamic programming policy implies that
d(m,s) € D°(m,s), Vs € Sy, so that (7.28) implies that

fm(s) = p(m, s, x, gmi1(T(m, s,2),0)) , x=0d(m,s) (7.29)
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for all s € S,,. Next, (p,G) being a decomposition scheme entails that,
gm(s,0) = p(m, s, z, gm+1(T(m, s,x),9)) , ©=0(m,s) (7.30)
for all s € S,,, so that (7.29) yields
fm(s) = gm(s,6) , Vs € Sy (7.31)

Hence, the inductive hypothesis holds for n = m. We conclude then that
0 is optimal. And to phrase this verbally:

Theorem 7.3.1 If N is finite and the dynamic programming functional
equation is valid, then ALL the dynamic programming policies are optimal,

in other words A° C A*.

Thus, Theorem 7.2.1, in conjunction with Theorem 7.3.1, imply the fol-
lowing.

Corollary 7.3.1 If N is finite and the dynamic programming functional
equation is valid then A° = A*,

Let us now illustrate this by means of a concrete example.

7.3.1 Example

Consider the following problem:

N
pi= ( min )Z(azn —a)? (7.32)
TN
N
anza,azo (7.33)
n=1
x, >0, ne{l,2,3,...,N} (7.34)

In line with the Problem P(s) format, we set:

S=D=S5;=[0,d] (7.35)
D(n, s) :{ [?;i] | L iiij L seS (7.36)
T(s,z)=s—x, s€S,zeD(s) (7.37)
N
g(x1,29,...,2N) = Z(wn —a)? (7.38)
n=1

I note parenthetically that T is stationary and that the objective function
g is insensitive to the initial state. Also, the conditional form of (7.36) is



152 Dynamic Programming

due to the constraint (7.33) involving an equality. The reader may wish to
ascertain that (7.33)-(7.34) is equivalent to

Tn € D(n,s,), n=1,2,3,...,N (7.39)

where s1 = a and s,41 = T (Sp, Tn)-
Back to where we left off. Since the objective function is additive, we use an
additive decomposition scheme consisting of the modified objective functions

gn(xna cee 7‘TN) = Z (xm - a)2 (740)

m=n
and the composition function
ple,r)=(x—a)’+7r,zeD, reR (7.41)

Note that p is affected neither by n nor by s.
Thus, the functional equation induced by this decomposition scheme is as
follows:

fo(s)= min {(z—a)’+ fayi(s—2)}, 1<n<N,seS (7.42)

z€D(n,s)

= min {(@—a)’+ fop(s—2)}, 1<n<N,0<s<a (7.43)
where
. 2
- —a)?,ses 7.44
I (s) me%l(%,s)(x a)”, s (7.44)
= min (z —a)?, 0<s<a (7.45)
ze{s}

=(s—a)’>, 0<s<a (7.46)

Now, granted (7.46), and because clearly
D°(N,s)=D(N,s) ={s},V0<s<a (7.47)

we can start directly with n = N — 1, in which case (7.43)-(7.46) yield

fn-1(s) = Orglig {x—a)+(s—r—0a)’},0<s<a (7.48)
= Olglir<1 {222 — 252 + (2a® 4 5% — 2as)} (7.49)

As the right hand side of (7.49) requires the minimization of a convex
function, we equate the first derivative of the function being minimized to
zero. This yields the equation 4z — 2s = 0 which in turn implies that the
optimal solution is of the form

x*(s):% ,0<s<a (7.50)
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We therefore set

D"(N—l,s):{%} ,0<s<a (7.51)
and
fno1(s) =[z*(s) —a* + [s —2*(s) —a]*, 0<s<a (7.52)
s 2 s 2
= [5 — a] + [s — 5 — a} (7'53)
s 2
_9 [5 _ a} (7.54)

Thus, for n = N — 2 the functional equation takes the following form:

0<z<s

2
fn—2(s) = min {(m—a)2+2['9;$—a} } ,0<s<a (7.55)

Again, the right-hand side calls for the minimization of a convex function.
The equation rendered by equating the first derivative of the function being
minimized to zero is

sS—X

2(x —a)+4 [T—a} (—=1/2) =0 (7.56)
The unique solution to this equation, expressed as a function of s, is

*(s)=-,0<s<a (7.57)

S
3
This yields in turn

Froa(s) = [£(s) — a]? + 2 { [w] - a}2 ,0<s<a (7.58)

el

—3[2- |’ (7.60)

As a definite pattern can now be discerned, we can proceed by induction,
appealing to the following inductive hypothesis:

s
D° ={ — 1<n<N0O<s< .61
(n,s) {N—n—i—l}’ <n<N,0<s<a (7.61)
and
s 2
= — - < < < s < .
fu(s) =[N n+1][N—n+1 a] , 1<n<N0<s<a (7.62)
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Thus, for 1 < m < N, we have

fm(s) = O<xigs {(z— a)? + frns1(s — 2)},0<s<a (7.63)
N s—x 2
= ()I<nxigs{($_a)2 + (N—m) |:N—m —a] } (7.64)

Equating the first derivative of the convex function being minimized to
zero yields the following equation:

§s— 1
2(m—a)+2(N—m)[N_m—a] [_N—m]_o (7.65)
Since the unique solution is of the form
s
* = < s < .
x*(s) N_m+1,0_s_a (7.66)

it follows that (7.61) holds for n = m.
Finally, to ascertain that (7.62) holds as well, note that

() = [&"(s) — > + (N — m) H%_?(:)] —ar (7.67)
s 2
2
= (N —m+1) [N%mﬂ —a} (7.69)

The inference is then that A°, and therefore A*, consist of a single Marko-
vian policy specified as follows:

o(n,s) = ,1<n<N0<s<a (7.70)

S
N-—-n+1

Let us now elucidate the meaning of this policy. To this end, let m =
N —n+1. Hence, §(n, s) = s/m. By construction, m stipulates the number of
remaining decisions left to be made when we are at stage n. The implication
is then that this policy dictates that the quantity s, be divided equally
between the remaining stages of the process. When applied at the initial
state s; = a, this policy would generate the following sequence of states and
decisions:

w1 =08(1,51) = N+1+1 - % (7.71)
ngT(sl,xl):sl—xlza—%:w (7.72)
72 = 0(2,52) = _S; — = st - = % (7.73)
sg = T(s2,x2) = Sg — X9 = [W} — % = CL(NT_2) (7.74)
73 = 6(3,53) = _S§+ o= Nsi 5= % (7.75)
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so that by induction,

.n=1,...,N (7.76)

sn:NTnm,nzl,...,N (7.77)

It should be noted that the above assurances notwithstanding, it is always
good practice to verify that the policy concerned is feasible, and that it sat-
isfies the optimality condition g,(s,d) = fn(s), V1 <n < N, s € S,,. In the
case under consideration, the feasibility conditions require that the decisions
be nonnegative and that their sum be equal to a. That these conditions are
met by the above sequence is immediately apparent. That g,(s,d) = fu(s)
forall 1 <n < N and s € S, is also met, can be ascertained as follows. By
definition,

N
gn(sn,06) = Z (M, $m) — a]’ (7.78)
= 2:: [N - a] (7.79)

Applying § to (n, s,) yields the states

Spt1 = T(n, 8p,0(n, sp)) (7.80)
= 5y, — 0(n, Sp) (7.81)
Sn
g, ——n 82
s N-n+1 (7.82)
N-—n
SN i (7.83)
Spr2=T(n+1,8,11,0(n +1,8,41)) (7.84)
= Spt1—0(n+1,8,41) (7.85)
Sn+1
- 7.86
Sn+1 N_n ( )
N-n-1
= ﬂsﬂﬂ (7.87)

so by induction,

N—-m+1

S < < .
Sm N_n+1sn,n_m_N (7.88)

Thus, (7.79)-(7.88) yield
N

n(Sns 0 E

m=n

[N g ar (7.89)
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iv:[ g ar (7.90)

m=n ) ,
(V1) | = (7.91)
— fuls) (7.92)
In particular,
2
@) = fit) =~ [T B2 o gy

As a final note, observe that the policies obtained in the solution of trun-
cated functional equations are usually non-stationary. This is a consequence
of the boundary conditions imposed at the final stage, n = N.

7.4 Nontruncated Functional Equations

Consider the functional equation

fa(s) = max p(n,s,z, foy1(T(n,s,2))) (7.94)
z€D(n,s)

forn e N:={0,1,2,...},s € S, or equivalently,

f*(n,s) = max p(n,s,z, ff"(n+1,T(n,s,x))), (n,s) € Z (7.95)

z€D(n,s)
where
Z:={(n,s):neN,seS,} (7.96)
ff(n,s):= fu(s), (n,s)eZ (7.97)

You will recall that the successive approximation method fixes on two
objects: the set U which consists of all the bounded real-valued functions on
Z, and a map A on U into itself defined as follows:

(Au)(n,s) ;== sup p(n,s,z,u(n+1,T(n,s,z))), (n,5) € Z (7.98)
z€D(n,s)

Now, let (p, G) be any decomposition scheme such that (7.95) holds, and
for each Markovian policy § € A assume that As is a map on U into itself
defined thus

(Asu)(n, s) == p(n,s,z,u(n +1,T(n,s,z))) , x =d(n,s),(n,s) € Z (7.99)
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In view of (p, G) being a decomposition scheme, we have
9n(8,6) = p(n, 8,7, gnt1(T(n, 8,2),0)) , © =6(n,s) (7.100)

so that defining

gs(n,s) :=gn(s,0) , (n,s) € Z,6 € A (7.101)
yields
gs(n,s) =p(n,s,z,gs(n+1,T(n,s,x))) , x=0(n,s) (7.102)

Consequently, if we define
gs(s) :==g(s,0) , s€S,6 €A (7.103)

taking gs to be — for each § € A — a real-valued function on Z, then (7.99),
in conjunction with (7.102), yield the following:

gs = Asgs , Vo € A (7.104)

Finally, by construction, a dynamic programming policy has the charac-
teristic that

Fr=Asf*, Vo € A° (7.105)

as by definition, § € A° entails that d(n,s) € D°(n, s) for all (n,s) € Z and
that

p(n,s,x, fnr1(T(n,s,2))) = fu(s) , ¥(n,s) € Z,z € D°(n,s) (7.106)

Now, the object is to identify the conditions assuring the optimality of the
policy described above. To this end, one needs to show that for each § € A
the equation v = Asu has a unique solution in U, as this will imply that
f*=gs, V6 € A°. Consider then the following.

Theorem 7.4.1 Assume that there exists an « € [0,1) such that
|p(n,s,$,a)—p(n,s,:£,b)| S()é|(l—b| (7107)

for all (n,s) € Z, x € D(n,s) and (a,b) € R?. Then, for each 6 € A, the
equation u = Asu has a UNIQUE solution in U.

PROOF. Let 0 be any element of A. Granted (7.104), it follows that the
equation u = Agsu has at least one solution in U. Now, suppose that this
equation has two solutions, say, u and v, that is, assume that there is a pair
(u,v) € U2, such that v = Asu and v = Asv. We need to show then that
u = v. Since u = Asu and v = Agv, then clearly

lu(n, s) —v(n,s)| = [(Asu)(n, s) — As(n,s)| , V(n,s) € Z (7.108)
= |p(n,s,z,u(n +1,5")) — p(n,s,z,v(n + 1,s)| (7.109)
<alu(n+1,s) —v(n+1,5)| (7.110)
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for some 0 < o < 1, where © = §(n, s), and s’ = T'(n, s, z). Hence,

sup |u(n,s) —v(n,s)| <a sup |u(n+1,8)—vn+1,) (7.111)
(n,s)eZ (n,8)eZ

Next, because (n,s) € Z entails that (n +1,s) € Z, it follows that

sup |u(n,s) —v(n,s)| <a sup |u(n,s) —v(n,s)| (7.112)
(n,s)eZ (n,8)€Z

Finally, considering that 0 < o < 1, we may conclude that

sup |u(n,s) —v(n,s)| =0 (7.113)
(n,s)€Z

the implication being that u(n, s) = v(n,s), V(n,s) € Z, that is, u =v. O

I call attention to the fact that (7.107) is in effect the condition laid down
by Theorem 6.4.2 to ensure that the successive approximation procedure
yields the function f*. This means then that Theorem 7.4.1 covers Type-
One dynamic programming functional equations. To illustrate this, let us go
back to the functional equation studied in Fxample 6.4.5.

7.4.1 Example

Consider then the following functional equation:

f(s) = max {m1/2+ﬂf(8—x)} ,0<8<1,0<s<r (7.114)

0<z<s

You will recall that its solution was found to be

1/2
ﬂ@:[Téﬁ} L0<s<r (7.115)

Since the composition function in this case is of the form
p(z,a) =2+ Ba, aeR (7.116)

it follows that

p(z,a) — p(z,b)] = |22 + Ba — x/* — Bb| (7.117)
= [B(a —b)] (7.118)
= Bla —b| (7.119)

Hence, (7.107) proves true with a = f3.
Of course, in view of this formulation being stationary, the dynamic pro-
gramming policies will be stationary as well.
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Let us now attempt to establish the characteristics of the dynamic pro-
gramming policy in question. This involves the construction of the sets
{D°(s)},s € S, which in this case, are defined as follows

D°(s):={z€0,s]: p(s,z,Bf(s—x))=f(s)} ,0<s<r (7.120)

s 112 s 112

Suppose then that we pick any arbitrary s € [0,7]. Then the equation
defining D°(s) would assume the following form:

s 1% 4 s—a]M?
[1—52] . +ﬁ[1—52} (7.122)
so that
s2 = [2(1 - B3] + B(s — 2)1/2 (7.123)
Thus,
(1 — 832 = §2 — (s — )2 (7.124)
hence,
2(1 - B?) = [31/2 — B(s — x)1/2]2 (7.125)
=5 —28s"%(s — 2)'/? + 3%(s — ) (7.126)

and consequently

28s"%(s — x)/? = s + B%(s — z) — (1 — 3?) (7.127)
=s(1+p%) =z (7.128)

which in turn implies that

48%s(s — x) = [s(1+ §%) — ] (7.129)
=521+ %2 — 205(1 + (?) + 2 (7.130)

This yields the quadratic equation

2 —2s(1 — BHx +s%(1 - 552 =0 (7.131)
or equivalently,

[z —s(1—-p%] =0 (7.132)
Because this equation has a unique solution of the form

z(s) = s(1 — (?) (7.133)
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it follows that
={s(1-p%},0<s<r (7.134)
and
A°={5:0(s)=s(1—-p3%,0<s<r} (7.135)

In other words, the set of dynamic programming policies is a singleton
composed of a stationary Markovian policy. Notice that this result can be
obtained by solving the right-hand side of the functional equation, as was
done in (5.202).

Next, let us confirm that the obtained dynamic programming policy is
optimal. First, as d(s) € D(s) = [0, 7], it follows that § is feasible. We now
need to ascertain that fi(s) = gs(s) for all 0 < s < r. Thus, because

g(z1,22,...) Zﬂ" Lo/ (7.136)
it follows that

= iﬁn_l [0(s)]? , 51 €[0,7] (7.137)

Z [sn(1— 8%)]"? (7.138)

To evaluate the right-hand side of (7.138), let us identify the sequence of
states generated by applying d to some initial state s;. By construction then,

59 :T(81,5(81)) = 51 —5(81) = 851 —81(1—ﬁ2) (7.139)
> (7.140)
S3 — T(Sg, (5(82)) = S9 — 82(1 - 52) = 8252 (7.141)
=518 (7.142)
sq =T (s3,0(s3)) = s3 — s3(1 — %) = s3(1 — %) (7.143)
= 51/3° (7.144)
so that by induction
sn=51082""1Y  n=123,... (7.145)

Thus, (7.138)-(7.145) yield

=3 s - ) Ve 0] (7.146)
n=1
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o0

= [s:(1 — 62)] 1/2 Z F2(n—1) (7.147)
n=1
510 =57 1
- (7.148)
s 1/2
_ [1 _1ﬁ2} (7.149)
= f(s1) O (7.150)

I now turn to the conditions assuring the optimality of dynamic program-
ming policies associated with stationary functional equations of Type Two.

Theorem 7.4.2 Assume that the stationary functional equation

f(s) = x]glgé)p(s,x,f(T(s,x))) , s€S (7.151)

is valid. Also, assume that the dynamic programming model in question sat-
isfies the following conditions:

1. There exist a metric © on S, a state s* € S and a real number K such
that

O'(s,s" ) <K <oo, VseS (7.152)
2. There exists an o € [0,1) such that

O'(T(s,z),s*) < a®'(s,s*) , Vs € S,z € D(s) (7.153)
3. For any (a,b) € R?, we have

lp(s,z,a) — p(s,z,b)| < |a—b|, Vs € S,z € D(s)) (7.154)

4. Let U(c) denote the set of all the bounded real-valued functions on S
that are continuous at s = s* and equal to c there. Then f € U(c) and
g5 € U(c),Vd € A where ¢ = f(s*) by construction.

Then, all the dynamic programming policies concerned are optimal.

PROOF. In view of (7.104) and (7.105), it is sufficient to show that, under the
above conditions, for each dynamic programming policy d, the equation u =
Agsu has a unique solution in U(c). Let then § be any dynamic programming
policy associated with the functional equation (7.151) and assume that there
is a pair (u,v) € U?(c) such that u = Asu and v = Asv. Then clearly, for
any subset Y of S, we have

Oy (u,v) := igyp lu(s) — v(s)] (7.155)
= Oy (Asu, Asv) (7.156)
= jg}f/) |p(3> Zz, U(T(Sa ZE))) - p(3> €z, U(T(3> l’)))| y L= 5(8)
<supu(T(s,z)) —v(T(s,x))] (7.157)

seY
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In particular, (7.157) implies that for Y = S, we have

Os(u,v) < suplu(T(s,x)) —v(T(s,z))|,z = (s)

s€S
< sup fu(s) —v(s)]
seS(1)
= (95(1)(u,v) (7158)
where
Sim):={s:s€85,0(s,s) <K}, m=0,1,2,3,... (7.159)

as (7.153) entails that
{T'(s,z):se€ S,z e D(s)} CS(1) (7.160)

Similarly, considering that u = Asu and v = Agv, it follows that

O5(m) (U, V) = Og () (Asu, Asv) (7.161)
< sup [u(T(s,2) — o(T(5,2))] , 7 = b(s) (7.162)
seS(m)
< sup  Ju(s) —v(s)] (7.163)
seS(m+1)
= O5(m+1)(u, v) (7.164)

because (7.159) implies that

{T'(s,x):se€S(m),xr € D(s)} Cc S(m+1), Ym=0,1,2,3,... (7.165)
Hence,

Os(u,v) < Ogmy(uw,v) , Ym=0,1,2,3,... (7.166)

Now, observe that s* € S(m) for all m > 0 and that the sequence {S(m)}
converges to {s*}. Since u and v are continuous at s = s* and equal there,
it follows that the right-hand side of (7.166) converges to zero. We conclude
then that Og(u,v) = 0, which in turn implies that u = v.

In short, for each § € A, the equation u = Asu has a unique solution in
U(c) and therefore gs = f, Vo € A°. O

7.4.2 Example

Consider again the following functional equation studied in Example 6.1.3,

f(s) = max {z'2+ f(B(s —x))} , 0<B<1,0<s<r (7.167)

0<z<s

Recall that the solution we obtained for it had this form

s 112
f(S)Z[l_ﬂ} ,0<s<r (7.168)
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As I demonstrated already that the first three conditions postulated by
Theorem 7.4.2 are met with s* =0, K =r, « =  and 0/(s,s') = |s — &,
and that

§1/2
OSf(S)ﬁm,OSSST (7.169)

I now need to show that gs € U(c), Vd € A.

However, since it is clear that f(s) > gs(s), Vs € S, § € A, it is sufficient
to show that gs(s) >0, Vs € S, 6 € A.

Thus, given that the objective function under consideration is of the form

g(x1,x9,...) = Zazéﬂ (7.170)
n=1

it follows that gs(s) > 0, Vs € S, § € A. Hence, the fourth condition required
by Theorem 7.4.2 is met as well.

To find out what structure the dynamic programming policies would have
in this case, we again need to determine the makeup of the sets {D°(s)}.
And so, we set

D(s) =10, s] (7.171)
T(s,x) = B(s —x) (7.172)
p(z,a) = z'/% +a (7.173)

hence by definition

De(s):={z:0<z<s,p(s,z, f(B(s —x))) = f(s)},0<s<r (7.174)

— {x €0,s]: 2%+ [5(1%—;)]1/2 = [ﬁ} 1/2} (7.175)

Choosing any 0 < s < r, the equation

or equivalently the following,

s'% = [2(1 = )2 + [B(s — x)]'/? (7.177)
yields

s = [lo(1 = B2+ [8(s — )] (7.178)

z(1—B) +2[x(1 — B)B(s — x)]"/* + B(s — x) (7.179)
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Hence,
2[x(1 - B)B(s — 2)]'/* = s —x(1 - B)A(s — x) (7.180)
=5(1—08) —z(1 —2p) (7.181)

so that
dz(1 = B)B(s — x) = [s(1 = B) — x(1 — 20)]? (7.182)

=s%(1 - B)% —2s(1 — B)z(1 — 28) + (1 — 26)* (7.183)

Rearranging the terms of this equation gives the following quadratic equa-
tion:

22 —2s(1— Bz +s*(1—-B3)? =0 (7.184)

which can be rewritten as

[z—s(1—8)]*=0 (7.185)

Clearly, the unique solution is z(s) = s(1 — 3).

It follows therefore that for each s € S, the set D°(s) consists of the single
element s(1 — ), which in turn implies that the set A° is composed of the
single stationary Markovian policy of the following structure:

is)=s(1—-p),0<s<r (7.186)

To ascertain that gs(s) = f(s), VO < s < r, note that

(o]
g9s(s1) = Zﬂ?}@ﬂ y Tn = 06(8n) (7.187)
n=1
To evaluate this function, we generate the sequence (z1,...,zy) thus:

r1 = 0(s1) = s51(1 = 3) ( )
so =T(s1,21) = B(s1 — x1) = B(s1 — s1(1 — B)) = 518° ( )
zo = §(s9) = s2(1 — B) = 518%(1 — B3) (7.190)
s3=T(s2,x3) = B(sa — 1) = B(s18° — 518°(1 — B)) = s18*  ( )
73 = 0(s3) = s3(1 — ) = 518 (1 = B) (7.192)

so by induction

sn=s502""D n=12... (7.193)
an=5320"N1-8), n=1,2,... (7.194)
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Hence,
as(s) = 3 [mg? 01 - )] (7.19)
n=1
= [s(1 —ﬁ)]miﬁ”‘l (7.196)
n=1
s -p)t?
=S (7.197)
s 1/2

= [1 - ﬁ} (7.198)
= f(s) (7.199)

Obviously, this was a reconstruction of what in practice would be rendered
in the solution of the functional equation. For instance, the policy § specified
by (7.69) would be the result (6.53), yielded by the successive approximation
procedure. O

Finally, I wish to point out that the optimal policy can also be obtained by
means of a successive approximation in the policy space. In this concluding
section I give a concise illustration of such a procedure highlighting those
points that require attention.

7.5 Successive Approximation in the Policy Space

Let U denote the set of all the bounded real-valued functions on Z =
{(n,s) :neN,s €S,} and, for each u € U define

A(u):={6 € A:d(n,s) € D;(n,s),¥(n,s) € Z} (7.200)
where for each z = (n,s) € Z and u € U set
Dy(z) :=={y € D(2) : p(z,y,w(T" (2,y))) = (Bu)(2)} (7.201)

such that B is a map from U into itself defined as follows

(Bu)(z) :== opt p(z,z,u(T(z,1))) (7.202)
zeD(z)
where
TH(z,x):= (n+1,T(n,s,x)) , * € D(n,s),z = (n,s) (7.203)

In other words, for any u € U let the set A(u) consist of all the Markovian
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policies satisfying the condition

p(n,s,d(n,s),u(n+1,T(n,s,0(n,s)))) =

sup p(n,s,z,u(n+1,T(n,s,x))) (7.204)

z€D(n,s)

for all (n,s) € Z. Thus, by construction, if u € U, 6 € A(u) and (n,s) € Z,

then z* = §(n, s) is a solution to the optimization problem

sup  p(n,s,z,u(n+1,T(n,s, x))) (7.205)

z€D(n,s)

The short-hand u = g5 is used instead of

u(n,s) = gn(s,9) , Yne N,s € S, (7.206)

where g, (s,0) is defined by (7.8). Consider now the following.

7.5.1 Procedure

Step 1. Select a policy § from A and set u(® = g5, m = 0 and §©) = 4.
Step 2. Select a police 601 from A(u(™).
Step 3. If §m*1D) = §(M) get §* = §(™) and u* = gs- and stop.

Otherwise, set u(™t) = g5, z € Z, § = 60" m = m + 1 and go
to Step 2. O

Any procedure of this type is understood to perform a successive approxi-
mation in the policy space. The following observations should be made with
regard to this procedure:

1. If the procedure terminates, then clearly, u* = Bu*. Thus, to ensure that
u* = f* and consequently that 0* € A*, it is sufficient to demonstrate
that the equation u = Bwu has a unique solution in U. Also, to ensure
the convergence of the sequence {§(™} to some 6* € A*, it is necessary
to impose regularity conditions on the functional equation.

. The weak point in this procedure is the difficulty involved in determining
the function vt = g5 . § = §(m+1),

. This procedure is viable provided that each optimization problem en-

gendered in the process has an optimal solution. That is, to determine
6(m+1) for each (n,s) € Z the problem

opt p(n,s,z, ul™ (n+1,T(n,s,z))) (7.207)
z€D(n,s)
must attain an optimal solution. ]

I shall not discuss this procedure any further, except to indicate the fol-
lowing.
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Theorem 7.5.1 Let § be any element of A and consider the sequence
{u™}, where u® = g5, u™t) = Aul™ and A is the map defined in (7.98).
Also, assume that opt = max and that the composition function is monotone
nondecreasing with respect to its last argument, namely, assume that

a>b= p(n,s,x,a) > pln,s,xb), V(n,s) € Zxe D(n,s) (7.208)
Then the sequence {u(™} is monotone nondecreasing. That is,

uw™ ) (n, s) > u™(n,s) , Ym >0, (n,s) € Z (7.209)
PROOF. Since by construction, u(™*) = Au(™ and by definition,

(Au)(n,s) = sup p(n,s,z,u(n+1,T(n,s,x))) (7.210)
z€D(n,s)

it follows that

u(m+1)(n,s) = sup p(n,S,x,u(m) (n+1,T(n,s,x))), (n,s) € Z (7.211)
z€D(n,s)

Thus, as p is taken to be monotone, it is sufficient to show that
uM(n,s) > uO(n,s), ¥(n,s) e Z (7.212)

because, by induction, it will follow that «(™+1) > v (™) holds for all m > 0.
Let then (n,s) be any element of Z, and let § be any element of A. Next,
set u® = gs. Hence, by construction,

uM(n,s) = (Au®)(n, s) (7.213)
= sup p(n,s,z,u®(n+1,T(n,s,z))) (7.214)

z€D(n,s)
= sup pn,s,z,95(n+1,T(n,s,x))) (7.215)

z€D(n,s)
> p(n,s,x,gs(n+1,T(n,s,z))) , Ve € D(n,s) (7.216)

therefore,

uM (n,s) > p(n,s,6(n,s),gs(n+1,T(n,s,é(n,s)))) (7.217)
g5, 5) (7.218)
=u®(n,s) O (7.219)

To sum up, in Chapter 6 1 demonstrated that the sequence {u(m)} gen-
erated by the successive approximation procedure converges geometrically
both in the case of Type One and in that of Type Two functional equations.
Theorem 7.4.2 adds to this that the convergence is monotone if p is mono-
tone with respect to its last argument and the initial approximation is of
the form u(® = g5, § € A. As we shall see in Chapter 10, the composition
function p would invariably satisfy the above monotonicity condition.



168 Dynamic Programming

7.6 Summary

The optimal policies for a multistage decision problem are obtained in
the solution of the dynamic programming functional equation. We saw that
both in the case of truncated and in that of nontruncated Type One and
Type Two) equations, all the pertinent dynamic programming policies are
optimal. We also saw that a decomposition scheme satisfying the Markovian
condition yields an equation such that all the optimal policies stemming from
it are dynamic programming policies.

7.7 Bibliographic Notes

More on the questions of the existence and structure of optimal dynamic
programming policies can be found in Balder [1981], Bellman [1957a, 1971],
Blackwell [1964], Boltyanskii [1966], Denardo [1965, 1968, 1982], Denardo
and Mitten [1967], Hinderer [1970], Howard [1960], Karlin [1955], Kreps
[1977a, 1977b], Porteus [1982], Ross [1974, 1983], Sniedovich [1979], Sobel
[1975b], Veinott [1966], Walters and Templeman [1979], Yakowitz [1969).
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8.1 Introduction

Having described the techniques used to solve the dynamic programming
functional equation, I now take up a difficulty that often impedes a successful
solution of this equation. This difficulty, which has proved to be the bane
of many dynamic programming applications, was summed up by Bellman
[1957a p. xii] in his now classic phrase: The Curse of Dimensionality.

Very broadly, in the context of dynamic programming, this graphic phrase
indicates that the volume of computation required to solve the dynamic pro-
gramming functional equation often increases very rapidly (exponentially?)
with the size of a problem. Indeed, the amount of computation can assume
such magnitude that solving the equation becomes a practical impossibility.

Of course, the problem of dimensionality is not an ill that afflicts only
dynamic programming. Still, it is of particular significance for dynamic pro-
gramming because it hits hardest at what one might well argue is dynamic
programming’s forte, namely combinatorial optimization problems, or what
I shall call here discrete optimization problems.

I therefore devote this chapter to a brief analysis of the Curse of Dimen-
stonality and to an assessment of the prospects for its elimination.

8.2 Motivation

Dynamic programming can, no doubt, handle problems involving non-
denumarable decision sets {D(n,s)}, and to be sure, it is being used suc-
cessfully for this purpose. But the point to note here is that in such cases
the functional equation is solved by means of classical methods, with the
solution itself often taking a closed form representation. In fact, problems
of this type are ordinarily amenable to treatment with classical optimiza-
tion methods to begin with, which means that dynamic programming can
be bypassed altogether. For instance, consider the following continuous op-
timization problem.

8.2.1 Example

N
pi= ( max )Zﬂ”_lxi/z , >0 (8.1)
TN 1
N
> an<r,r>0 (8:2)
n=1

2, >0, n=12,...,N (8.3)
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Since the objective function is strictly increasing with respect to each
decision variables, and the decision variables are continuous and allowed to
take only non-negative values, (8.2) can be replaced by

N
Sy = (5.4)
n=1

The problem thus turns out to be an equality-constrained optimization
problem. Furthermore, as the objective function is concave and the con-
straint function is linear, the implication is that it can be solved for a global
optimum with the classical Lagrangian method. The affiliated Lagrangian
problem would have this form

N
p(A) := max {Z grlzl/2 )

(1‘17---790N)

N
E Ty —T

n=1

} , AeR (8.5)

n=1

subject to (8.3). Thus, define

N
LAy, zy) =Y " a2 4\
n=1

N
an—r] , AeR (8.6)
n=1

Equating the first partial derivative of L with respect to each one of its
arguments to zero yields the following system of equations:

1
55"—19;;1/2 =-A,n=123,....,N (8.7)

N
Z Tp =T (8.8)
n=1

Considering that (8.7) yields

ﬁ2(n—l) Lo N
xn—w,n— 5 ,3,..., (89)
it follows from (8.8) that
N
ﬁ2(n—1)
R 1
2 e r (8.10)

which in turn entails that

1 N
2 _ 1 2(n—1)
M= ; 3 (8.11)
Thus, (8.10)-(8.11) yield
2(n—1)
Tn = 7;57 (8.12)

Z 32k=1)

k=1
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(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

You will recall that the same result was obtained in (5.109) by solving the
dynamic programming functional equation associated with this problem. [J

In short, although dynamic programming has the wherewithal to handle
optimization problems with continuous decision variables, in this area it
usually faces stiff competition from other (classical) optimization methods.

My objective in putting this matter this bluntly is obviously not to dis-
courage the use of dynamic programming to solve problems of this kind.

Rather, my objective is to emphasize that the point about dynamic pro-
gramming is not that its solution plan is well-suited for continuous problems,
but that it is particularly suitable for combinatorial problems, namely prob-
lems with finite solution sets. Indeed, dynamic programming often turns out
to be the only viable method that is able to address the particular require-
ments of such problems.

And yet, ironically, it is precisely here that dynamic programming proves
so vulnerable. For in spite of the fact that its solution strategy yields a valid
functional equation, frequently this equation proves thoroughly intractable
due to dimensionality.

The strong grip that the Curse of Dimensionality continues to have on
dynamic programming, and this in spite of the tremendous advances in com-
puter hardware and software in recent years, raises an important question: Is
the Curse of Dimensionality a fundamental problem, or is it plausible that
new developments in computer technology, and/or the area of combinatorial
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optimization, will succeed to stamp it out, or at least mitigate its effect, so
that it will cease to be a factor?
Let us examine this question in a more concrete setting.

8.3 Discrete Problems
Consider the case where Problem P is phrased as follows:

Problem P :
p:= opt qlxy,...,opn), X CX' =

(1‘17---7961»1)

M
X Xm (8.18)
m=1
such that M is finite and for each 1 < m < M, the set X,, is finite, so that
X is also finite.

You will recall that we saw in Chapter 4 that any such problem admits of
a dynamic programming formulation, meaning that it can be brought to a
functional equation of the following form:

fa(s)= opt p(n,s,z, fnr1(T(n,s,2))), 1<n<N,seS, (819)

z€D(n,s)
where
fn(s):= opt gn(s,x), s€ Sy (8.20)
z€D(n,s)

and the sets {S,,} and {D(n,s)} are finite.

Thus, (8.19)-(8.20) can be solved by complete enumeration, namely by
generating all the triplets (n, s, z) such that n € N;s € S,z € D(n,s) — in
this order. Schematically, the procedure can be described as follows

8.3.1 Procedure

Step 1. Initialization.
Set n = N, enumerate the set S, and for each s € S enumerate the
set D(N, s) to determine the value of f(s) in (8.20).

Step 2. Iteration.
Forn=N—-1,N—-2,...,3,2,1 — in this order — enumerate the
set S and for each s € S,, enumerate the set D(n,s) to determine
the value of f(s) in (8.19). O

Computer codes based on this procedure would therefore consist of three
“loops”. An outer “stage loop” that runs through the stages from N to 1;
a middle “state loop” that for each 1 < n < N enumerates the set 5,, and
an inner “decision loop” that goes through the set D(n,s) relative to each
stage-state pair enumerated by the outer and middle loops, respectively.
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Clearly then, a key indicator of the effect that the size of the sets {5}
and {D(n,s)} has on the computations would be the number of times that
the inner loop is executed in the procedure. So, to be able to establish of
what order this factor can be, we need a counter to keep track of it, defined
as follows:

K=Y " |D(n,s)| (8.21)

neNses,

where |A| denotes the cardinality of set A.

The idea is to determine K’s order of magnitude in the context of a large
problem. And, to impress on the reader what a large problem is from a dy-
namic programming perspective, it is instructive to investigate this question
in the framework of a problem with real-world content.

8.3.2 Example

Consider the following problem:

N
pi= ( min : C(Zn,xn) (8.22)
TN
{z1,...,2n} ={1,2,...,N} (8.23)
Z) = & = empty set (8.24)
Zn=Ax1,...,xp1}, n=2,3,4,...,N (8.25)

To impute real-world meaning to this problem we shall understand it to
represent the following situation. On the agenda are N projects. The cost
of implementing a project depends on certain characteristics of its prede-
cessors. The task is to determine the order in which the projects should
be implemented so as to minimize the overall implementation cost. Read in
these terms the function C' and the sets {Z,,} have the following meaning:

Z, = The set consisting of the first (n — 1) projects to be imple-
mented.
C(Z,j) := The cost of implementing project j given that it is implemented
immediately following the projects in Z.

It is important to note that the constraint (8.23) requires that each project
be implemented once, and once only . Thus, it simply states that a feasible
solution to the problem (z1,...,z,) is a permutation of the n projects.

Now, viewed as a multistage decision problem this problem can be de-
scribed by the following model:

S={s:sCILT:={1,2,...,N} (8.26)
D=J (8.27)
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S1 ={2}, (@ = empty set) (8.28)
D(s)y=JN\s:={j:j€d, j¢s},seS (8.29)
T(s,x) =sU{z}, s€ S,z e D(s) (8.30)

N
g(s,z1,...,zN) = ZC(sn,mn) , Sp =T (Sp-1,2n-1) ,2<n <N  (831)
n=1

Since the objective function is additive, the functional equation has this
form:

fn(s) = min {C(s,z) + fos1(T(s,2))} , 1<n<N,seS, (8.32)

z€D(s)
with
fn(s) == min C(s,z), s€ Sy (8.33)
z€D(s)

To establish then of what magnitude K can be in the case of this equation
we do as follows. Observe that since D(s) = J\s and s C J, it follows that

|D(s)| = |J — s (8.34)
=N — | (8.35)

We therefore need to determine the composition of the sets {S,}. Since
by construction S; = {@} it follows that

|s|] =0, Vs €5 (8.36)
More generally, because

Sn+1 =4{T(s,z) : s € Sp,x € D(s)} (8.37)
={sU{x}:s€ S,z J\s} (8.38)

and since x ¢ s,Vx € D(s), it follows that each element of S,,+; is the union
of two disjoint sets such that one is a singleton and the other is an element
of S,,. Therefore,

|Sl‘ =1+ |S| , Vs € Sn—l—las €Sy (8.39)

As we have already established that |s| = 0,Vs € Sy, it follows that

|s|=n—-1,VseS,,n=2,...,N (8.40)
Hence,
|ID(s)|]=N—-n+1,VseS,,n=2,...,N (8.41)

—N-n+1 (8.42)
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Now, observe that for n > 1 the set S,, consists of all the subsets of J with
each comprising exactly n — 1 elements. Therefore,

15| = (n]jl> : <7Z> = (m_L,L),k, (8.43)

Thus,

> o= -n (Y ) (8.44)

seS,

so that,

K:f:(N—n—kl)( N ) (8.45)

= n—1
N N —
:Z_;N<n_11> (8.46)
N
= Nz_:l <]X __11> (8.47)
N-1
=N <N R 1) (8.48)
n=0 n
N-1
=Ny <Nn_ 1) (8.49)
n=0
=oN-In (8.50)
>N | for N >2 O (8.51)

It is important to note that in the context of scheduling and sequencing
problems, K would often be of the order of 2V. As this figure is a frequently
referred to indicator in combinatorial optimization, it is vital that we have
a clear picture of what it can mean in real terms. To do this consider the
values given in the following table.

N | 10 20 50 100 200
oV | 1024  1.04x10° 112x 10" 127x10%  1.61 x 109

To appreciate the full force of what these figures tell us about the compu-
tational requirements involved in the solution of the dynamic programming
functional equation, we need to examine them from the point of view of the
computational capabilities of present-day computers. For simplicity, let us
assume that our computer can execute 10'° inner loops per second. This
means that such a computer will need 10 seconds to execute 10°° inner
loops. In other words, for N = 50 it will take about 1032 years to solve the
problem in question.
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But what is more, even if we assume that the next generation computer
will be 10! times faster than the present-day computer, it will still take
about 10?2 years to solve the functional equation with K = 10%° .

A far easier way to gauge the computational complexity of the dynamic
programming functional equation would be to use a device that would keep
track of the number of times the state-loop is executed. In this case K would
be defined thus:

N
K= |5, (8.52)
n=1

Admittedly, the sets {D(n,s): 1 <n < N,s € S,} can vary quite signifi-
cantly in size depending on the values of n and s. All the same, the value of
K as given in (8.51)would still serve this purpose well.

Continuing with Ezample 8.2.2, from (8.43) and (8.51) it follows that

K= i:l (JZ__D (8.53)

e <N - 1) (8.54)

n=0 n
N
N -1 N
_HZ:%< . >—<N> (8.55)
=oN 1 (8.56)
~2N  N>>>>1 O (8.57)

In short, the state space of dynamic programming problems can be gigantic.

8.3.3 Example

Consider the following nonlinear integer programming problem

Cj <Z Ci,jxi,j> (858)
1 =1

n
Zai,jﬂfi,jébi, 1=1,2,3,...,m (8.59)
j=1
2 €4{0,1,2,3,...},i=1,2...,m; j=1,2,...,n  (8.60)

n
p = max
Z‘i,j

J

where {a;;},{ci;} and {b;} are positive integers and {C;} are nonlinear
real-valued functions, for instance

Cj (Z ci,ja;,-7j> = 5j_1 exp (Z Ci,jxi,j> s j = 1, 2, o, n (861)
=1

i=1
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where 0 < 8 < 1.

The modeling issues associated with problems of this type will be studied
in Chapter 11. For now all we need to know is that the dynamic programming
formulation of this problem would give rise to a state space of the form

S={seR™:s(i)€{0,1,2,...,b;},i=1,2,3,...,m} (8.62)

That is, a state would be a vector consisting of m non-negative integers.
Thus,

m

5] =T +0:) (8.63)

1=1

If, for simplicity, we assume that b; = k — 1 for all ¢, and furthermore that
Sy, = S, then (8.62) would yield

K=Y S,=n|S|=nk™ (8.64)
j=1

Suffice it to say that, in practice, it is not uncommon to be presented with
problems where n = k = 100 and m = 20, hence |S| = 100 x 100%* = 10*2.
In such cases the solution of the resulting dynamic programming functional
equation would call for the solution of 10*? simple optimization problems!

The point made plain then by the above examples is that the nerve of
the problem of dimensionality is that a profound disparity exists between
a problem’s size and the amount of computation engendered by it. Thus,
even an equation stemming from a problem of moderate size can trigger a
rapid build up in computations to quickly cause the dynamic programming
algorithm to come to grief.

The inevitable conclusion therefore seems to be that the Curse of Dimen-
stonality needs to be treated as a pathologic problem which, it would be safe
to assume, even further advances in computer technology — as we know
it today — and/or developments in the area of numeric methods, will be
unable to root out.

Still, to keep things in perspective, we need to compare the computational
complexity of dynamic programming algorithms with that of complete enu-
meration algorithms.

8.4 Special Cases

Prior to this I should point out that some combinatorial optimization prob-
lems whose general cases are notorious for subjecting dynamic programming
equations to the Curse of Dimensionality, do have special cases that yield
dynamic programming equations be can be managed quite easily.
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For example, the well-known Traveling Salesman Problem (TSP) requires
dynamic programming models whose state spaces increase rapidly (|.S| > 2")
with the number of cities (n). But there are cases where the topology of
the locations of the cities is such that most of the feasible states of the
dynamic programming model can be discarded a priori because they cannot
be generated by an optimal tour (see for instance the problems studied by
Balas [1999] and Balas and Simonetti [2002]).

Indeed, this fact suggests that special cases of this kind be used as ap-
proximations of large dynamic programming models. The dynamic program-
ming inspired meta-heuristic Corridor Method (Sniedovich and Vof3 [2006])
is based on this idea (see Appendiz E).

8.5 Complete Enumeration

A complete enumeration algorithm will simply go through all the feasible
solutions of a problem with a view to identify the solution that optimizes
the objective function.

Continuing with Example 8.2.2, suppose that we were to solve the prob-
lem under consideration by means of complete enumeration. Since a feasible
solution to the problem is a permutation of the projects, it follows that

X ={(z1,...,zn) : {z1,...,on} ={1,2,3,... ,N}} (8.65)
hence,
X[ = N! (8.66)

In other words, the problem in question has N! feasible solutions.
Again, to bring home the likely order of magnitude of (8.66), let us consider
the following table.

N 10 20 50 100 200
oN 1024 1.04 x 106 1.12 x 10  1.27 x 1030 1.61 x 1090
N!'[3.6x 107 24 x10'8 3 x 1064 9.3 x 10157 7.8 x 103™

Clearly, however profound the effect of the Curse of Dimensionality on dy-
namic programming’s functional equation for this class of problems, dynamic
programming is still fundamentally more efficient then complete enumera-
tion in terms of execution time. On the other hand, complete enumeration
has an advantage in terms of memory in that, contrary to dynamic program-
ming’s procedure requiring storage of a list of size 2V, complete enumeration
requires only a list of size N.
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8.6 Conclusions

Notwithstanding the sound solution scheme that dynamic programming
sets out for optimization problems — notably combinatorial problems — its
use as a practical tool is often impeded owing to the functional equation’s
vulnerability to the Curse of Dimensionality.

Of course, todays computers enable solving problems that in the early
days of dynamic programming were totally intractable due to size. All the
same, despite the advances in computer technology, the Curse of Dimen-
stonality continues to to be an obstacle, and once its pernicious character
is fully comprehended the inevitable conclusion seems to be that there is
very little reason to believe that it can be eliminated. It ought to be pointed
out, though, in dynamic programming’s defense, that many combinatorial
optimization problems that are natural candidates for a dynamic program-
ming treatment are classified as ‘hard’ to begin with (see Garey and Johnson
[1979]).

It is also important to avoid concluding from all this “gloomy talk” that
the Curse of Dimensionality has dealt dynamic programming a paralyzing
blow. First, several types of problems, for example many graph and network
problems, are immune to it. Second, the effort to find ways of coping with
it is ongoing, and, as we shall see, these can be found. In Chapter 12 1
describe two methods that are designed to deal with dimensionality caused
by non-separable objective functions.

Very broadly, my position on how to deal with the problem of dimensional-
ity in dynamic programming is that it is best to adopt a non-confrontational
or evasive approach. That is, the idea should be to approach it on a case by
case basis with the view to identify structural features in the dimensional-
ity prone problem which will allow working out a functional equation that
will manage to circumvent dimensionality. My experience suggests that a
general-purpose approach has a slim chance against the Curse of Dimen-
stonality.

Lastly, a comment on a reoccurring misinterpretation of the term dimen-
stonality. It is most unfortunate that this term is sometimes misconstrued
to mean: dimension of the state space, namely the number of components
comprising the state s.

The point to note here is that, although the number of dimensions that
the state variable has can indeed be an important factor in the computa-
tional requirements of a dynamic programming algorithm, as such this has
no bearing on the size of the state space.

And to illustrate, suppose that

S :={0,1}1 (8.67)
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Then,
S| = 2" = 1024 (8.68)

Here the state variables are impressively, 10-dimensional, yet the state
space is extremely small.
In contrast, consider

S:=1{1,2,3,...,2"} (8.69)

in which case |S| = 2*. Here, even for a relatively small k, say k = 50, the
state space S will be extremely large even though the dimension of the state
is very small, in fact s is a scalar.

The inference therefore is that the problem of dimensionality cannot be
expected to be alleviated simply by transforming a k-dimensional state space
into a one-dimensional state space through a one-to-one mapping. This will
only alter the representation of the states but not the cardinality of the state
space.

And to end, it is important to note that the preceding discussion addresses
the question of the Curse of Dimensionality from the standpoint of “exact”
methods. Namely, from the standpoint where the objective is to find an exact
solution to the dynamic programming functional equation concerned.

The Curse of Dimensionality is often tackled through the use of heuristic
methods. The underlying objective of these methods is to find solutions to
the dynamic programming functional equation that a priori settle for “good
approximations” of the exact solutions (e.g. Heidari et al. [1971], Gal [1989],
Sutton [1990], Sniedovich and Vo8 [2006], Powell [2007]).

But, the trouble here is that, in the absence of exact solutions, often it
is difficult, indeed even impossible, to determine how good the heuristic
solutions are.

For this reason it is inappropriate to claim that such methods in effect “re-
solve” the problem of Curse of Dimensionality. In fact, the opposite seems
to be the case. The insurmountable difficulties encountered while attempt-
ing to determine the quality of the solutions generated by these heuristic
approximation methods vividly illustrate that despite the unrelenting effort,
the Curse of Dimensionality remains . ..unbeaten!

In short, despite the enormous progress in this area over the past fifty
years, the Curse of Dimensionality remains as elusive as ever!
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9.1 Introduction

My investigation of the question “what is dynamic programming?” has
now reached its half-way mark. It is appropriate therefore to interrupt it at
this point in order to reflect on what I have done so far and to set the stage
for the forthcoming discussions. In particular, I wish to explain in greater
detail my decision to confine the discussion to the deterministic case, and
to justify the reasoning behind my decision to forgo a detailed description
and analysis of specialized solution schemes for the functional equation of
dynamic programming, and of dynamic programming applications.

9.2 Choice of Model

You will recall that I prefaced the investigation with a brief discussion
explaining that it would be conducted entirely within the perimeters of a
simple deterministic model. I now come back to this point to reiterate that a
correct interpretation of this matter is crucial for a correct understanding of
my portrayal of dynamic programming’s scope of operation, indeed its very
nature.

It is important to keep in mind that my method of presentation does
not in any way reflect on the extent of dynamic programming’s scope and
capabilities. Of course, dynamic programming is a highly versatile method,
with an inherent ability to tackle a wide range of optimization problems. And
this, as we have seen, is equivalent to saying that dynamic programming has
an intrinsic capability to supply a wide range of models.

As T indicated at the outset, I adopted this model as a medium of discourse
for two separate, yet intimately related, reasons. First, to present as clear
and coherent a picture as possible of dynamic programming’s idiom and tech-
niques which, I argued, can best be done in a fixed framework of discussion
— one that allows averting a constant accounting for of the idiosyncrasies
of specific models.

Second, to impress on the reader the fundamental and universal character
of this model which, I argued, is in the conceptual core provided by this
model. This conceptual core, 1 claimed, can be extended in a number of
directions, so as to enable the formulation of problems that are different
from the one postulated by this model — stochastic problems, multiobjective
problems, and so on.

I substantiate the validity of this position in the ensuing sections.
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9.3 Dynamic Programming Models

Had I given the simple multistage decision model which, has served as my
medium of discussion the title that it rightly deserves, I would have dubbed it
a “deterministic, discrete-time, fixed-horizon, serial, single-objective model.”
This is another way of pointing at its prototype status.

The point I highlight in this chapter is that, as a prototype, this simple
model provides a framework capable of being modified so as to meet the
requirements of problems where certain characteristics need to be treated in
a different manner than in the case of the problem underlying the prototype.

Thus, adjustments in this model would allow the formulation of problems
in whose case the characteristic in question requires to be treated as stochas-
tic rather than deterministic, continuous-time rather than discrete-time, non-
serial rather than serial, multiple objective rather than single-objective, and
of an unspecified horizon rather than a fixed horizon.

Naturally, these modifications would impact on the derivation of the re-
spective functional equations, as in each case one would have to apply mea-
sures that are commensurate with the particular requirements of the for-
mulation concerned. All the same, these would be more like variations on a
theme.

On the whole, the basic dynamic programming approach would be present
in every one of these derivation processes. The initial problem would be
treated as being embedded in a so called family of modified problems, so
that with the aid of a decomposition scheme the optimal solutions to these
problems would be related to one another in a fashion that this relation
would be reflected in the functional equation.

9.3.1 Stochastic Models

The deterministic character of our multistage decision model consists in
the transition function 7' stipulating that the next state of the process,
namely s,41, is determined entirely by the current stage, state and decision,
that is, the triplet (n, s, x,). Hence the expression, s,+1 = T'(n, s, Tp)-

In contrast, in a stochastic model, the state s,+; would be treated as
a random variable whose (conditional) probability distribution function is
uniquely determined by the triplet (n, s,, z,) for each s,, and x,, € D(n, sy,).
The problem would then be to optimize the expected value of the return
function — or some other measure of the return — in a manner that would
expressly take account of the fact that the return is a random variable. Since

in the stochastic case s,1 is not uniquely determined by s; and (z1,. .., 2,),
the objective function would normally refer overtly to all the state and de-
cision variables, namely g = g(s1,x1, S2,Z2,...,SN, TN, SN+1)-

So, in view of the similarity of stochastic dynamic programming models to
deterministic dynamic programming models, I do not go into the stochastic
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case, except for touching on it briefly in Chapter 11, Chapter 1/ and Appendix
D. The following is a foretaste.

This is a typical dynamic programming functional equation of a stochastic
problem:

s —2x

2x

pumny 1 1

o) =1+, min {2 +
integer

f(8—2x)} , s=2,...,K (9.1)

with f(1) =0.

The story behind it is the famous Counterfeit Coin Problem (Sniedovich
[2003]). Given K coins, where all, except one, have the same weight — the
odd (counterfeit) coin is slightly lighter than the other coins — the task is to
identify the counterfeit coin in the minimum expected number of weighings,
using a balance beam.

In the above formulation s denotes the number of coins yet to be inspected,
x denotes the number of coins on each side of the scale, and f(s) the expected
value of the number of weighing required by the optimal policy to identify
the counterfeit coin, given that there are s coins to inspect.

Considering s and z, two outcomes are possible insofar as the next state is
concerned. The counterfeit coin will be on the balance beam with probability
2x/s. The counterfeit coin will be off the balance beam with probability
(s —2x)/s. The 1 preceding the min in (9.1) represents the “cost” of the
current weighings.

For detailed discussions on stochastic dynamic programming see Bell-
man [1975a], Nemhauser [1966], Yakowitz [1969], White [1969,1983], Hin-
derer [1970], Bertsekas and Shreve [1978], Denardo [1982], Ross [1983]. For
deterministic-like formulations of stochastic problems, see Denardo and Mit-
ten [1967, p. 109].

9.3.2 Continuous-time Models

If the stage variable, n, is understood to denote time, then our model is
a discrete-time model in that it depicts a situation comprising denumerable
instances in which decisions are made. Continuous-time models, on the other
hand, provide a framework for the formulation of optimization problems em-
bodying situations where the process occurs over a continuous time interval,
say [tl,tg], t1 < to.

In such models the objective function is normally an integral and the tran-
sition function a differential equation. The objective function would therefore
be additive in that an integral is separable and additive over its domain.

Continuous-time problems are sometimes called optimal control problems,
although there are also discrete-time optimal control problems. Also, many
calculus of variation problems fall in the category of continuous-time prob-
lems.

Studies of dynamic programming’s treatment of continuous-time problems
can be found in Bellman [1957a, 1961, 1970], Dreyfus [1965], Nemhauser



The Rest Is Mathematics and Experience 187

[1966], Beckman [1968], Larson [1968], White [1969], Boudarel et al. [1971],
Kamien and Schwartz [1981], Larson and Casti [1982] and Whittle [1983].

In Chapter 13 1 briefly discuss Pontryagin’s Maximum Principle in the
context of a multistage decision model.

9.3.3 Non-serial Models

The distinctive feature of our model is that it involves a single set of stages.
Furthermore, the stages stand in a serial relation to one another, that is, the
process is understood to always progress from stage n to stage n + 1. Non-
serial models, on the other hand, provide for situations involving a number
of serial subprocesses that are linked in a variety of combinations.

For example, a non-serial model can consist of a main serial process and
two serial subprocesses branching out of it and then converging back into it.

The basic characteristic of non-serial models is that the transition function
T yields a set of states rather than a single state. That is, in such models
T(n,s,z) is a subset of S rather than an element of S. The objective function
is modified accordingly to account for this feature of the underlying process.

There are four generic configurations to depict the interaction between the
branches generated by non-serial problems:

- Diverging branches

- Converging branches

- Feed-forward branches

- Feed-backward branches

The most common — and most simple — case is that where all the
branches diverge. Stochastic dynamic programming models are instances of
this generic case (see a short discussion on this topic in §14.11 ). However,
there are also deterministic models of this type. For example, the dynamic
programming model for the Towers of Hanoi problem (Sniedovich [2002])
that I discuss in Chapter 16 is a deterministic diverging non-serial model.

The strategy deployed by dynamic programming in the more general case
is to break up the non-serial model into a number of serial models, analyze
each model separately in the usual dynamic programming fashion, and then
rejoin them back together again. Depending on the architecture of the non-
serial model, the introduction of additional state and decision variables may
be required to facilitate the rejoining of the subprocesses.

In Chapter 111 give a terse description of a simple non-serial dynamic pro-
gramming model by illustrating the solution of the famous Chained Matrix
Product problem.

Discussions on the formulation and analysis of non-serial dynamic pro-
gramming models can be found in Nemhauser [1966], Bertele and Brioschi
[1972], Esogbue and Marks [1972, 1974, 1977], Pope et al. [1982].
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9.3.4 Preference Order Models

Our basic multistage decision model can also be adapted to allow for the
treatment of preference order optimization problems: problems where the
goal is to decide between alternative courses of action and where the desir-
ability of the alternatives is dictated not by a real-valued objective function,
but by a more general preference relation.

The most important preference model is no doubt the one consisting of a
multiple-criteria objective function and a standard vector dominance crite-
rion in R¥.

The solution to the dynamic programming functional equation deriving
from such a model yields the set of nondominated (Pareto) solutions to
the multiobjective problem. Similarly, if the objectives can be ranked in a
lexicographic order of importance, then solving the dynamic programming
functional equation will yield the optimal lexicographic solution.

Analyses of general preference order dynamic programming models can
be found in Ellis [1955], Brown and Strauch [1965], Mitten [1974], Clement
[1975], and Sobel [1975]; and, of vector optimization in Tauxe et al. [1979],
Furukawa [1980], White [1980, 1982a, 1982b], Daellenbach and De Kluyver
[1980], Villarreal and Karwan [1982], Henig [1983], Nollau [1985].

9.3.5 Others

Obviously this is an incomplete list. The basic dynamic programming
model can be modified in other directions as well. For instance, it can be
reformulated so as to embody fuzzy sets problems. On this subject see
Bellman and Zadeh [1970], Bellman and Lee [1978, pp. 11-13], Baldwin and
Pilsworth [1982], Esogbue [1986].

To conclude this section I should point out though that in the second half
of the book I devote a whole chapter — Chapter 1/ — to a discussion on the
forward dynamic programming model which, on the logic of my argument
need not have been included in this book as, it is also a natural extension
of the simple model that I set out in the first part. The reasons for my
going into it at length are discussed in Chapter 14. So, to whet the reader’s
appetite as to what is in store I give a concise formulation of this model
below.

9.4 Forward Decomposition Models

The decomposition scheme that we employed thus far in the derivation of
the dynamic programming functional equation is a backward scheme. Back-
ward, in the sense that the modified objective functions are related to one
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another in a backward fashion:

gn(sv Tny Tnt1y--- 7$N) = p(’I’L, S, T, gn+1(8/7 Tn+1; Tn42; - - - 7$N))) (92)

forn =1,2,...,N — 1, where s’ = T(n, s, x,). That is, g, is expressed in
terms of gp+1.

The distinctive characteristic of the backward decomposition is then that
the arguments of the modified objective functions are expanded in a back-
ward manner, namely one appends z,, to the sequence (,+1,Zn42,...,ZN)
to obtain the sequence of decisions pertaining to the modified objective func-
tion associated with stage n.

So, dynamic programming models invoking such decomposition schemes
are called backward models and the functional equations deriving from such
models are called backward functional equations.

The distinguishing characteristic of a forward model, is that here the mod-
ified objective function pertaining to stage n is expressed in terms of the
modified objective function associated with stage n — 1. Here, one appends
Z, to the sequence (z1,z2,...,T,—1) to obtain the sequence of decisions
pertaining to the modified objective function associated with stage n + 1.

The following is a typical forward dynamic programming functional equa-
tion. It is the forward counterpart of the backward functional equation de-
rived for the knapsack problem in Fzample 5.2.2.

froyi1(s) = ogg?;;bn {zan + fn(s+ xby)} (9.3)
z integer

forn=2,3,...,N,s=0,1,2,...,v, with fi(s) =0, Vs.

Recall that the backward functional equation for the same problem is as
follows

fu(s) = ogg?s}jbn {za, + fn+1(s — zby)} (9.4)

x integer
forn=1,2,3,...,N—-1,s=0,1,2,...,v, with fy;11(s) =0,Vs.
In Chapter 14 1 explain the relationship between backward and forward
dynamic programming models.

9.5 Practice What You Preach!

Having given a rough sketch of the types of models that, as we saw, are
natural outgrowths of the simple deterministic model, I now proceed to jus-
tify what, to certain readers may no doubt, appear as strangely missing from
this book.

One imagines that the general expectation amongst potential readers of
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a text aiming to expound dynamic programming would be that such a text
would dwell at length on the description and analysis of schemes designed
expressly to improve the efficiency of dynamic programming algorithms, and
on accounts outlining how dynamic programming is employed to solve certain
types of optimization problems, say sequencing and scheduling, networks,
inventory, and so on. Such an expectation seems to be suggested by the
fact that these topics dominate the dynamic programming literature. It is
necessary therefore that I justify my position in this regard because, in this
case as well, it is important to prevent the wrong conclusions from being
drawn.

Again, my reasons are similar to those behind my decision not to extend
the analysis to dynamic programming’s treatment of stochastic problems,
multiobjective problems, and so on.

My position is that no study, however thorough, comprehensive and ele-
gant, of this or that dynamic programming application, or of this or that
computational scheme for an efficient solution of this or that functional equa-
tion, will furnish a clear idea of the basic nature of dynamic programming.
And by this I mean — as I have been arguing all the while — a clear idea
of dynamic programming’s understanding of an optimization problem, the
strategy that it puts forward to tackle it, and the means that it supplies for
this purpose. To achieve this end one has to focus on precisely these issues.
I have already done this to a considerable extent in the first part of the
book. In the second part I go into these matters more deeply by concentrat-
ing on the meaning and role of the Principle of Optimality and the state
variable in the method, and by delineating an approach to problem mod-
eling and formulation that is particularly tailored for the needs of dynamic
programming.

Still, T think it my duty to refer the reader to the relevant publications
on the topics of computational schemes and applications. I therefore provide
lists of references for these two topics in the next two sections, and I comment
very briefly on the backgrounds against which these literatures evolved.

9.6 Computational Schemes

In sharp contrast to the early days of dynamic programming, when the
bulk of the literature on the solution of the functional equation was devoted
to analytic methods and simple numeric methods, the last fifty years have
seen a steady stream of publications all proposing techniques, algorithms and
even plain tricks, for a numeric solution of the equation, with the emphasis
being placed on efficiency. The driving force behind this effort has been
the growing recognition of dynamic programming particular suitability for
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the treatment of combinatorial problems, countervailed by the increasing
appreciation of the equation’s vulnerability to the Curse of Dimensionality.

It is interesting to note that, from the start, Bellman pointed out that dy-
namic programming offers a solution strategy that is uniquely appropriate
for combinatorial problems. And while remaining fully aware of the magni-
tude of the problem of dimensionality, he nevertheless expressed the hope
that the growing capabilities of the computer would increasingly facilitate
the solution of problems of substance.

In later years, however, as it became clear that despite the huge strides
in computer hardware and software, the Curse of dimensionality remained
a serious impediment, the push to find ways and means to efficiently solve
the functional equation started gaining momentum.

The discussion in Chapter 12 on hybrid algorithms based on collaboration
schemes between dynamic programming and other optimization methods, as
well as the topic of “heuristic” approaches on which I commented briefly in
Chapter 8 and discuss in Appendiz F are pertinent to this issue.

For a sample of works in this area the reader is referred to the fol-
lowing publications: Mayne [1966], Larson [1967,1968], Wong and Luen-
berger [1968], Jacobson and Mayne [1970], Larson and Korak [1970], Wong
[1970a,1970b], Heidari et al. [1971], Howson and Sancho [1975], Morin and
Marsten [1976], Morin [2977], Schrage and Baker [1978], Denardo and Fox
[1979a,1979b], Murray and Yakowitz [1979,1981], Lawler [1979], Yakowitz
and Rutherford [1982], Yao [1982], Bellman and Roosta [1982], Denardo
[1982, 2003], Ozden [1983], Axsater [1983], Yakowitz [1983,1985], Carraway
and Morin [1988, 1990], Gal [1989], Carraway and Schmidt [1991], Bertsekas
and Tsitsiklis [1996], Liu and Stoller, [2003], Popova-Zeugmann [2006], Hart-
man and Perry [2006], Sniedovich and Vof [2006], Wilbaut [2006], Garcia de
la Banda and Stuckey [2007], Powell [2007], Puchinger and Stuckey [2008].
Other references relevant to this subject are listed in the bibliography.

I should also note that in Chapter 15 I take up an algorithm that has
become one of the most widely-used algorithms in Operations Research and
Computer Science. This is Dijkstra’s Algorithm. Surprisingly, this algorithm
is not known outside the area of dynamic programming for what it actually
is: a dynamic programming algorithm.

So, in Chapter 15 1 give a dynamic programming perspective on this pow-
erful algorithm showing that it is in effect a dynamic programming successive
approximation method.

9.7 Applications

The term ‘application’ poses a certain difficulty. The difficulty arises from
the different meanings that, one assumes, would be attributed it by the aca-
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demic as opposed to the practitioner. For, judging by the literature produced
by academics, an application from this point of view seems to designate a
proposition to use dynamic programming to solve what is deemed by the
academic to be a ‘real-world problem’, which is supported by an example
illustrating the solution strategy. This, however, may not strike the practi-
tioner as an application. The practitioner, presumably, would think of an
application more along the lines of an implementation. A dynamic program-
ming strategy at work in a certain real-world setting about which one would
report a posteriori. As far as can be established, no surveys covering dynamic
programming applications in this sense of the word are available. The reader
is referred, however, to White’s [1985] survey: Real Applications of Markov
Decision Processes.

I might add that

- Two of the finalist papers selected for the 1985 Edelman Award for
Management Science Achievement (an award which recognizes accom-
plishments in the application of operations research methods) present
dynamic programming applications (see Lembersky and Chi [1986], and
Terry et al. [1986]).

- The INFORMS 2009 Daniel H. Wagner Prize for FExcellence in Op-
erations Research Practice was awarded to Abraham George, Warren
Powell, Hugo Simao, Jeff Day, Ted Gifford, and John Nienow for their
project Approximate Dynamic Programming Captures Fleet Operations
for Schneider National.

And as a final note I should point out that the widely used Critical Path
Method (CPM) is a dynamic programming application par excellence. It is
unfortunate therefore that in much of the literature this fact is not made
explicit. The same is true, by the way, for Decision Trees.

More on dynamic programming applications can be found in the bibliog-
raphy.

Turning now to the term “application” as it is understood by the aca-
demic. If the term “application” is taken to have the meaning ascribed it
by the academic, then the list of dynamic programming applications is too
long to cite; and this by the way is said without a trace of cynicism. Indeed,
the rich literature on dynamic programming (academic) applications is fur-
ther testimony of dynamic programming’s ability to handle a wide range of
problems, provided of course that “size” is no impediment.

The first descriptions of dynamic programming applications would of
course be found in Bellman’s early work (see bibliography). For later ones the
reader is referred to Kaufman and Cruon’s [1967] book, and to Yakowitz’s
[1982] survey on dynamic programming applications in water resources plan-
ning and management.

An examination of the optimization and operations research literatures
reveals that dynamic programming had been incorporated into almost every
new trend in these two disciplines. For instance, in the nineteen-seventies,
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when interest started to develop in multiobjective optimization, dynamic
programming models were used to formulate and solve preference order prob-
lems; and in the early nineteen-eighties, the dynamic programming approach
was applied to fuzzy optimization problems and to problems in the area of ar-
tificial intelligence, e.g. Bolt [1984, p. 36, p. 42], Warwick and Phelps [1986],
and Russell et al. [1986]. In more recent years, dynamic programming had
become an important method in the area of Reinforcement Learning (see for
example the program of the 2009 IEEE International Symposium on Adap-
tive Dynamic Programming and Reinforcement Learning, March 31- April 2,
2009, Nashville, TN, USA.

Other recent applications of dynamic programming had, unsurprisingly,
been in the area of bioinformatics, e.g. Sagot and Walter [2007]. An inter-
esting overview of the evolution of dynamic programming in this area can
be found in Sankoff [2000].

And, finally I should of course mention that dynamic programming figures
in the work of Finn Kydland and Edward Prescott who were awarded the
2005 Nobel Prize in Economics for their contribution to dynamic macroeco-
nomics. See, for example, Kydland and Prescott [1977, 1982, 1988].

9.8 Dynamic Programming Software

It appears that, apart from a few codes designed for some very specific
dynamic programming problems — (e.g. Hastings [1975], Broin and Morin
[1983], Jensen [1986], Parlar [1986], Ho [1987a, 1987b], Lin and Bricker
[1990], Labadie [1990], Lubow, [1995], Raffensperger and Richard [2005],
Sklenar and Popela [2005, 2006], Mauch [2006], Lew and Mauch [2007],
Jensen and Bard [2008], Kétai and Csiki [2009]) — no “truly” general-
purpose dynamic programming computer codes seem to be available com-
mercially.

This, however, is not surprising, considering that, as we have seen, the func-
tional equation stemming from a dynamic programming formulation requires
handling on a case by case basis. Hence, efficient, truly general-purpose, dy-
namic programming codes can hardly be envisioned.

I take this opportunity to call attention to the powerful computer lan-
guage APL which I found to be extremely effective for developing dynamic
programming algorithms, for conducting numerical experimentation and for
teaching dynamic programming. The great merit of APL is that it consists of
a highly eloquent yet succinct mathematical notation that is directly machine
executable. It thus enables conversing with the computer in the traditional
style of mathematics. More on the use of APL in dynamic programming can
be found in Sniedovich [1981], Crowder [1982], Mcleod [1983], Bricker [1985],
and Lin and Bricker [1990].
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I also wish to point out that some of the features of the package Mathemat-
ica (see Wolfram [1988]) especially those pertaining to recursive computation
are extremely attractive from a dynamic programming standpoint. Still, the
resulting recursive codes would be unable to cope with large problems. Dy-
namic programming also features as one of the major topics in Bird and de
Moor’s [1997] book Algebra of Programming.

And to conclude, a brief note on the computer language JavaScript (not
Javal). In the past fifteen years or so I had used JavaScript extensively
to develop online, web-based, interactive modules for a variety of dynamic
programming models!. I found this language a surprisingly effective tool for
online web applications.

9.9 Summary

The point I reinforce in this chapter ties in with an often encountered
characterization of dynamic programming which portrays the method as art
more than science, an approach more than a technique. Based on what we
have seen so far, the idea here is that dynamic programming in effect amounts
to a certain way of looking at problems, and a certain way of describing
them. Or, as I have been stressing all along, it amounts to formulating an
optimization problem in terms of a multistage decision model and in bringing
it to the form of a functional equation.

The implication is then that explaining what dynamic programming is,
does not amount to elucidating this or that efficient computational scheme
for this or that functional equation, or outlining this or that application, but
to making clear how dynamic programming formulates a problem in terms of
a multistage decision model, and how it brings it to the form of a functional
equation.

To do this effectively one needs a medium of discourse that enables iden-
tifying all the ingredients of the method without digressing into peripheral
matters. Such a medium is provided by the simple multistage decision model
outlined in the first part. I also pointed out that as a prototype formulation,
this model furnishes the base for its extension in various directions.

In the second part of the book I single out for closer scrutiny a number
of topics (for instance the state and how to formulate it) that are key to
gaining better insight into the dynamic programming approach to problem
solving.

To sum up then, my approach to dynamic programming, notably to its
exposition, accords with Bellman’s thesis that what really counts in dynamic
programming is a good grasp of the essentials of the method because ... “The
rest is mathematics and experience”.

!See the tutORial website at http://www.ifors.ms.unimelb.edu.au/tutorial/
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10.1 Introduction

In this introductory chapter to the Art of Dynamic Programming I round
out the discussion on two matters that have immediate consequences for
modeling and formulation in dynamic programming style: the Markovian
Condition, and the decomposition scheme.

First, I show that a weaker version of the Markovian Condition equally
ensures the validity of the functional equation, with the caveat, that the
equation may not recover all the optimal solutions. This provides the jus-
tification for formulating a problem in terms of a Weak-Markovian model
should such a need arise.

Next, I consolidate the concept of the decomposition scheme by arranging
it according to five major categories. This furnishes a complete account of
the types of schemes that one can expect to use in dynamic programming.

Finally, in the second part of the chapter I define a prototype sequen-
tial decision model, which as we shall see, enables a graphic formulation of
discrete optimization problems.

10.2 Weak-Markovian Condition

Recall that, as we saw in Section 4.3, the validity of the dynamic pro-
gramming functional equation is assured by the Markovian Condition, that
is,

X*(n,s,x) = X*(n+1,T(n,s,x)) (10.1)
forall 1 <n < N,s € S,,z € D(n,s), which obviously implies that
X*(n,s,z) C X*(n+1,T(n,s,x)) (10.2)

for all 1 < n < N,s € S,z € D(n,s), where X*(n,s) denotes the set
of optimal solutions to Problem P(n,s) and X*(n,s,z) denotes the set of
optimal solutions to Problem P(n,s,z).

In this section I show that it is sufficient that a weaker version be satisfied
for the dynamic programming functional equation to be valid. To see that
this is so consider the following:

Definition 10.2.1 A decomposition scheme (p,G) is said to be WEAK-
MARKOVIAN if

X*(n,s,x) N X*(n+1,T(n,s,z)) #2 (10.3)

foralll1 <n < N,s € S,,x € D(n,s), where & denotes the empty set.
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That is, a decomposition scheme is Weak-Markovian if for each triplet
(n,s,x) such that 1 <n < N, s € S, and = € D(n,s), Problem P(n,s,x)
has at least one optimal solution that is also optimal for the modified problem
induced by (n, s,z), namely Problem P(n + 1,T(n,s,z)). Needless to say,
any Markovian decomposition scheme by necessity has the Weak-Markovian
property.

To show that such a decomposition scheme will yield a valid dynamic
programming functional equation, let (n,s,z) be any triplet such that 1 <
n<N,se€ S, and x € D(n,s), and set s’ = T(n, s, z).

Then, by definition, there exists a z € X (n+1, s’) such that z € X*(n, s, )
and z € X*(n+1, ). This implies in turn that there exists a z € X (n+1, )
such that

Gn(8,2,2) = fuls,x) := opt gn(s,2,y) (10.4)
y€X(n+1,s’)
and
gn11(52) = fas1(s) = opt  gap(sh) (10.5)
yeX(nt1,s")

Now, because (p, G) is a decomposition scheme, we have,

gn(s,x,z) = p(n737$79n+1(3/’z)) (106)

so that (10.4)-(10.6) entail that

fu(s,z) = p(n, s, z, fnr1(T(n,s,x))) (10.7)

Thus, Corollary 4.4.1, namely,

fa(s) = opt fu(s,x), V1<n<N,seS, (10.8)
z€D(n,s)

in conjunction with (10.7), yield the following.

Lemma 10.2.1 — Functional equation:
If the decomposition scheme (p, G) is Weak-Markovian, then

fn(S) = Opt ,O(TL,S,I', fn+1(T(n,s,a:))) ’ V1 é n < st € Sn (109)
z€D(n,s)

Having established this, I now proceed to illustrate the purport of the
Markovian and Weak-Markovian conditions. I shall do this in the context of
the following optimization problem:

Problem Q: p:= opt q(a,b) (10.10)
bEBI(f)
aec

where ¢ is a real-valued function on some set A x B’ and B(a) C B’, Va € A.
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Assume that there exist a real-valued function » on B’ and a real-valued
function g on A x R such that

q(a,b) = p(a,r(d)), Yae A, b e B(a) (10.11)
This implies that Problem @ can be restated as follows:

Problem Q: p:= opt p(a,r(d)) (10.12)
beBXL)
ac

An appeal to the Principle of Conditional Optimization yields

p = opt { opt ,u(a,r(b))} (10.13)
acA | beB(a)
The conditional problem and modified problem deriving from a € A are:
Problem Q,a € A: wv(a) := opt wu(a,r(b)) (10.14)
beB(a)
Problem R(a),a € A: w(a):= opt r(b) (10.15)
beB(a)

Let Q*(a) and R*(a) denote the sets of optimal solutions to Problem Q(a)
and Problem R(a) respectively. We say then that the decomposition scheme
(p, r) is Markovian if Q*(a) = R*(a), VYa € A, and that it is Weak-Markovian
if Q*(a)NR*(a) # @, Va € A. To illustrate, suppose that A and B’ are subsets
of R,

q(a,b) = q1(a) x q2(b) , (a,b) € Ax B’ (10.16)
and g1 and ¢9 are real-valued functions on A and B’ respectively. Hence,

r(b)
nla, z) =

@(b) , be B (10.17)
1(a) xz,ac A zeR (10.18)

so that ¢(a,b) = p(a,r(b)), Va € A, b € B(a). Three cases need to be
considered.

Case 1: ¢1(a) > 0, Va € A.
Assume that opt = max and let a be any element of A and b* any element
of @*(a). Then, by definition,

w(a,r(b*)) > p(a,r (b)), Yo € B(a) (10.19)
which implies that
q1(a) x r(b*) > q1(a) x r(b) , Vb € B(a) (10.20)
Since ¢1(a) > 0, dividing both sides of this inequality by ¢1(a) gives
r(b*) > r(b) , Vb € B(a) (10.21)
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This implies that b* € R*(a). It follows therefore that Q*(a) C R*(a).
Conversely, let a be any element of A and let b* be any element of R*(a) so
that by definition,

r(b*) > r(b) , Vb € B(a) (10.22)

As ¢1(a) > 0, multiplying both sides of this inequality by ¢;(a) yields

q1(a) x r(b*) > q1(a) x r(b) , Vb € B(a) (10.23)
Hence,
w(a,r(b*)) > p(a,r(b)) , Vb € B(a) (10.24)

the implication being that b* € Q*(a), and R*(a) C Q*(a). It follows there-
fore that @*(a) = R*(a), Ya € A. The conclusion to be drawn is that here
(u,7) is a Markovian scheme which means that

v(a) = q1(a) X w(a) , Va € A (10.25)
= p(a,w(a)) (10.26)

Case 2: q¢i(a) >0, Va € A.

Reasoning along the lines of Case 1, we say that Q*(a) = R*(a) for any
a € A such that ¢i(a) > 0. Consider then any a° € A such that ¢;(a®) = 0.
Since p is multiplicative, clearly all the feasible solutions to Problem Q(a°)
must be optimal in this case. Namely,

v(a®) = q1(a®) x q2(b) , Vb € B(a®) (10.27)
=0 % go(b) (10.28)
=0 (10.29)

Because by definition R*(a) is always a subset of B(a), and as indicated
above Q*(a®) = B(a®), it follows that Q*(a°) N R*(a°) # &. Therefore, the
scheme (u,r) is Weak-Markovian and

v(a) = p(a,w(a)),Va € A (10.30)

Observe that unless R*(a) = B(a) for all a € A such that ¢1(a) = 0, this
scheme will not be Markovian.

Case 3: ¢ takes both positive and nonnegative values on A.
Let a be any element of A such that ¢;(a) < 0 and let b* be any element
of @*(a) so that by definition

q1(a) x g2(b*) > q1(a) x g2(b) , Vb € B(a) (10.31)
Since g1 (a) < 0, it follows that

q2(b") < ga2(b) , Vb € B(a) (10.32)
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Therefore, unless g2(b) = go(b') for all b,b’ € B(a), b* is clearly not an
element of R*(a). Consequently, generally (1, 7) is not even Weak-Markovian
in this case and furthermore

v(a) # (e, w(a) (10.33)
for a € A such that ¢;(a) <0 O

In view of what we have seen so far consider the following:

Definition 10.2.2 A decomposition scheme (p, G) is said to be MONOTONE
if p is monotone increasing with respect to its last argument. Specifically,
(p,G) is a MONOTONE DECOMPOSITION SCHEME if it meets the following
requirement. Let (n,s,z) be any triplet such that 1 < n < N, s € S, and
x € D(n,s), and set s' = T(n,s,z). Also let (z,2") be any pair such that
2,2 € X(n+1,¢) and set a = gn11(5', 2) and a' = gn41(8',2"). Then,

a>ad = p(n,s,z,a)>pn,s zad) (10.34)
Similarly, (p, G) is STRICTLY MONOTONE if
a>a = p(n,s,z,a) > pn,s zad) (10.35)

Clearly, there is a close kinship between the Markovian and monotonicity
properties. This kinship can be summed up as follows.

Theorem 10.2.1 Any monotone decomposition scheme is Weak-Markovian
and any strictly monotone decomposition scheme is Markovian.

PROOF. Let (p, G) be any decomposition scheme, let (n, s, z) be any triplet
such that 1 <n < N, s € S,, and z € D(n,s), and set s’ = T'(n, s, z). Also
let z be any element of X*(n, s, z) and let 2’ be any element of X*(n+1, ).
As a consequence of (p,G) it follows that,

an(s,,y) = p(n, s, 2, gns1(s,y)) , Yy € X(n+1,5) (10.36)
so that
gn(s,2,2) = p(n, 8,2, gnr1(5, 2)) (10.37)

Next, assuming that opt = max, then z € X*(n, s, x) entails that
gn(8,2,2) > gn(s,z,y) , Vy € X(n+1,5) (10.38)
and as 2/ € X*(n + 1,5") implies that 2’ € X(n + 1,5), it follows that
gn(s,2,2) > p(n,s,z,gnr1(s, 7)) (10.39)
Thus, (10.39), in conjunction with (10.37), yield

p(n7 5, T gn+1 (8,7 Z)) > p(n7 S, Ty gn+1 (3/7 Z,)) (1040)
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On the other hand, 2’ € X*(n 4 1,s’) entails that
gni1(s',2') = gna(s'y) , Yy e X(n+1,5) (10.41)
and because z € X*(n, s, z) implies that z € X(n + 1,5), it follows that

gnt1(s',2') = gnaa (s, 2) (10.42)

Part 1: (p,G) is monotone. In this case (10.42) indicates that

,0(7’L, 5, L5 gn+1 (3/7 Z/)) > p(na S, Ty gn+1 (3/7 Z)) (1043)

so that from (10.40), in conjunction with (10.43), we have
p(n,s,2,gnr1(8',2)) = p(n, s, 2, gnr1(s',2')) (10.44)
which in turn implies that
gn (85,2, 2) = gn(s,z,2) (10.45)

Considering that z € X*(n, s, x), it follows that 2’ € X*(n, s, z). Thus, 2’
being an element of X*(n+1,s’), it is clear that X*(n,s,z)NX*(n+1,s') #
&. The conclusion is therefore that the scheme is Weak-Markovian.

Part 2: (p,G) is strictly monotone. Having seen in the demonstration of
Corollary 4.7.1 that

X*(n,s,2) CX*(n+1,T(n,s,z)) = X" (n,s,z) = X*(n+1,T(n,s,x))
(10.46)

it is sufficient to show that z € X*(n,s,z) implies that z € X*(n + 1,5).
Assume then the opposite, namely, assume that z ¢ X*(n + 1,s'). In this
case it would follow that g,+1(s’,2") > gn+1(’, 2). Since the decomposition
scheme is strictly monotone the inference is that

P01, 5,3, st (5 2)) > p(1s 5,2, g (5,.2)) (10.47)
Therefore (10.37) implies that
an(s,z,2") > gu(s,x, 2) (10.48)

This, however, is in contradiction to z € X*(n,s,z). Note: If opt = min,
reverse the inequalities. ]

One may describe the monotonicity conditions formulated above as the
clearest, indeed most direct, indication of a decomposition scheme being
Markovian or Weak-Markovian.

As for the place and role of the Weak-Markovian condition in dynamic
programming, this question is examined in Chapters 11 and 13. At this point
it suffices to say that the ability to count on the Weak-Markovian condition
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to secure the validity of the functional equation translates into greater leeway
in modeling and formulation. For what this assurance effectively means is
that, should a problem under consideration prove readily amenable to a
Weak-Markovian decomposition scheme rather than to a Markovian scheme,
one would not have to worry whether to give the problem in question the
Weak-Markovian formulation. The Weak-Markovian formulation would be
totally justified given the assurance for obtaining a valid equation for this
formulation (see Section 10.5). It is important to be aware, though, of the
consequences of using a Weak-Markovian as opposed to a Markovian scheme.
The point here is that, contrary to a Markovian decomposition scheme which
guarantees that the resulting equation will recover all the optimal solutions,
all that a Weak-Markovian scheme guarantees is the recovery of an optimal
solution.

I examine the assurances provided by the Markovian decomposition
scheme in the next section.

10.3 Markovian Formulations

By way of introduction, let us recall that as we saw in Section 7.3, a valid
truncated dynamic programming functional equation is certain to recover all
the pertinent optimal Markovian policies. Having just seen that a valid equa-
tion will equally be obtained from a Weak-Markovian formulation, the impli-
cation clearly is that a truncated dynamic programming functional equation
leaning on the Weak-Markovian condition will also recover all the pertinent
Markovian optimal policies. The question is then whether postulating the
Markovian or Weak Markovian condition will have different outcomes with
regard to recovering the sets of optimal solutions yielded by the respective
equations. Consider then the following.

Theorem 10.3.1 Assume that the decomposition scheme is Markovian,
and consider any triplet (n,s,z) such that 1 < n < N, s € S, and
2= (xpn,...,xN) is an element of X*(n,s). Then, z € X*(n+1,T(n,s,x,)).

PROOF Let (n,s, z) be any triplet satisfying the conditions stipulated by
the theorem and let s’ = T'(n, s, ;). Now, contrary to the theorem, suppose
that z ¢ X*(n + 1,¢). Since the decomposition scheme is assumed to be
Markovian, it follows that z ¢ X*(n, s, zy,).

Case 1: opt = max. In this case, z ¢ X*(n, s, z,) implies the existence of
some sequence 2z’ = (2},41,...,2) € X(n+1,s") such that

gn(8,2n,2") > gn(s, Tn, 2) (10.49)
or equivalently

n (8, Ty @1, T oy TN > Gn(S, Ty T s Tty - -, TN) (10.50)
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X*(n,s), as a =

But this is in contradiction to (zp,...,zN) €
v) € X(n+1,5) entail that

(... zen) € X*(n,s) and b = (2),41...,2Y)
(xn,b) € X(n,s).

Case 2: opt = min. Reverse the above inequalities. [J

Successive appeals to this theorem yield the following result.

Corollary 10.3.1 Assume that the decomposition scheme is Markovian,
and consider any triplet (n,s, (Zn,...,zN)) such that 1 <n < N, s € Sy,
and (Zp,...,xN) is an element of X*(n,s). Then

(T - yzn) € X (mysp) , Yn<m <N (10.51)
where sy, =8, and Spm41 = T (M, S, ), n <m < N

Putting this in words: an optimal solution to a modified problem induced
by a Markovian decomposition scheme is optimal for all the modified prob-
lems that it generates.

I shall now show that the set of dynamic programming policies associated
with a truncated dynamic programming functional equation deriving from
a Markovian formulation, spans the entire set of optimal solutions to the
family of modified problems.

Theorem 10.3.2 Assuming that N is finite and the decomposition scheme
is Markovian, let (n,s) be any pair such that n € N and s € S, and let
z be any element of X*(n,s). Then, there exists a dynamic programming
policy 6 € A° such that x(n,s,d) = z, recalling that x(n,s,d) denotes the
sequence of decisions generated by applying 6 to (n,s) and A° denotes the
set of dynamic programming policies.

PRrOOF. Let (n,s,(zn,Tnt1,.--,2n)) be any triplet such that n € N,
s € S, and (zp,...,zy) € X*(n,s). We need to show then that if N is
finite and the decomposition scheme is Markovian, there exists a dynamic
programming policy € A° such that z(n,s,d) = (xn,...,TN).

I shall first prove, by induction, that

Tm € D°(M,8y,) , Yn <m < N (10.52)

where s, = s and s;41 = T (M, S, Tm), 1 < m < N, recalling that by
definition

D°(N,s):={x € D(N,s) : gn(s,z) = fn(s)}, s € Sy (10.53)
and
D*(n,5) = {x € D(n,8) : pln, 5.2, for (T 5,2)) = fuls)}  (10.54)

for 1 <n< N,s €S,
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Since Corollary 10.3.1 implies that zxy € X*(N,sy), it follows that
gn(sn,zn) = fn(s). Hence, the inductive hypothesis holds for m = N.
Assume now that the inductive hypothesis holds for N > m > k + 1 and
that m = k. Since Corollary 10.3.1 insures that (zg,...,xn) € X*(k, si), it
follows that

(k) = gr(Sk Thy Thgr, - TN)
(10.55)
= p(k, Sk, Thy Gt 1 (Skt15 Tht 15 Tt 2, - - TN))
Also, with (zg41,...,2n5) € X*(k 4+ 1, sg+1) entailing that
Gk+1(Sk+1, Tkt 15 Tkt 15+ -+ TN) = fri1(Sk41) (10.56)
it follows from (10.55) that
fe(sk) = p(k, s, T, fra1 (T(K, 55, 71))) (10.57)

Thus, considering that =3, € D(k, si), it further follows from (10.57) that
xr € D°(k,sk). Therefore, the inductive hypothesis holds for m = k. In
short, (10.52) is true. Finally, observe that, by definition,

A°:={d € A:d(n,s) € D°(n,s),V1<n<N,s€S,} (10.58)

Since we established that z,, € D°(m, s,,) for all n < m < N, it follows
that there exists at least one policy 6 € A° such that §(m, s,) = z, for all
n<m<N.

This completes the proof, for this policy clearly has the property that
x(n,s,0) = (Tn, ..., TN). O

To sum up then, a functional equation deriving from a Markovian formu-
lation is assured to recover the entire set of optimal solutions to the problem
in question. However, as we shall see in Section 10.5, a functional equation
stemming from a Weak-Markovian formulation, is not assured to recover all
the optimal solutions.

10.4 Decomposition Schemes

In this section I classify dynamic programming decomposition schemes ac-
cording to five major types and I describe their respective distinctive prop-
erties. My principal objective is to make the point that these are essentially
the kinds of schemes that one would be using on a regular basis. I shall also
mention briefly a number of exceptions.

To facilitate a formal discussion of this matter, I invoke again the binary
function or operator, denoted by the symbol & that was first introduced
in Section 6.7. 1 find it useful to borrow from the computer programming
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language APL the following notation to designate the conventional max and
min functions. For any pair of real numbers (a,b), define:

alb := max(a,b) (10.59)
alb := min(a,b) (10.60)
The merit of conceiving of the max and min functions as binary operators
is that this enables treating them in the same manner that we treat the
conventional binary functions + and Xx.

I begin by noting that the most prevalent composition function in dynamic
programming is of the following form:

p(n,s,z,a) =w(n,s,x)da (10.61)

for 1<n< N,s €Sy, z € D(n,s),a € R, where w is a real-valued function
on N xS x DD and the binary operator ¢ serves as a COMPOSITION OPERATOR.
The function w is considered to be a MYOPIC OBJECTIVE FUNCTION. For
example, if
p(n,s,z,a) =z —s)?+a (10.62)
we would set

w(n, s, z) = f"(x — s)'/? (10.63)

and © = +.

Before proceeding to explain the characteristics of the operator @ as it is
used in dynamic programming, I note that the following convention will be
observed: the last argument of p will be regarded as the right argument of
the composition operator @. That is, the a in p(n, s, z,a) will be the right
argument of @.

Consider now the following: the operator @ is said to be MARKOVIAN on
ACRatbeRif

{a":a*=opt{a:ac A}} ={a°:a° € A,b® a® = opt{b®a}} (10.64)
acA

It is said to be WEAK-MARKOVIAN on A at b if
{a*:a*=opt{a:ae€ A}}N{a°:a° € A, bDa’ =opt{b®a}} # 2
acA
(10.65)

By the same token, the operator @ is said to be MONOTONE on A C R at
beRif

(') eAx Ajd >a)= (bDdd)> (b a) (10.66)
and it is said to be STRICTLY MONOTONE on A at b if

(d',a) e Ax Aja' >a)= (bdd) > (b®a) (10.67)
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How then are these qualities manifested with respect to our optimization
problem?

Assume that p admits of the representation defined in (10.61). Thus, with
(p, G) being a decomposition scheme, we have

gn(s,x,2) = p(n, s,z, gnr1(T(n,s,x),2)) (10.68)
=w(n,s,z) ® gnr1(T(n, s, x),z) (10.69)

forall1<n< N,s€S,,x € D(n,s) and z € X(n+ 1,T(n,s,z)) Problem
P(n, s, x) can therefore be restated as follows:
fo(s,2) = opt {w(n,s,x)® gur1(s’,2)} (10.70)

s'=T(n,s,z)
z€X (n+1,s")

Similarly, the functional equation
fa(s) = opt p(n,s,z, for1(T(n,s,2)) , 1<n<N,s€S, (10.71)
z€D(n,s)
can be rewritten thus:
Fuls) = opt {w(n,s,2) @ forr(T(n,5,2))} , L<n<N,s €S, (10.72)
z€D(n,s)
Four situations arise in this context. To examine them it is convenient to
define the following:

Vi={(n,s,z):1<n<N,s€S,,xcD(n,s)} (10.73)
and
A(n,s,x) = {gn(s',2) : 8 =T(n,s,2),z € X(n+1,5)} (10.74)

Case 1. & is Markovian.
That is for each (n, s,x) € V the composition operator & is Marko-
vian on A(n, s, x) at w(n,s,z).
Case 2. & is Weak-Markovian.
As above except that & is Weak-Markovian rather than Markovian.
Case 3. @ is strictly monotone.
For every (n,s,x) € V, the composition operator @& is monotone
increasing on A(n, s, z) at w(n, s, x).
Case 4. & is monotone.
As above except that @ is monotone increasing rather than strictly
monotone increasing.

The relationships between these cases can be summarized as follows:

@ is strictly monotone —- @ is Markovian
@ is monotone — @ is Weak-Markovian

The composition operator @& will thus be part of the following four types
of decomposition schemes:
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10.4.1 Additive

This is by far the most commonly encountered scheme in dynamic pro-
gramming. It consists of an objective function of the following familiar form:

N
9(81,21,%2,...,TN) = Zw(n,sn,:nn) (10.75)

n=1

Obviously, the objective functions pertaining to the modified problems are
also additive, namely

N
In(Sns Ty Tt 1y, TN) = Z w(m, Spm, Tm) (10.76)
and therefore
p(n,s,z,a) =w(n,s,x)+a, a €R (10.77)

in which case & = +.
Needless to say, @ is strictly monotone — and therefore Markovian — in
this case.

10.4.2 Multiplicative

Here the objective function is

N
g(s1,21,22,...,ZN) = H w(n, Sp, Tn) (10.78)
n=1
so that
N
n(Sny Tny Tpg 1, ..., IN) = H w(m, sm,Tm) , 1 <n <N (10.79)
and
p(n,s,x,a) =wn,s,z) xa, a€R (10.80)

By construction then,

9(s1,21,%2, ..., N) = g1(81,21,T2,...,TN) (10.81)

and
gn(sm Tns Tn+ls--- 7‘TN> = w(n7 Sns mn) X gn+1(3n+17 Tp+ls--- ,f]}'N) (1082)
= p(n, Sns Tn,y gn-i-l(sn-i-la Tp+ly--- 7$N)) (1083)

for all 1 <n < N. Hence, (p, G = {gn}) is a proper decomposition scheme,
and we can set @ = X.
This type of decomposition scheme will have three sub-types:
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Case 1. w(n,s,z) >0,V1<n< N,seS,, z€ D(n,s)
Here @ is strictly monotone — therefore Markovian — as

ad>a=bxd >bxa (10.84)

Case 2. w(n,s,z) >0,V1<n< N, s€S,, € D(n,s)
Since

ad>a=(bxad >bxa, Vb>0) (10.85)

plainly @ is monotone — therefore Weak-Markovian.

Case 3. Neither Case 1 nor Case 2.
In this case @ is not necessarily monotone, and by the same token
not necessarily strictly monotone. Furthermore, & is not necessar-
ily Weak-Markovian. All the same, it is not difficult to envisage an
instance where @ would be Markovian.

10.4.3 |-decomposition Scheme

Under this heading are classified schemes whose objective functions are of
the form:

9(s1,21,%2,...,TN) = lglliélN{w(n, SnsTn)} (10.86)

in which case

In(Sns Ty Tnt1s -+, TN) = n<mm%I<1N{w(m’ SmsTm)}, 1<n <N (10.87)

and the composition function is of the following form:
p(n,s,z,a) = min{w(n,s,z),a} , a € R (10.88)
Clearly, g = g1 and

In(Sny Tny -y xny) = min {w(n, Sn, Tn)s Gnt1 (Snt1, Tntts - -, 2nN) ) (10.89)

p(n7 Sns Tny Gn+1 (Sn+17 Tn+1, Tn42y -« xN)) (1090)

forall 1 <n < N.
Hence, (p,G = {gn}) is a proper decomposition scheme, and we can set
@ = |. Since,

v > b= min(a,b’) > min(a,b) , Va € R (10.91)

it is clear that @ is monotone — and therefore Weak-Markovian — in this
case.
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10.4.4 [-decomposition Scheme

Schemes falling in this category are analogous to those falling in the pre-
vious one except that here min is replaced by max, hence @ = [. Note that
@ is monotone — therefore Weak-Markovian — in this case.

10.4.5 The Final State Scheme

You will recall that in Section 4.6 1 described the final state model as a
multistage decision model in whose case the composition function p has this
form:

p(n,s,z,a) =a,V1<n<N,s€S,,x € Dn,s),a R (10.92)

Now, on the face of it, this phrasing seems to be incongruent with that
of (10.61) as the myopic objective function w is absent from it. But this
apparent discrepancy can be easily rectified. To do this, let & be any binary
operator possessing a left identity element. That is, suppose that

Leéa=a, VaeR (10.93)

for some L € R. We refer to to L as the left identity element of &.
Then clearly, the function p specified by (10.92) can now be stated thus:

p(n,s,z,a) =L®da,Vl1<n<N,s€ S,,x€D(n,s),a e R (10.94)

Observe that in contrast to 4+, X, | and [, this binary operator is non-
associative.

Recall from Section 6.8 that the right identity elements of + and x are 0
and 1 respectively. Now as these functions are commutative, it follows that
their left and right identity elements are identical, hence the left identity
element of 4 is equal to 0 and the left identity element of x is equal to 1.

As for the identity elements of | and [, because these operators are com-
mutative and

—ofla=a, YaeR (10.95)
xla=a, VaeR (10.96)
the implication is that both the left and right identity elements of [ and |

are equal to —oo and oo respectively.
In short, defining Lg as the left identity element of &, we have:

0, &=+
1, =x

Le=4 o a_| (10.97)
-0, 69:(

The upshot of all this is that we can square (10.61) with (10.92) by setting:
wg(n,s,z) =Lg , V1<n< N,s€ S,,x € D(n,s),a €R (10.98)
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whereupon the composition function of the final state scheme would be stated
thus:

p(n,s,x,a) = wg(n,s,z) ®a (10.99)

foralll1 <n < N,s€ S,z € D(n,s),a € R
It should be noted that in this case @, and therefore p, is strictly monotone
with a. g

10.4.6 Salvage Value

There are many situation where it is convenient to associate a salvage
value with the final state, sy11, of a truncated process. This means that the
decomposition scheme practically has the property that

gn(s,z) = p(s,x, W(T(N, s, x))) (10.100)

where W is a real-valued function on S.
If a binary composition operator @ is used to construct the objective
function, then we would have

g(s1,71,%2,...,2N) = w(s1, 1) - Dw(sn,zn) © W(sny1)  (10.101)

I shall refer to W as the salvage-value function. Observe that if such a
function is not required, we can set W(s) = Rg, namely W (s) is equal to
the right identity element of @. This in effect neutralizes the impact of W
on the objective function.

Definition 10.4.1 A BINARY DECOMPOSITION SCHEME for the objective

function of a truncated multistage decision model (N,S,D,T,S1,g9) is a
triplet (w, W, ®) such that (10.101) holds.

10.4.7 Remarks

The above catalogue practically covers the main types of decomposition
schemes that one would be likely to employ in dynamic programming. Gen-
erally, there would be no need to resort to the use of other types of scheme.
Indeed, such cases would be totally unrepresentative and rare. However, such
rare cases exist.

For instance, consider the case where N = 3 and

[w(1,53,23)]
g(s1,21, 20, an) = [w(l, sy, ) o2l (10.102)
so that
10.103
10.104
10.105
10.106

93(3, 83, 23) = w(3, s3,23)

)]93(3 83,1’3

g1(s1, 1, 2, x3 [w(l,s1,x1

)]92(5275027503
p(n,s,z,a “

) =

g2(52, 2, 73) = [w(2, 2, T2
) =
) =

~ o~ o~ o~
— — ~— ~—

[w(n, s, )]
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for1<n<3,s€8S,,x€ D(n,s),a €R.

Here @ is the power operator, that is, @ = * where b * a := b®. Clearly, if
w(n,s,x) > 1, for all (n,s,z), then & = * is strictly monotone. Similarly, if
w(n, s,x) > 1, then & = * is monotone. Note, however, that for optimization
purposes, this scheme can be transformed into an equivalent multiplicative
scheme by the usual log transformation.

Also, there may be cases calling for the use of more than one composition
operator in the same formulation. For example, consider the case where
N = 100 and the objective function is of the form:

50
9(s1,21,2T2,...,2100) = Z:lw(n, Sn, Tn) + 51;1%1%1100{10(71, Sn,xn)}  (10.107)
n—=
Then
In(Sns Ty Tt 1y - -+ T100) = ngr}nlignwo{w(m, SmsTm)} (10.108)
for 51 <n < 100,
50
gn(3n7 Tny Tntly--- 71'100) = kz: w(m7 Sk, :Ek) + 51§%i£100{w(m7 Sm, xm)}
=n
(10.109)
for < 51, and
i 51 <n <99
p(n,s,r,a) = min(w(n, s,),a) 5l <n< (10.110)
w(n, s, x) +a , 1 <n <50

The formulation would then involve two composition operators, namely

51 <n <99
@n:{+ AL =R (10.111)

| ,1<n<50

And, in principle, there could be cases where @ depends on the state
variable, and perhaps even on the decision variable.

It should be pointed out, though, that the quadruplet (4, x, |, [) cannot
handle all the cases admitting of a dynamic programming formulation. For
example, consider the case where N = 6

|
1
g(s1,21,22,...,27) = T1 + \| T2 + \/333 + \/:174 +1/%5 + VT (10.112)

so that we can set

p(n,s,x,a) =z +a (10.113)
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observing that p is strictly increasing with its last argument hence this
scheme is Markovian.

To express this scheme with the aid of a binary operation we would have
to define the handy @ as follows:

bda=b++a (10.114)

observing that in this case w(n,s,z) = z and therefore two elementary
operations are at work here, namely addition and square rooting.
And how about the following continued-fraction type expression:
1
p(n,s,r,a) =x+ T s a> 0 (10.115)

1+ —
a

observing that p is strictly monotone with its last argument, hence the as-
sociated decomposition scheme is Markovian.
We need do no more than simply let

1

1
1+—
a

bda=>b+

,a>0 (10.116)

in which case w(n,s,x) = x and a combination of addition and division
operations will do the job.

The fact that the scheme (w, ®) is binary means that it is not as general
as the (p,{gn}) scheme. For example, consider the more exotic continued
fraction type expression:

1
p(n,s,z,a) =s+ T na> 0 (10.117)
T+ —
a

How would we express this scheme using the binary (w,®) format?

On the face of it, this seems impossible because this operation requires
three arguments, namely (s,z,a). So, to be able to perform it, we need to
be a bit more cunning and do as follows:

(s,z) ®a:=s+ , x,a>0 (10.118)

1
T+ —
a

So, let the left argument of & be a pair of numbers, representing the state
and decision variables. Formally, in this case w(n,s,z) = (s,z), hence w is
not a real-valued function.

To summarize, then: The most commonly used decomposition schemes
in dynamic programming can be classified according to five major types.
Indeed, this classification can be further consolidated to obtain three types:
additive, | and final state. This is due to the | and | schemes being equivalent
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(subject to multiplication by —1) and the fact that a strictly monotone
multiplicative scheme can be converted into an equivalent additive scheme
by a log transformation.

The main consequence of this classification is in the implications it has
for the degree of flexibility that one would be able to exercise when mod-
eling a problem in dynamic programming style. The point to note here is
that, by and large one would give the problem an additive (multiplicative)
formulation or a | ([) formulation, and depending on the conditions that
would hold, the formulations would be either Markovian (strictly monotone)
or Weak-Markovian (monotone). Should the problem concerned prove de-
fiant of these schemes one would always be able to resort to a final state
option (see Chapter 12 for examples). There are, of course, problems with
genuine final state objective functions and there are situations that require
the application of other decomposition schemes.

Of particular interest are decomposition schemes that are not associative,
for instance a ® b = a4+ Vb and a & b = a + b%. These are discussed in
Chapter 14 and Chapter 15 in connection with the use of forward decom-
position schemes. Although these somewhat exotic schemes are primarily of
theoretical rather than practical interest, they are important because they
illustrate the flexibility that dynamic programming enables in the modeling
of a problem.

In a nutshell, when modeling a problem in dynamic programming style,
one would not have to consider an array of composition functions that would
have to be subjected to a close analysis in order to determine which will
yield a valid functional equation for the problem concerned. Basically, there
are three major types of decomposition schemes, whose properties are well
known and fully understood in terms of the types of solutions that their
respective functional equations yield. The inference is therefore that any
investigation of the Markovian and monotonicity properties would primarily
be of theoretical interest.

Before winding up this part of the discussion, I take up again the question
of the relation between the truncation method and the successive approx-
imation method, as a better familiarity with the identity element concept
should now enable a better appreciation of this point.

10.4.8 Truncation Method Revisited

Recall that I argued in Section 6.8 that the truncation and successive
approximations methods basically amount to the same thing, and that the
element through which the two methods converge is a specific initial approx-
imation u(®.

I shall now show that this approximation is in actual fact equal to the
value of the right identity element of the composition operator .

For simplicity, assume that the formulation is stationary and that the
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functional equation is of the form

f(s) = xglgé)p(s,w,f(T(s,w))) ; SES (10.119)

Recall that the successive approximation procedure is concerned with a
map A defined as follows:

(Au)(s) := sup p(s,z,u(T(s,x))), s€S (10.120)
z€D(s)

On the other hand, the truncation method postulates a sequence of trun-
cated objective functions {g(™} such that

g(s1,x1,22,...) = lim g(m)(sl,azl,azg, ey T) (10.121)
g (s1, 21,29, Tmg) = p(s1, 21, 9" (59, 2)) (10.122)
2= (T2,X3,...,Tm+1) (10.123)
F(s) = opt p(s,z, f™(T(s,2))) (10.124)
z€D(s)
for all s € S.
The functions {f (m)} themselves are defined thus:

F(s) = opt ¢ (s a1, 39, .., 2m) (10.125)

(21,240 sTm)
ar€D(sp), 1<k<m (10.126)
s1 =35 (10.127)
Sp+1=T(sk, k) , 1<k <m (10.128)

I demonstrated in Section 6.8 that the connecting link between the two
methods is a specific initial approximation u(?) such that

g (s,z) = p(s,z,uO(T(s,2))) , Vs € S,z € D(s) (10.129)
Now, assume that p admits the following representation:

p(s,z,a) =w(s,z)®a, Vs €S,z € D(s),a € R (10.130)
In this case (11.87) entails that

g (s, z) = w(s,z) du®(T(s,x)) , Vs € S,z € D(s) (10.131)

Next, assume that @ has a right identity element, namely, assume that
there exists some Rg € R such that

w(s,x) ® Rg = w(s,x) , Vs € S,z € D(s) (10.132)
If we now set

u®(s)=Rg , Vs € S (10.133)
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then clearly it follows from (10.131) that
gW(s,z) = w(s,x) , Vs € S,z € D(s) (10.134)

and consequently from (10.123) that

g (s1, 21, 32) = w(s1, 1) ® g (s, x2) (10.135)

= w(s1,x1) ® w(SQ,xg) (10.136)
g(g)(81,$1,$2,l‘3) w(sy, 1) ® (82,3}2,3;‘3) (10.137)
= w(sy,x1) ® [ (s2,22) B w(ss, x3)] (10.138)

etc (10.139)

Note that because w(s,z) @ Rg = w(s,z), the right identity element of
@ can be appended infinitely many times on the right-hand side of ¢(™
without its value being affected. Thus,

gV (s1,21) = w(sy,21) ® [Re @ [Re @ [Re ® [Re ® - ------]]]] (10.140)
9P (s1,21,22) = w(s1,71) @ [w(s2,22) ® [Re © [Re ® [Re @+ -+ - - 1]

etc, observing that the square brackets are superfluous if @ is associative.

In short, g™ can be viewed as a nontruncated objective function origi-
nating in g which is obtained by replacing the myopic objective function w
with Rg at any stage n > m. For example, consider the case where

glst, o1, m0,..) =Y B 22 0<B8<1 (10.142)
n=1

Set

9" (s1, 21,22, w) = AT m=1,2,3,... (10.143)
n=1

and

p(s,z,a) =z +Ba, a R (10.144)
Then

w(s,z) = z'/? (10.145)
bda=b+fa (10.146)
Rs =0 (10.147)

where Rg denotes the right identity element of @. Clearly, g™ can be
regarded as a real-valued function on S x R such that

g(m)(sl,xl,ajg,...) = Zw’(n,sn,xn) (10.148)
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where
S 1,.1/2
"y , n<m
w'(n,s,r) = 712::1[3 (10.149)
Rg =0 , n>m

As we shall shortly see, the right identity element of @ can be used with
good effect in the formulation and analysis of truncated problems.

10.5 Sequential Decision Models

In this section I introduce a generic dynamic programming model for the
description of optimization problems that is devoid of an explicit stage vari-
able. This model also has the merit of depicting problems with feasible solu-
tions of various lengths in a manner that immediately captures this property.

The specific structure of the model reflects a compromise between coun-
tervailing considerations so that while it is not trivially simple it is decidedly
not too complicated. It thus proves suitable for the formulation of a number
of important classes of problems notably cyclic problems.

I shall unfold the generic model in stages and when it is formulated in
full T shall proceed to consider a number of special cases. The dynamic
programming functional equations that I shall derive for this model will
prove similar to those obtained in the preceding chapters for the multistage
model.

I begin with the following extremely simple construct.

Definition 10.5.1 A STATE TRANSITION MODEL is a triplet (S,D,T)
where:

1. S is a nonempty set, called the STATE SPACE.

2. D is a function on S such that it assigns to each s € S a subset of
some nonempty set D. The set D(s) is understood to be the collection of
FEASIBLE DECISIONS available at state s. We refer to D as the DECISION
SPACE.

8. T is a map from S xD to S called the TRANSITION FUNCTION. Thus, if
s €S and x € D(s), then s' = T(s,x) is construed as the state resulting
from the choice of decision x at state s.

A distinction is made between two types of states, namely

S":={se S:D(s) # o} (10.150)
S":={seS:D(s) =} (10.151)

where @ denotes the empty set.



Refinements 219

The elements of S” are labeled TERMINAL STATES. These are states where
the decision making process terminates. In contrast, the elements of S’ are
states where the decision making process must continue. The elements of this
set are termed NONTERMINAL STATES.

We say that the model (S,D,T) is FINITE if the state space S and the
decision space D consist of finitely many elements, namely if |S| < oo and
ID| < 0.

And we say that the model (S, D,T) is CYCLIC if there is a state s € S’

and a sequence of decisions, (x1,...,x) such that
S1 =S8kt1 =S (10.152)
Tn € D(sp) , n=1,2,... )k (10.153)
Snt1 =T (sp,xn) , n=1,2,... .k (10.154)

If there are no such cycles then the model is said to be ACYCLIC.

Finite state transition models have an immediate appeal. This is due to the
fact that they naturally lend themselves to simple graphic representations.
That is, such models can be depicted as directed graphs where the vertices
and arcs represent states and decisions, respectively. Conversely, a directed
graph can be interpreted as a finite state transition model.

10.5.1 Example

Consider the directed graph in Figure 10.1. Formally the finite, acyclic
state transition model embodied in this graph would be defined as follows:

S={1,2,3,4,5,6} , D={a,b,c,d,e, f,g,h,i,j}
D(1) = {a,b,c}; D(2) = {d,e}; D(3) = {f,g}; D(4) = {h,i}

D()=D(6) =2 = S"=1{5,6},8" ={1,2,3,4}
T(1,a) =2;T(1,b) = 4;T(1,¢c) = 3;T(2,d) = 5;T(2,e) = 4T(3,f) =4
T(3,9) =6;T(4,h) =5,T(4,i) =6;T(4,5) =6

Observe that if the process is at state (node) 4 then only one transition is

PO ot O
o,
@

Figure 10.1: A simple finite, acyclic state transition model

possible before a terminal state is reached. This means that at state 4 only
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one additional decision can be made. In contrast, if the process is at state 2
the number of possible additional transitions is either one or two.

And if the process is at node 1 then the number of possible additional
transitions varies from 2 to 3. O

The next example features a finite cyclic model.

10.5.2 Example

Consider the directed graph in Figure 10.2 where all the decisions (arcs)
are labeled. Clearly, this is a cyclic model as the states (nodes) 2,4,5, are
linked via a cycle.

One of the consequences of this is that although the model is finite, there
are infinitely many ways of reaching say, node 6 from node 1. Here is a short
lists of sequences of decisions that lead from node 1 to node 6:

= (a,b,e)

(a,b,c,d,b,e)
(a,b,c,d,b,c,d,b,e)
(a,b,e,d,b,c,d,b,c,d,b,e)
(

(

(

a,b,c,d,b,c,d,b,c,d,b,c,d,b,e)
a,b,c,d,b,c,d,b,c,d,b,c,d,b,c,d,b,e)
a,b,c,d,b,c,d,b,c,d,b,c,d,b,c,d,b,c,d,b,e)

B =
c
D
E
F
G =

And there are infinitely long sequences of feasible decisions that will cycle

Figure 10.2: A simple finite, cyclic state transition model

indefinitely between the nodes 2,4,5. For instance, the sequence of decisions
z = (a,b,c,d,b,c,d,b,c,d,b,c,d,...)

is a case in point. O

The state transition model has another merit. It can be used as a device
to represent the decision space of optimization problems.

I shall illustrate this in the context of a number of optimization problems.
As a prelude, it will be instructive first to classify the decisions sequences
that the model can generate by means of the following organizing idea:
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- When a terminal state is reached, the process terminates. No more de-
cisions are made.

- When the decision-making process is at a non-terminal state, a sequence
of decisions is made until a terminal state is reached.

- If no terminal state is reached, the decision making process continues
indefinitely.

To distinguish between decision sequences of different lengths, let X *)(s)
denote the set of all feasible decision sequences that, through exactly k tran-
sitions, progress from state s to a terminal state. More formally,

Definition 10.5.2 Let X*)(s) denote the set of admissible sequences of
decisions of length k emanating from state s in accordance with the structure
of the state transition model (S, D,T). That is, let

X(k)(s) ={(z1,...,2k) : n € D(8n),81 = 8, Spn+1 = T (Sn, Tp)
n=12...k, sp1€8"} (10.155)
forse S;k=1,2,..., observing that by construction
X*D(s) = {(2,2) : & € D(s),z € XP(T(s,z))} (10.156)

Clearly, if there are no terminal states, then X *) (s) =9 foralls € S,k =
1,2,....

We say that the state transition model is TRUNCATED if there exists a
k < oo such that XF)(s) = @,V¥s € S.

Eaxtend the definition of X*)(s) to k = co, namely let

X (s) i= {(z1,m2,...) 1 Tn € D(sp), 51 =8, Sps1 = T(sn,xn),n=1,2,...}
(10.157)

and define

X(s) := { Jx® (s)} Jx©(s) (10.158)
k=1
Thus, X (s) denotes the set of all admissible sequences of decisions ema-
nating from state s. For terminal states it is convenient to set
X(s)={()}, seS8” (10.159)
where () denotes the empty sequence, as this entails that
X(s)={(x,2) :x € D(s),ze€ X(T(s,z))}, Vs € S’ (10.160)

Observe that in this expression if T(s,z) is a terminal state then
X(T'(s,x)) is a singleton consisting of the empty sequence ( ) and therefore
(x,z) = x,Vz € X(T(s,2)).



222 Dynamic Programming

It is important to note that X (s) may contain sequences of various lengths.
For instance, in the case of Example 10.4, if we set the initial state to be
o =1 and let S” = {6,7}, then under the first scenario X (1) consists of
infinitely many sequences ranging from short ones such as (a, f) and a, b, e, to
extremely long ones, with each consisting of billions of decisions, for instance

(a,b,c,b,c,d,b,c,d,b, ... 295432187654321357 replicas of (e.db) o) (10.161)

The following example features a very simple instance where for any state
s € S the set X (s) consists only of sequences of infinite lengths.

10.5.3 Example

In this example I construct a state transition model for the following fa-
miliar constraints:

> a; <V, V>0 (10.162)
j=1
;>0,7=1,23,... (10.163)

where {x;} are the decision variables and V' is a given positive scalar.

Let the state variable s denote the amount of resource left after the in-
stantiation of some of the decision variables. Since all the decision variables
are non-negative, then clearly by definition 0 < s < V, hence we can set
S=10,V].

And given that the amount of resource left is s, the next decision cannot
exceed s, hence we can set D(s) = [0, s].

From the above it follows that the state variable changes according to the
rule s’ = s — x, hence we can set T'(s,z) = s — x.

The complete state transition model for the above constraints is therefore
as follows:

S =10,V] (10.164)
D(s) = [ ] (10.165)
T(s,x) = (10.166)

Note that since D(s) # @,Vs € S, the implication is that there are no
terminal states, hence S” = @ and S’ = S. That is, once the decision mak-
ing process commences, it cannot be terminated: infinitely many decisions
continue to be made. This accords with (10.162).

A sequence of decisions (x1,x9,...) is feasible with respect to the con-
straints under consideration if the sequence of states it generates when ap-
plied to state s = V produces states in S, observing that this sequence of
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states is as follows:

Slzv

32:T(31,x1):sl—x1:V—x1
33:T(32,x2)232—x2:V—a:1—x2
34:T(33,x3)233—x3:V—x1—x2—x3

Sl = T(sp,T0) = sn — 20 =V = Y (10.171)
j=1

hence, the sequence of states will converge to
§=lim s, =V - 5 (10.172)

For example, the sequence of decision given by x = (0,0,V/2,0,V/2,0,0,
0,0,0,...) is feasible and so is the sequence defined by

1%
rj=g5, i=123,.. (10.173)

There are of course other, indeed infinitely many, sequences that satisfy
the constraints under consideration. Formally then, in this case

XFs)=2, k=1,2,3,... (10.174)
X(s) = X™)(s) = {(ZB1,$2,...) : Z:pn <s,xp>0,n=12... }
n=1
(10.175)

It follows then that the set corresponding to the constraints under consid-
eration is X (V). O

To go back then to where we left off, recall that my objective is to illustrate
how the state transition model and its related sets of admissible sequences of
decisions, X (s),s € S, can represent the feasible regions of the optimization
problem being solved. Obviously, to this end provisions must be made in the
model to ensure that these sets are consistent with the decision space of the
optimization problem in question.

So, the point to keep in mind in this regard is that optimization problems
often allow a measure of flexibility in the construction of the decision space
of the problem. One would therefore have a free hand to “juggle” the decision
space of the problem considered according to one needs with the proviso that
this must be done in a manner that would not hamper the recovery of an
optimal solution to the problem in question. For, after all, this is the point



224 Dynamic Programming

of the whole exercise: the recovery of an optimal solution to the problem
under consideration.

My next task is then to construct a sequential decision model out of our
state transition model. This requires the introduction of an objective function
and the specification of an initial state. The end product is this:

Definition 10.5.3 A SEQUENTIAL DECISION MODEL is a collection (S, D, T,
o, g)where:

- (S,D,T) is a state transition model.
- 0 1is an element of S.
- g is a real-valued function on {o} x X (o).

The state o is understood to be the INITIAL STATE of the process, g is
viewed as an OBJECTIVE FUNCTION. If the state transition model (S,D,T')
is finite then the sequential decision model is said to be FINITE. If the state
transition model is cyclic then the sequential decision model is said to be
CYCLIC and if the state transition model is truncated then the sequential
decision model is said to be TRUNCATED.

Our generic sequential decision model represents the following sequential
decision problem: the initial state of the process being, s = o, select out of all
the sequences of feasible decisions, a sequence that optimizes the objective
function g. To state it formally,

Definition 10.5.4

Problem P(o): f(o):= opt g(o,2) (10.176)
z€X (o)

We shall refer to this problem as the INITIAL PROBLEM AT o. Let X*(o)
denote the set of optimal solutions to Problem P(o).

More detailed formulations of Problem P(c), where the set X (o) is re-
placed by constraints on the individual decisions {z;}, would depend on the
structure of X (o), specifically on the lengths of the sequences of decisions
contained in this set.

For instance, if all the elements of X (o) are of the SAME LENGTH, say k,
then Problem P(o) can be expressed as follows:

f(o) = opt g(s1,21,22,...,2%) (10.177)
s1=o0 (10.178)

€T ED(Sj) ,j=1,2,...k (10.179)

Sj+1 :T(sj,a;j) N ] = 1,2,...,k (10180)

Formally, this model would be regarded a STATIONARY multistage decision
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model, that is: a multistage decision model where D(j, s) and T'(j, s, z) are
independent of the stage variable j.

This would also be the case if all the sequences of feasible decisions are
non-truncated, where we would set k = oo.

If the elements of X (o) are of varying lengths, the formulation would be
as follows:

f(o) = oi)t g(s1,m1,29,...,xk) (10.181)
L1y T

s1=0 (10.182)

skr1 € 9" (10.183)

z;€D(s;), j=1,2,... .k (10.184)

sis1=T(sjx;), j=1,2,...k (10.185)

recalling that S” denotes the set of TERMINAL STATES, namely states such
that D(s) is empty.

Observe that in this formulation S” can be practically any subset of S,
not necessarily the set of terminal states. The constraint sg,1 € S” simply
requires the final state of the process to be an element of S”. This, by itself
does not require D(si4+1) to be empty.

Now, to formulate a dynamic programming model for Problem P(c) the
objective function g would be decomposed in the usual dynamic program-
ming fashion.

Definition 10.5.5 Let (S,D,T,0,q) be a sequential decision model. The
objective function g is said to be SEPARABLE if there exists a function p on
S x D xR such that

g(s,x) = p(s,z,9(T(s,x))) , Vs € S’z € D(s) (10.186)
9(s,x,2) = p(s,z,9(T(s,x),2)) (10.187)

forallse S',x € D(s),z € X(T(s,x)).
We refer to p as a COMPOSITION FUNCTION and to the pair (p,g) as a
DECOMPOSITION SCHEME.

Note that if T'(s,xz) € S”, then X(T'(s,z)) = {&}, and therefore z €
X(T'(s,z)) entails z = &, in which case we have

9(s,x,z) = p(s,x,9(T(s,z),2)) (10.188)
= p(s,z,9(T(s,x),D)) (10.189)
= p(s,z,9(T(s,x))) (10.190)

The following example illustrates the construction of a decomposition
scheme for a familiar sequential decision model.
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10.5.4 Example

Consider the following familiar optimization problem:

o0
n—1
B 2P, 0<f<t

n=1

ixngV,V>0

n=1

Tn >0, n=12,3,...

Now let
S=1[0,V]
D(s)=[0,5], s€S; = S"=2
T(s,x)=s—=x
o=V
9(3,331,!172, ) = Zﬁn_lw(xj) ) 0< ﬁ <1
n=1

(10.191)

(10.192)

(10.193)

10.194
10.195
10.196

(
(
(
(10.197

)
)
)
)

(10.198)

Convince yourself that for this model X (V') consists of all the feasible

solutions to the optimization problem under consideration.

By construction,

o
g(s,1,m2,23,...) = /o1 + Zﬂ"_lx/l’n , €S8
n=2

=w(x1) + 8 " w(wni)
n=1
= w(xy) + Bg(T(s,11),x2,x3,...)
So if we let
p(s,z,r)=+x' +pr, seS,xeD(s),reR
we would have
g(s,x1,x9,x3,...) = p(s,z1,9(T(s,21),22,23,...)))
or more formally,
9(s,x,z) = p(s,z,9(1'(s,z),2)))

for s € S',x € D(s),z € X(T(s,x)).

(10.199)

(10.200)

(10.201)

(10.202)

(10.203)

(10.204)

Thus, g is separable and p is a proper composition function. It should be
noted that if the state s = 0 is reached then D(0) = {0} and 7'(0,0) = 0. This
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means that once this state is reached, the process will continue indefinitely
even though there is no change in the state.

But there are admissible sequences of decisions that in effect will never
reach this state: the sequences of states that they generate will converge to 0
but will never reach it. As indicated above, the sequence defined by z; = QKJ
is a case in point.

Now, suppose that the constraint (10.192) is replaced with an equality
constraint:

=V (10.205)
n=1

How would this affect the structure of the sequential decision model?

One of the models examined at a later stage is designed to handle situations
of this kind. O

So, continuing in the dynamic programming fashion, assume that the ob-
jective function is separable. The modified and conditional problems associ-
ated with the sequential decision problem are defined as follows:

Definition 10.5.6 In connection with Definition 10.5.5, define

Problem P(s),s € S’

f(s):= opt g(s,z) (10.206)
zeX(s)
Problem P(s,x),s € S’,x € D(s) :

f(s,z):= opt g(s,x,2) (10.207)
zeX(s')
s'=T(s,z)

We shall refer to Problem P(s) as the MODIFIED PROBLEM AT s and to
Problem P(s,x) as the CONDITIONAL PROBLEM AT (s,z). Let X*(s) and
X*(s,x) denote the set of optimal solutions to Problem P(s) and Problem
P(s,x) respectively. We shall assume that all these problems are well-behaved
in that each has at least one optimal solution.

For the special case where s is a terminal state we define

f(s):==g(s), seS” (10.208)
Clearly,
Lemma 10.5.1

fls) = on‘(c )f(:v,s) , Vse S’ (10.209)
xel(s

Next, to enable the derivation of the functional equation the familiar
Markovian conditions are invoked.
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Definition 10.5.7 A decomposition scheme (p, g) is said to be MARKOVIAN

if

X*(s,2) = X*(T(s,x)) , Vs € S",x € D(s) (10.210)
Similarly, (p,g) is said to be WEAK-MARKOVIAN if

X*(s,2) N X*(T(s,7)) £ @, Vs € §',x € D(s) (10.211)
Lemma 10.5.2 If the sequential decision model is Weak-Markovian then

f(s,z) = p(s,z, f(T(s,x))) , Vs €S,z € D(s) (10.212)
This, in conjunction with (10.5.1), yields:

Theorem 10.5.1 Consider the case where the objective function of the se-

quential decision model is separable and the decomposition scheme (g, p) is
Weak-Markovian. Then,

f(s)= opt p(s,z, f(T(s,2))) , s€ S’ (10.213)
z€D(s)

recalling that by definition f(s) = g(s),Vs ¢ S'.

This is the dynamic programming functional equation for our generic se-
quential decision problem.

Definition 10.5.8 A SEQUENTIAL DYNAMIC PROGRAMMING MODEL i$ any
collection (S,D,T,o,g,p) such that (S,D,T,o0,g) is a sequential decision
model, (p,g) is a decomposition scheme, and the FUNCTIONAL EQUATION
(10.213) holds.

Let D°(s) denote the subset of D(s) whose elements are the solutions to
(10.213), that is, define

D°(s) :={x € D(s) : p(s,z, f(T(s,2))) = f(s)}, s€ S’ (10.214)

A MARKOVIAN DYNAMIC PROGRAMMING POLICY is a map & from S’ to
D such that

5(s) € D°(s) , Vs S’ (10.215)

Let A° denote the set of dynamic programming policies associated with the
functional equation (10.213). If the state transition model (S, D, T) is finite,
then the sequential dynamic programming model is said to be FINITE.

The principal difference between the dynamic programming model defined
in this section and the multistage decision model formulated in Chapter 3 is
that the former makes no explicit reference to stages.

Still, stages can be easily incorporated in sequential decision models. That
is, they can be incorporated as elements of the state variable. Specifically, a
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state can be expressed as a pair, say s = (n, ), such that the first component
would act as a stage. For this reason any optimization problem that can be
expressed in terms of the multistage decision model is also amenable to the
sequential decision model format. Obviously, the converse is also true.

What this means is that essentially the choice between these two formats
is a matter of convenience.

Now, in the absence of an explicit stage variable there is no obvious way to
distinguish between truncated and nontruncated sequential decision models.
Let us then consider the following. For each s € S define

SO (s) := {s} (10.216)
and

SUFD(s) .= {T(s',2) : s € ST (s),z € D(s')} (10.217)
Note that since D(s) = &, Vs € S”, it follows that

SW(sy=@,VseS" n>1 (10.218)

By construction then, S((s) is the set of all the states that can be reached
from state s in exactly n transitions. We may therefore maintain that a state
transition model (S, D,T) is TRUNCATED if there exists a finite integer K
such that

SEH () =g, Vse S (10.219)
Note that (10.219) implies that
s¢ SM(s), VseSn>1 (10.220)

This means that truncated state transition models are acyclic in the sense
that no sequence of decisions — other than the empty one — can regenerate
a given state.

Note that if a state transition model is finite and acyclic, then if necessary,
it is possible to label the states so that the label of state s will be a scalar
I(s) such that I(T(s,z)) > I(s),Vs € S', 2 € D(s). That is, in such cases we
can label the states in an increasing order.

It is therefore convenient to assume that in cases where the state transition
model is finite and acyclic the labeling of states is such that

UT(s,x)) >1(s), Vs €S,z € D(s) (10.221)
l(s//) > Z(S/) , VS// c S//, S/ c S/ (10222)

In such cases the dynamic programming functional equation can be solved
by the following simple iterative procedure.
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10.5.5 Procedure

Step 1. Initialization
Set F(s) = g(s), Vs e S".
Step 2. Iteration
For each s € S’ — in decreasing order of I(s) — Do:

F(s) = é)l[))*(c )p(s, z, F(T(s,x))) O (10.223)

In other words, if the dynamic programming functional equation is valid
and the model is finite and acyclic, then the function F' recovered by this
procedure is identical to the function f defined by (10.206), that is F(s) =
f(s), Vs € S. Consequently, the sets {D°(s)} can be identified through the
solution of (10.223), namely

D°(s) ={x € D(s) : p(s,z,F(T(s,x))) = F(s)}, s€ S’ (10.224)

The following example illustrates this procedure in action.

10.5.6 Example

Consider the directed graph in Figure 10.3. The figure on an arc stipulates
the arc’s length. The task is to identify the shortest path between node 1
and node 7, the length of a path being equal to the sum of the arcs’ lengths
on that path.

JoSm
2 8 3 4
3 5 4 3
w0y
Figure 10.3: A simple acyclic sequential decision problem

Formally then, the sequential decision model representing this problem
can be defined thus:

S =1{1,2,3,4,5,6,7};D = {2,3,4,5,6,7}
D(1) ={2,3}; D(2) = {4,5}; D(3) = {4,6}; D(4) = {5,6}
D(5) = D(6) = {7}

D(7) =@ = 85" ={7}
T(s,x) ==z
o=1

where x € D(s) is interpreted as the “next node” (state).
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Next, the objective function g is of the regular additive form:

k
g(s1,x1,22,...,28) = Zw(sn,xn) s Sl =T(sp,xn) (10.225)

n=1

where w(i, j) denotes the length of arc (7, 7). Formally, we also let g(7) = 0.
Since this objective function is additive, we can set @& = + so that the
functional equation has the following form:

f(s)= Ielg?){w(s,a:) + f(T(s,x))}, s€ S ={1,2,3,4,5,6} (10.226)

= xxen[i)g){w(s,x) + f(x)} (10.227)

with f(7) = ¢(7) =0.

As the graph representing the dynamic system under consideration is fi-
nite and acyclic, the functional equation can be solved iteratively as out-
lined above. Indeed, because the vertices are labeled in such a manner that
T(s,z) > s,Vs € S',x € D(s), we can simply let I(s) = s and enumerate
the states in Step 2 of the procedure in decreasing order. That is, we would
solve the functional equation for s = 6,5,4,3,2,1 — in this order.

Here is a detailed description of the procedure:

F(7) =0
F(6) = min{w(6,z) + F(x) : = € D(6)}

= min{w(6,z) + F(x) : x € {7}}

= min{w(6,7) + 0} = min{3 + 0} =3 = D°(6) = {7}
F(5) = min{w(5,z) + F(x) : z € D(5)}

— w(5,7) +0=4= D°(5) = {7}
F(4) = min{w(4,z) + F(x) : x € D(4)}

=min{3+ 4,4+ 3} =min{7,7} = 7= D°(4) = {5,6}
F(3) = min{w(3,z) + F(z): 2 € D(3)}

= min{w(3,4) + F(4),w(3,6) + F(6)}

= min{5+ 7,10 + 3} = min{12,13} =12 = D°(3) = {4}
F(2) = min{w(2,z) + F(z) : x € D(2)}

= min{w(2,4) + F(4),w(2,5) + F(5)}

= min{8 + 7,12 + 4} = min{15,16} = 15 = D°(2) = {4}
F(1) = min{w(l,z) + F(z) : x € D(1)}

= min{w(1,2) + F(2),w(1,3) + F(3)}

= min{2 + 15,3 + 12} = min{17,15} = 15 = D°(1) = {3}

Therefore, the length of the shortest path from node 1 to node 7 is equal
to F(s) = 15.
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Note that the set of dynamic programming policies consists of two Marko-
vian policies, namely A° = {§’, 6"}, where

F(1)=6"1)=3

§(2)=0"(2) =8 3)=0"(3) =4
y(4)=5;6"(4)=6
§(5)=09"(5)=0d(6)=06)=7

Applying ¢ to s; = 1 yields the optimal path (1,3,4,5,7), whereas apply-
ing 0" to s1 yields the optimal path (1,3,4,6,7). As we know by now, because
the decomposition scheme is Markovian, the set of dynamic programming
policies spans all the pertinent optimal paths.

On the other hand, suppose that the length of a path is equal to the length
of the shortest arc on that path. In that case the objective function would
be of this form

g(s1,21,22,...,7f) = 1I<nnn<1k{w(3mxn)} (10.228)

Thus, using a |-decomposition scheme, the following functional equation
would be obtained:

f(s) = mIGIgI(I {w(s,z)[ f(z)}, s€ S ={1,2,3,4,5,6} (10.229)

with f(7) = g(7) = oo, recalling that b|a := min(b,a) and that the identity
element of | is equal to co. Solving this functional equation we recover the
following results:

F(7) =00

F(6) = min{w(6,z)| F(z) :
= min{w(6,7) | F(7)}
=3loo =3= D°(6) ={7}

F(5) = min{w(5,z)|F(z) : x € D(5)}
= min{w(5,7) | F(7)}
=4|oo =4= D°(5) = {7}

F(4) = minf{w(4, )| F(z) : © € D(4)}
= min{w(4,5)| F(5),w(4,6)| F(6)}
= min{3[4,4[3}
=min{3,3} =3 = D°(4) = {5,6}

F(3) = min{w(3,z)|F(z) : z € D(3)}
= min{w(3,4)|F(4),w(3,6)| F(6)}
= min{5|3,10[3}
= min{3,3} =3 = D°(3) = {4,6}

z € D(6)}
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F(2) = min{w(2,z)| F(z) : x € D(2)}
= min{w(2,4)| F(4),w(3,5)| F(5)}
= min{8|3,12[4}
= min{3,4} =3 = D°(2) = {4}

F(1) = min{w(l,z)| F(z) : x € D(1)}
= min{w(1,2)| F(2),w(1,3)| F(3)}
= min{2(3, 3|3}
= min{2,3} =2 = D°(1) = {2}

As this equation is yielded by a Weak-Markovian scheme, all the dynamic
programming policies are optimal in this case. Note, however, that the equa-
tion failed to find the optimal path (1,2,5,7). This bears out the contention
that there is no assurance that such an equation will recover all the optimal
solutions to the problem in question. ]

Now, if the dynamic system underlying the sequential decision model is
nontruncated, the functional equation emanating from it would be solved by
successive approximation as described in Chapter 6. But it will also prove
possible — sometime even effective — to deploy a successive approximation
method (and the truncation method) to solve a functional equation origi-
nating from a truncated model.

The following is a generic successive approximation procedure for the func-
tional equation (10.213). F denotes a suitable initial approximation, as dis-
cussed in Chapter 6.

10.5.7 Procedure

Step 1. Initialization

Set F(s) = F(s), Vs € S.
Step 2. Iteration

For each s € S’ Do:

F(s) = é)l[))*(c )p(s,x,F(T(s,x))) (10.230)

and let D°(s) denote the set of optimal solutions obtained for this
state.

Step 3. Stopping Rule
Stop if there has been no change in F. Otherwise, go to Step 2. [J

The following example illustrates how this procedure would be applied to
solve a truncated problem.

10.5.8 Example

We shall solve the functional equation associated with the problem fea-
tured in EFxample 10.5.6, namely
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F(s) = min {uw(s.o) + f(x)} . s € {1,2.3.4,5.0) (10.231)
xre
with f(7) =
The sequential decision model is as follows:

S =1{1,2,3,4,5,6,7};D = {2,3,4,5,6,7}
D(1) ={2,3}; D(2) = {4,5}; D(3) = {4,6}; D(4) = {5,6}
D(5) = D(6) = {7}
= 8" =17}

Q
|

where x € D(s) is interpreted as the next node (state).
Since the objective function is additive, we set the initial approximation
as follows:

n __
F(s) = 0, se57=17) (10.232)
o , s€S8'={1,2,3,4,56}

So we set F' = F and in the first iteration of the procedure we solve the
following functional equation:

F(s) = wIEnDuEls){w(s ,x)+ F(x)} (10.233)

for s =1,2,3,4,5,6 — in this order. We obtain

F(1)=F(2)=F@) =F(4) =o00; F(5) =4,F(6) =3
D°(1) = {2,3}, D°(2) = {4,5}, D°(3) = {4,6}, D°(4) = {5,6}
D®(5) = D°(6) = {7}

Repeating this exercise in the second iteration, we obtain
F(1)=00,F(2)=16,F(3) =13, F(4) =7,F(5) =4,F(6) =3
D°(1) = {2,3}, D°(2) = {5}, D°(3) = {6}, D°(4) = {5,6}
D°(5) = D°(6) = {7}

Repeating this exercise in the third iteration, we obtain

F(1) =16,F(2) = 15,F(3) = 12, F(4) = 7,F(5) = 4, F(6) = 3
D°(1) = {3}, D°(2) = {4}, D°(3) = {4}, D°(4) = {5,6}
D°(5) = D°(6) = {7}
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In the fourth iteration we obtain
F(1) =15,F(2) = 15,F(3) = 12, F(4) = 7,F(5) = 4, F(6) = 3
D(1) = {3} D°(2) = {4}, D°(3) = {4}, D°(4) = {5,6}
D°(5) = D°(6) = {7}

In the fifth iteration we obtain the same results, so we stop. The conclusion
is that

fQ)=F@1)=15f(2)=F(2)=15f(3) = F(3) =12, f(4) = F(4) =7,
1(5) = F(5) = 4, £(6) = F(6) = 3, f(T) = F(7) = 0
We recover an optimal solution to the problem by tracing the optimal

decisions obtained for the functional equation in the last iteration, starting
at the initial state s; = 0 = 1. In case of a tie, we select an arbitrary element

of D°(s).
So, we select z; = 3 from D°(1). This takes us to state sy = T'(s1,21) =
x1 = 3. So we select x9 = 4 from D°(3). This takes us to state sz =

T(s2,x2) = x2 = 4. So we select 3 = 5 from D°(4). This takes us to
state s4 = T'(s3,x3) = 3 = 5. So we select x4 = 7 from D°(5). This takes
us to the terminal state s = 7, so we stop.

We have thus recovered the optimal solution x = (3,4,5,7). Computing
g(o,x) =¢(1,3,4,5,7) we obtain f(1) = 15 which is consistent with F(1) =
15.

Remark:

Note that had we decided in Step 2 of the procedure to enumerate the
non-terminal states in reverse order, namely s=7,6,5,4,3,2,1, we would have
completed the procedure in one iteration! ]

At this point it is fitting to consider a situation where the optimal solution
is cyclic in that it contains a loop. In such cases we can use successive ap-
proximation methods to solve the functional equation. However, as we shall
see, there is no assurance that the optimal policy is Markovian.

10.5.9 Example

Consider the sequential decision problem represented by the graph de-
picted in Figure 10.4. The objective is to find the shortest path from node
(state) 1 to node (state) 5 where the length of a path is equal to the length of
the shortest arc on the path. For example, the length of the path (1,3,4,5)
is equal to min{3,5,1} = 1.

By inspection, the shortest arc is the one connecting node 4 to node 2,
and its length is equal to 0. The shortest path from node 1 to node 5 should
contain this arc. This means that node 4 leads to node 2. However, in this
case the destination, namely node 5, is never reached.

The conclusion is therefore that the optimal policy is not Markovian: The
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T
&

Figure 10.4: A cyclic problem

o] oo

first transition to node 4 does not terminate the process by reaching node
5, rather it continues to node 2. The second transition to node 4 terminates
the process. Note that there are infinitely many optimal paths: Node 4 can
be reached infinitely many times so long as ultimately node 5 is reached.

Let us now examine how this problem is solved formally with the aid of a
simple successive approximation procedure. For this purpose set

S=D={1,2,3,4,5}
D(1) ={2,3}; D(2) = {3}; D(3) = {4}, D(4) = {2,5}; D(5) = @
S'=1{1,2,3,4} ; S" = {5}
T(s,x)=z; 0=1

9(81,21,x2,...,2k) = 1I<r22k{w(sn,xn)} (10.234)

where w(i, j) denote the length of arc (i, 7).
Using the binary operator | we can rewrite the objective function as fol-
lows:

g(s1,21,22,...,Tk) = w(s1, 1) |w(s2, x2) |- - - |w(Sk, k) (10.235)

Also, let opt = min and set g(5) = oo (the identity element of | ). The
functional equation is then

fs) = min fosa)lf@)} s €8'={1.2.3.4) (10.236)
rxel(s
with f(5) = g(5) = oco.
To enable @ = |, and us, identify an infeasible solution, it is modified
slightly through an appeal to the following “x convention”:

alb = {mm{“’ bh o b (10.237)

* , b=x%

That is, the symbol x denotes INFEASIBILITY!. The opt = min operation
prefers any real number to %, hence min{a, *} = a,Va € R.
Note that should the result be f(1) = %, namely the length of the shortest

'Note that the conventional Big M convention does not work here!
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path from node 1 to node 5 is equal to %, then the conclusion would be that
node 5 cannot be reached from node 1.

This clear, we are ready to initiate the successive approximation procedure.
Let us begin then with the following initial approximation for f:

F(s) =%, Vse S ={1,2,3,4} (10.238)

with F(5) = g(5) = oo.
This initial approximation indicates that only state 5 leads to state 5 in 0
state transitions. To obtain the next approximation we solve

F(s) = xIEnDnEls)p(s z, F(T(s,2))), s€ S’ (10.239)
= IenDn(a)w(s,x) |F(T(s,x)), s€{1,2,3,4} (10.240)

So, doing our x calculus carefully we obtain
F(4) = min w(4,z)|F(T(4,z))
z€D(4)

= xg{%%} w4, )| F(T(4,x))

= min{w(4,2)| F(T(4,2)),w(4,5)| F(T(4,5))}
=min {0[F(2),1|F(5)} = min{0]|*,1|co} = min {*,1}
=1 (So set DM (4) = {5})

F(3) = mrelgré)w(?),x) |F(T'(3,z))

= xnelg}w(ii ;) F(T(3,2)) = w(3,4)[F(T(3,4)) = 51

1 (So set DM (3) = {4})

F(2) = zggr(l)w@ @) F(T(2,2))

= xrg%g}w@ o) [F(T(2,2)) = w(2,3)[F(T(2,3) =41

1 (So set DM (2) = {3})

FQ1) = ZIGIBI(l)w(l, x)|F(T(1,z))

= min w(l,z)|F(T(1,x))

z€{2,3}
= min {w(1,2)[F(T(1,2), w(1,3) [F(T(1,3))}
= min {2[F(2),3[F(3)} = min{2[1,3[1} = min{1,1}

=1 (So set DM (1) = {2,3})

)=
(

This completes the first iteration of the successive approximation proce-
dure. Here D (s) denotes the set of optimal decisions for state s found in
the first iteration of the successive approximation procedure.
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Since this approximation is clearly different from the initial approximation,
we continue.

F(4)= min w(d,«) | F(T(4,x)

= ;cg{lén&’)} w4, )| F(T(4,x))

= min {w(4,2) [ F(T(4,2)),w(4,5) [ F(T(4,5))}
=min {0[F(4),1|F(5)} = min{0[1,1]|co} = min{0,1}

0 (So set DP)(4) = {21)
(

F(3) = mlggr(é)w(?) ,x)| F(T(3,2))
= xg?} w(3,2) | F(T(3,z)) = w(3,4)| F(T(3,4)) =01

=0 (So set D) (3) = {4})

F(2)= min w(2.2)|F(T(2.2)

= min w(2,2)|F(T(2,2)) = w(,3) [F(T(2,3)) = 4[F(3) = 4]0

=0 (So set DP(2) = {3})

FQ1) = mrelgr(l)w(l, x)|F(T(1,z))

= xggré}w(l ) [F(T(1, 7))

= min {w(1,2)| F(T(1,2),w(1,3)| F(T(1,3))}
min {2| F(2),3|F(3)}
= min {2(0, 3|0}
= min {0,0}
0 (So set D®) (1) = {2,3})

Repeating this exercise once more shows that F' cannot be improved, so
we stop. The conclusion is that

F=F = f(1)= f(2) = £(3) = F(4) = 0, £(5) = o (10.241)

Our next task is to find an optimal solution to the problem and an optimal
policy, keeping in mind that as the process is cyclic, the optimal policy would
not necessarily be Markovian.

So, we check the optimal decision for the initial state s; = o = 1 at the
last iteration of the procedure.

Since D) (1) = {2,3} the choice is between 2 and 3. So let 2; = 2, and
therefore so = T(s1,x1) = 1 = 2. Since D@ (2) = {3} we set x5 = 3
and s3 = T(sy,29) = x = 3. Since D (3) = {4} we set 23 = 4 and
sy = T(s3,23) = x3 = 4. Since D@ (4) = {2} we set 24, = 2 and s5 =
T(S4,LIT4) = X4 = 2.
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We are thus in a cycle, and must therefore select optimal decisions from
the sets DM (s) generated in the first iteration of the procedure, starting
with s = s5 = 2.

Since DM (2) = {3} we set x5 = 3 and sg = T'(s5,75) = 5 = 3. Since
DW(3) = {4} we set x5 = 4 and s; = T(s6,26) = x6 = 4. Since DV (4) =
{5} we set 7 =5 and sg = T'(s7,27) = z7 = 5.

Having reached a terminal state we stop. The optimal path we recovered
is then (1,2,3,4,2,3,4,5). There are of course infinitely many other optimal
solutions.

Note that all the optimal solutions are cyclic and non-Markovian. However,
the model can be modified by incorporating a counter in the state variable —
operating like a stage variable — that would stipulate the number of state-
transitions that have been carried out. In such a model the optimal policies
will be Markovian with respect to the expanded state variable. Still, these
solutions will not be stationary. Indeed, the multistage model will require a
stopping rule to terminate the process. The forward Push method discussed
in Chapter 15 is particularly suitable for problems of this kind.

Remark:

Note that anticipating a cyclic optimal path, the solution procedure was
slightly modified, using D®)(s) rather than D°(s) to record the optimal
solutions to the dynamic programming functional equation. O

The next example features an infeasible problem, namely a problem with
no feasible solutions.

10.6 Example

Consider the shortest path problem depicted in Figure 10.5. The goal is
to find a path from state (node) 1 to state (node) 5 where the length of a
path is the length of the longest arc on the path.

2 0
&t -0
5| s
RO
Figure 10.5: An infeasible acyclic problem

It is clear, by inspection, that the problem has no feasible solution because
node 5 cannot be reached from node 1. The objective of the exercise is to
illustrate that dynamic programming algorithms can handle such cases.
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So, set

S=D={1,2,3,4,5}; S ={1,2,3,4} ; S" = {5}
D(1) ={2};D(2) = {3}; D(3) = {1}; D(4) = {2,31; D(5) = &

T(s,z) ==z
o=1
and
g(s1,x1,20,...,2k) = lrélgéck{w(sn,xn)} (10.242)
= w(s1,z1)[w(se, z2)[ - [w(sk, xk) (10.243)

where w(i,j) denote the length of arc (i,j) and [ denotes the binary max
operation. Also, let opt = max and set ¢(5) = —oo (the identity element of

[)-
Now, because @ = [ violates the Big M convention, the definition of | has
to be modified slightly so that the x convention is used as follows:

alb = {max{a’ b bEx (10.244)

* , b=x

That is, * denotes infeasibility.

Thus, should the result be f(1) = x, the conclusion would be that node 5
cannot be reached from node 1.

This does not affect the operation of opt = max, namely max{*,a} = a
for any a € R. The functional equation is as follows:

f(s) = max w(s,z)[f(zx), s€{1,2,3,4} (10.245)
z€D(s)
with f(5) = —o0.
We are ready now to initiate the successive approximation procedure, so
we begin with the following initial approximation for f:

F(s) =%, Vse€ S’ ={1,2,3,4} (10.246)
with F(5) = g(5) = —o0.

This initial approximation indicates that state 5 leads to state 5 in 0 state
transitions. To obtain the next approximation we now solve

F(s) = xrengé)w(s,a:) [F(T(s,x)), s€{1,2,3,4} (10.247)
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So, doing our x calculus carefully we obtain
F(4) = 4,2)[F(T(4,
(4) glgggl)w( z)[F(T(4,z))

B xe%a?},{s} Wb @) BTG 2)

— max {w(4, 2)[F(T(4,2)), w(4, 3)[F(T(4,3)), w(4, 5)[F(T(4,5))}
=min {0[F(2),5[F(3),1[F(5)}
= max {0[F(2),5[F(3),1[F(5)}
= max {0[*, 5[, 1[—o0}
= max {x,*,1 } =1 (So set D°(4) = {5})
F) = myx w(3,0) [F(T3.2)

= ;Iel{aﬁ w(3,z)[F(T(3,z))

=w(3,1)[F(T(3,1)) = 3[F(1)
= % (So set D° &)

(3) =
F(2) = max w(2,2)[F(T(2,))
[

zeD(2)

= fé??ﬁw(z ) [F(T(2,2)) = w(2,3)[F(T(2,3)) = 4[F(3) = 4

= (So set D°(2) = @)

FQ1) = Zglg(x w(l,z)[F(T(1,x))
—ggwﬂwﬁY( ) = w(1,2)[F(T(1,2)) = 2[+

* (So set D°(1) = @)

This completes the first approximation. Since this approximation is clearly
different from the initial approximation, we proceed to the second iteration.

F(4) = ) w(4,z)[F(T (4, 7))

= max w(4,z)[F(T(4,x))

ze{2,3,5}
max {w(4,2)[F(T(4,2)),w(4,3)[F(T(4,3)),w(4,5)[F(T(4,5))}
= max {0[F(2),5[F(3),1[F(5)}
=max {0[F(2),5[F(3),1[F(5)}
= max {0[*,5[*,1[—o0}
= max {x,*,1 } =1 (So set D°(4) = {5})
F(3) = mglgé) w(3,z)[F(T(3,x))
= ig?ﬁ w(3,z)[F(T(3,x)) =3[F(1) = 3[*

= % (So set D?)(3) = @)
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F(2) = i 2 F(T(2
(2) xggg)w( ;2) [F(T(2, )

= mrggl} w(2, m) (F(T(Q, w))

=w(2,3)[F(T(2,3))

— A[F(3)

= 4[x

=% (So set D°(2) = @)
FQ1) = mlélg()i) w(l,z)[F(T(1,z))

= max w(1,2)[F(T(1,7)

=w(1,2)[F(T(1,2))
=2[x
= (So set D°(2) = @)

As the approximation remains unchanged, we stop. And since F(1) = x
we conclude that the problem has no feasible solution. O

Next on the agenda is a slightly more complex model where the process
can be terminated in spite of its states being non-terminal.

10.6.1 Stopping Rules

To terminate the process at a s € S such that D(s) is not empty, we need
a means to halt it at this state. The following model is designed with this
requirement in mind.

Definition 10.6.1 A SEQUENTIAL DECISION MODEL WITH STOPPING
STATES is a collection (S, D, T,o,q,S") where:

- (S,D,T) is a state transition model.

- 0 is an element of S.

- g is a real-valued function on S and on {o} x X(o).
- 8" is a subset of S’.

The state o is understood to be the INITIAL STATE of the process, and the
states in S” are called STOPPING STATES. At these states terminating the
process is permitted. Recall that S’ is the subset of S consisting of states at
which D(s) is not empty.

So when a state s € S is reached there are two alternatives: we can either
terminate the process at this state, or we can select a decision d € D(s) and
let the process continue.

The definition of X (s) must be adjusted accordingly. For s € S”" we have

X(s) ={@}|J{(z,2) : v € D(s),z € X(T(s,))} (10.248)



Refinements 243

Insofar as the modified problems are concerned, the situation is as follows.
If s ¢ S™, then the situation is simple, namely if s € S’ then the process
must continue, whereas if s € S” the process must terminate. If s € S"
then the situation is more complicated:

- At state s € S'\S"".
At this state the decision making process must continue. Hence, the
modified problem is as follows:

Problem P(s): se€ S\S":

f(s)= opt g(s,x) (10.249)
x€X(s)
If the objective function is separable and the composition function is
Weak-Markovian, it would follow that

f(s) = opt p(s,z, f(T(s,))) (10.250)
s€D(s)
This is the familiar dynamic programming equation obtained for situ-
ations devoid of stopping states.

- At state s € S'NS".
Formally, the decision-making situation at such a state can be described
as follows:

Problem P(s): s S"\S":

stop continue
(10.251)

f(S)rZOPt{g(S), opt g(s,x)

x€X(s)
That is, if a non-terminal stopping state is reached, either the process
stops, in which case the cost/benefit incurred/gained is g(s). Or, the
process continues, in which case the idea is to obtain the best out of the

remaining part of the process, by optimizing g(s,x) with respect to x
over X (s).

The following result is then a consequence of incorporating stopping states
in the sequential decision model.

Theorem 10.6.1 Consider a sequential decision model with stopping states.
If the objective function is separable and Weak-Markovian then

9(3) , seS”
opt p(S,l’, f(T(s,aj))) , s€ S/\S///
U R (10.252)

opt {g(s) , opt p(s,x,f(T(s,a:)))} , sesS'ns"”

z€D(s)
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PROOF. In the first case s is a terminal state. The process therefore ter-
minates at this state, hence by definition f(s) = g(s).

The second case follows, as usual, from the Weak-Markovian condition: s
is non-terminal and a non-stopping state. So here we must select a decision
from D(s). Hence f(s) = p(s,z, f(T(s,x))) for some x € D(s). The best
decision is that which optimizes the conditional problem at (s,x).

Lastly, if s is a non-terminal stopping state, we either stop and take the
reward g(s), or we continue and select the next decision in the usual fashion.
The idea is to select the best out of these two options. O

The following example illustrates a simple application of a dynamic pro-
gramming model with stopping states.

10.6.2 Example

Consider the problem depicted in Figure 10.6 and the following story be-
hind it. Traversing the directed arcs of the graph, and starting at node 1,
when a new node is reached, the reward gained is the amount (Australian
$) listed above the node. If an arc is traversed, the penalty incurred is the
amount (Australian $) shown on the arc. The process can terminate at any
node other than node 1. What tour maximizes the total net reward?

/@\——;@3
OGN OGNNSO

RO
Figure 10.6: A simple acyclic sequential decision problem with stopping

states

Consider the following model:

S=D=1{1,2,3,4,5,6,7}

D(l) = {273}7 D(2) = {475}7 D(3) = {47 6}7 D(4) = {576}
D(5) = D(6) = {7}, D(7) = & — §" = {7}

T(s,x) ==z
o=1;8"=1{1,2,3,4,5,6} ; S” ={2,3,4,5,6,7}
k
g(s, 21,2, .. z) = Y _ [b(an) — c(sn, 7)) (10.253)
n=1
where s1 = 8, 8541 = T(Sn,2n),n = 1,2,...,k and g(s) = 0,s € S”, where

b(j) denotes the reward at node j and c(i, j) denotes the cost of traversing
arc (4,7).
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Since all states except s = 1 are stopping states, the dynamic programming
functional equation is as follows:

0 , §s=7

F(s) = 4 g ble) = els,2) + f(2)} L s=1

max {0, max [b(x) — c(s,z) + f(x)]} , s=1{1,2,3,4,5,6}
z€D(s)

(10.254)

As the model is acyclic, this functional equation can be solved for s =
1,2,3,4,5,6,7 — in reverse order — using the direct method. So, let us do
it in an orderly fashion.

Remark:

The symbol ! will denote the decision to stop (at a non-terminal stopping
state). Should this be an optimal decision, it will be included in the set of
optimal decisions D°(s) pertaining to that state.

- s = 7: This is a terminal, non-stopping state. So, we stop. Hence, f(7) =
9(7) = 0.
- s = 6: This is a non-terminal stopping state. Hence,

£(6) = max {o, max {b(z) — c(6,z) + f(a:)}}

z€D(6)
= max {0, max {b(z) — ¢(6,x) + f(:r)}}

ze{7}
=max {0,b(7) — ¢(6,7) + f(7)} = max{0,3 — 3 + 0} = max{0,0}
= 0 (we can either stop here, or go to 7, D°(6) = {!,7})

- s = 5: This is a non-terminal stopping state. Hence,

£(5) = max{O, max {b(z) — c(5,z) + f(:n)}}

zeD(5)

= max {O,;Iel{a% {b(z) — ¢(5,2) + f(a:)}}
=max{0,b(7) —¢(5,7) + f(7)} = max{0,3 —4+ 0} = max{0,—1}

= 0 (we stop here, set D°(6) = {!})

- s = 4: This is a non-terminal stopping state. Hence,

£(4) = max {o, max [b(z) — (4, ) + f(a;)]}

zeD(4)

~ [0, e B0) —e(4.2) + £}

ze{5,6}



246 Dynamic Programming

= max {0, max{b(5) — c¢(4,5) + f(5),b(6) — c(4,6) + f(6)}}
=max{0,4-3+0,2 -4+ 0} = max{0,1, -2}
=1 (we go to 5, set D°(4) = {5})

- s = 3: This is a non-terminal stopping state. Hence,

£(3) = max{O, max [b(z) — ¢(3,z) + f(:z:)]}

2eD(3)
= max {O, xgi,}é} [b(z) —c(3,x) + f(x)]}
= max {0, max{b(4) — ¢(3,4) + f(4),b(6) — ¢(3,6) + f(6)}}
=max{0,3—-5+1,2—-10+0} = max{0,—1, -8}
= 0 (we stop here, set D°(4) = {!})
- s = 2: This is a non-terminal stopping state. Hence,

£(2) = maX{O, max [b(z) — c(2,2) + f(:z:)]}

zeD(2)
= max {0, xIerﬁ,}é} [b(x) — c(2,2) + f(x)]}
= max {0, max{b(4) — ¢(2,4) + f(4),b(5) — ¢(2,5) + f(5)}}
=max{0,3—1+1,4— 12+ 0} = max{0,3,—8}
=3 (we go to 4, D°(2) = {4})

- s = 1: This is a non-terminal non-stopping state. Hence,

f(1) = max [b(z) - c(2,2) + f(z)]

zeD(1)

= xgﬁ,};} [b(x) — c(2,2) + f(=)]

=max{2—-2+3,6 -3+ 0} = max{3,3}
=3 (we go to 3, D°(2) = {2,3})
The recovery procedure generates two optimal paths, namely (1,3)
and (1,2,4,5) both yielding AUD$3.
The first runs from node 1 to node 3 then stops, the other leads to node
2, then node 4, then node 5 and then stops. O

Note that in certain cases the complication in (10.252) due to the existence
of stopping states can be ignored. For instance, if opt = max, g(s) = 0,Vs ¢
S’ and p(s,x,a) > 0 for all relevant values of s,z and a, then (10.252) yields

9(s) . seS”
I =\ max ps.z, f(T(s,2))) . s¢ 5" (10.255)
z€D(s)

Next on the agenda is the most famous instance of the sequential decision
model discussed above.
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10.7 Shortest Path Model

My account of the sequential decision model has made it clear that dy-
namic programming’s formulation of certain optimization problems intu-
itively extends into a graphic representation. One can hardly imagine there-
fore a problem better suited for dynamic programming than the classic dis-
crete optimization problem: the shortest path problem.

Clearly, this problem most naturally lends itself to dynamic programming
as the task set by it is to identify the shortest path between two given vertices
of a directed graph.

To be able to state the shortest path problem in terms of the sequential
decision model the latter must have the following ingredients:

- A finite state space, S.

- The set of decisions associated with state s, denoted D(s), must be a
subset of S (allowed to be empty).

- A transition function T of this form: T'(s,z) = x.
- An initial state o € S.
- A destination state § € S.

As we have already seen, in this case D(s) denotes the set of immediate
successors of node s.

Insofar as the objective function is concerned, often, but not always, g will
admit of the following representation:

9(s1, 21,22, .., xk) = w(s1, 1) Dw(xy, x2) ® -+ Dw(ag_1,zr)  (10.256)

where w is a real-valued function on S x S, and & is a binary composition
operator.

In this case w(i, j) will be viewed as the length of arc(i,j) and the value
yielded by g(x1,x2,...,2k) as the ‘length’ of the path (z1,z2,...,z). The
objective will be to find the shortest or longest path from the initial state o
to the destination node §.

To ensure that the optimal path (x1,x9,...,2x) indeed reaches the desti-
nation state §, the requirement is that x; = §. Hence, the generic shortest
path problem would be formulated as follows:

min {w(o, 1) ® w1, 22) & w(we,23) & -+ S w(wp—1,2)}  (10.257)

L1y, T
Tp =35 (10.258)
T; € D(:Ej_l) ,j1=2,3,...,k (10.259)
Observe that placing k& below min is a gentle reminder that the value of

k is not fixed in advance so that strictly speaking it should be regarded a
decision vartable in this context.
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It should also be noted that a slightly different formulation, where the
state variable is stated explicitly is also an option namely:

H%in {w(s1,x1) ®w(se,z2) - D w(sk,xk)} (10.260)
T4y,
z;€D(s;), j=1,23,... .k (10.261)
sisi=a;, j=1,2,3,... .k (10.262)
kel = & (10.263)
s1=0 (10.264)

This formulation makes explicit that this is a sequential decision model
whose state transition function is of the form 7'(s,z) = x. In this formulation
sj represents the “current node” and x; represents the “current decision”
which is .. .the next node to be visited.

As for representing the shortest path problem in terms of a graph, the
ingredients of a typical shortest path model are:

- A directed graph.

- The lengths of the arcs of the graph.

- A path-length composition operator.

- A node of origin.

- A destination node.

- The relevant instance of opt (max or min).

Hence, stated formally:

Definition 10.7.1 A SHORTEST PATH MODEL is a sequential decision model
with stopping states, (S, D, T,o,q,S""), possessing the following properties:

- The state space, S, and the decision space D are finite.
- The transition function has the form T'(s,x) = x,s € S,z € D(s).

- The set of stopping states, S", is a singleton, S" = {8}. We refer to §
as the destination state.

The problem posed by this model is then this: find the shortest path from
the initial state o to the destination state .

If the objective function is of the form given by (10.256), and the de-
composition operator is Weak-Markovian, then the dynamic programming
functional equation associated with this model is as follows:

f(s)= opt {w(s,z)® f(z)}, s € S\{s} (10.265)

z€D(s)

£(3) = Rg (10.266)
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where Rg denotes the right identity element of @ and f(s) denotes the length
of the shortest path from the origin node o to node s.

This model is a simplified version of the generic sequential decision model.
In both cases the basic characteristic is: a transition function of the form
T(s,x) = x.

Remark:

The structure of the transition function 7' excludes situations where the
graph depicting the shortest path model has multiple arcs between a pair of
nodes. But this is no more than a simple modeling technicality that can be
easily dealt with. There are two ways to handle such cases.

- Ignore (delete) inferior arcs.

- Use dummy nodes and arcs.

Consider for instance the situation shown in Figure 10.7 observing that
there are two arcs from node 6 to node 7. One is of length 2 and one is of
length 3.

POty OF
o
N0

Figure 10.7: Illegal multiple arcs between a pair of nodes

If opt = min and the objective function is additive, then clearly the shorter
arc is superior. Therefore, the situation would be dealt with by ignoring the
arc from node 6 to node 7 whose length is equal to 3.

Alternatively, a dummy node and a dummy arc can be incorporated as
shown in Figure 10.8. The length of the dummy arc must not affect the
length of a path containing it. If the objective function is of the type given
by (10.256), then we can set the length of the dummy arc to the identity
element of @. For instance, if @ = + then the length of this arc can be set

POty OF
@ ﬂ ?@
C?FIO—>@2->(8)

Figure 10.8: Using a dummy node and a dummy arc

Note that since the shortest path model allows cycles, there is no conflict
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A0

o ke p
e

Figure 10.9: Legal multiple arcs between a pair of nodes

between a directed (i, 7) arc and a direct (j,7) arc. For instance, the example
shown in Figure 10.9 is not problematic. O

The purpose of the next example is to show how successive approximation
methods identify an unbounded shortest path problem.

10.7.1 Example

Consider the shortest path problem depicted in Figure 10.10 observing
that it is an acyclic problem and that arc(4,2) has a negative length. Now,
suppose that the goal is to find the shortest path from node 1 to node 5 and
the objective function is additive, namely the length of a path is equal to
the sum of the arcs’ lengths on the path.

By inspection it is clear that there is no optimal solution in this case: for
any path of a finite length there is a path (via a cycle through nodes (4, 2, 3))
that is shorter.

Figure 10.10: An unbounded cyclic shortest path problem

Let us ascertain that the conventional successive approximation method
is indeed capable of identifying this fact.
So, in the accepted fashion we start with the initial approximation

F(s)=00, s=1,2,3,4 (10.267)

and F(5) =
We then set F' = F and solve the following functional equation until a
fixed point is attained:

F(s)= xéﬂé&){w(s yx) | F(x)}, s={1,2,3,4} (10.268)
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where F'(s) is an approximation of f(s) = length of shortest path from node
s to node 5. Clearly f(5) =0 so we also set F'(5) = 0.

We then solve this equation in reverse order, starting with s = 4. The first
iteration yields

and then

F4)=-2, F3)=1, F(2)=3, F(1) =4
and then

F4)=-3, F(3)=0, F(2) =2, F(1) =3
and then

F4)=—4, F@3)=—1, F(2)=1, F(1) =2

As the iterations go through only 4 states, and no fixed point is attained
after 6 iterations, we conclude that the process is cyclic and that the length
of the cycle is —1. This means that were the procedure to continue, the value
of F(1) would decrease by 1 unit in each iteration. The implication is then
that the objective function is unbounded (below) so that there is no optimal
solution. g

You will recall that comparing in Section 3.2 Problem P to Problem P(s),
I noted that the merit of the latter is in the extremely accommodating frame-
work that it provides for problem formulation. Similar remarks apply to the
shortest path model. Although it is starkly simple, the shortest path model
furnishes an extremely flexible framework for problem formulation. Its great-
est asset is in the state space S — and therefore the decision space D — being
abstract objects namely, devoid of any structure, content, and meaning.

This means that we can read any content or meaning into the states and
decisions of the shortest path model, to thereby assign them any role or

function we want them to have. The limit is ... in our imagination.
Thus, in this discussion, the terms “shortest path model” and “shortest
path problem” are metaphors. They can — and usually do — represent

situations that have nothing to do with “real” shortest path models and
problems.
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Figure 10.11: Mystery shortest path problem

10.7.2 Example

Consider the shortest path model shown in Figure 10.11. To avoid clutter-
ing the figure, the lengths of the arcs are not displayed. Regard them as an
arbitrary collection of non-negative numbers, and assume that the objective
function is as shown in (10.256), with @ = +, 0 = 0 and § = 15.

The question is then this: what is the mystery problem behind this model?

It turns out that this model represents an extremely large class of prob-
lems, in fact, all the combinatorial problems whose decision space consists of
all the (24) permutations of four distinct objects and whose objective func-
tions have certain separability properties. The 16 nodes comprise the state
space of such problems.

To highlight this fact, the same state transition model, is depicted in Figure
10.12. In this case, however, the nodes have more informative labels.

So, for example, the path (0,3,34,134,1234) represents the permutation
(3,4,1,2) of (1,2,3,4) whereas the path (0,2,23,123,1234) represents the
permutation (2,3,1,4) of (1,2,3,4). There are 4! = 24 such permutations
(paths) and they are represented by 2* = 16 states.

Perhaps the most famous of these problems is the Assignment problem.
Its generic form is as follows:

k
min > t(z;, 5) (10.269)
1yeesTh ]:1
{z1,..., 2} =K :={1,2,3,...,k} (10.270)

The story behind it is the following: Given k jobs and k& machines, the
idea is to assign machines to jobs — one machine per job. The time it takes
machine m to process job j is given by ¢t(m, 7). The goal is to find a machine



Refinements 253

Figure 10.12: Mystery shortest path problem

assignment that minimizes the total jobs processing time. Note that in the
above formulation the decision variable is defined as follows:

x; = machine assigned to process job j € {1,2,...,k}

A feasible solution (z1,...,xy) is then a permutation of the & machines.
For example, for k = 4, the solution x = (2, 3,4, 1) means: assign machine 2
to job 2, machine 3 to job 2, machine 4 to job 3 and machine 1 to job 4.

To determine the set of possible values of x;, the values of z1,x2,...,2j-1),
or more precisely the set consisting of these values, must be known. This will
prevent assigning the same machine to more than one job.

So let the state variable s be a subset of K, representing the machines yet
to be assigned. For instance, s = {2,4,7,9} represents a situation where 4
machines, namely 1,4,7, and 9, are yet to be assigned. This means that the
state space S is the power set of I, namely it is the set of all the subsets of
IC, recalling that there are 2¥ such subsets.

The set of feasible decisions pertaining to state s can therefore be set as
follows:

D(s)=s (10.271)

This means that D(@) = @ and therefore § = & is a terminal state, where
@ denotes the empty set. Clearly, 0 = K = {1,2,...,k} is the initial state.
Note that the transition function and the reward functions are as follows:

T(s,z) =s\{z}, x€s (10.272)
w(s,x) =tz k—|s|+1), 0<|s| <k (10.273)
In short, the Assignment Problem can be viewed as a sequential decision

problem that seeks the shortest path from the initial state ¢ = K to the
terminal state § = @.
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The dynamic programming functional equation associated with this model
is therefore as follows:

fls) =min{t (z.k —|s[+ 1) + f(s\{z})} , sC K5 # 2 (10.274)

with f(@) = 0.

The difference between the outright shortest path formulation and the
more detailed sequential decision formulation of this problem comes down
to a mere relabeling of the state and decision variables. This relabeling is
however edifying in that it infuses these objects with greater meaning. How-
ever, from a purely mathematical point of view these two formulations are
equivalent

Also note that many other generic problems can be represented by the
same shortest path model. They all share the same state transition model
that essentially enumerates, in a dynamic programming fashion, all permu-
tations of k distinct items. For instance, the above problem is equivalent to
the problem discussed in Section 8.3.2. O

The conclusion to be drawn from all this is that, one of the implications of
the discussion in Section 3.2 is that any combinatorial optimization problem
can be formulated as a shortest path problem. Of course, this does not mean
that this model would always be the right modeling framework for specific
combinatorial optimization problems. Much less does it imply that dynamic
programming provides an easy remedy for the solution of all combinatorial
optimization problems.

For, as the discussion in Chapter 8 has shown, the exceedingly large state
space required by dynamic programming models of certain combinatorial
problems triggers the Curse of Dimensionality. Add to this that in the case
of the Assignment Problem we have |S| = 2¥ and no more need be said!

Still, this general conclusion about the shortest path model and the se-
quential decision model is important, highlighting as it does, that despite
their lean structures, the two models provide potent, universal, modeling
paradigms.

10.7.3 Multistage vs Sequential Models

It is often the case that the same problem admits of various dynamic
programming formulations. The implication is that the choice between the
multistage decision model discussed in Chapters 3 and 4/ and the sequential
decision model examined in this section is essentially a matter of convenience.
There are no strict rules and regulations in this matter. The bottom line is
that one chooses the model that best suits one’s needs.

In particular, one model would be best for teaching purposes, another
model for computational purposes.

The following example illustrates how the same problem can be given two
distinct dynamic programming formulations: a multistage formulation and
a sequential decision formulation.
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10.7.4 Example

Consider again the classic (unbounded) knapsack problem that we exam-
ined in Chapter 5, namely

k
max chajn (10.275)
1yeeesLh —
k
> anwn <b (10.276)
n=1
2n€10,1,2,3,...} , n=1,23,....k (10.277)

where {a;} and b are positive integers and {c;} are positive real numbers.
If the multistage model is used, the formulation of the modified problems
would be as follows:

k

fu(s) = max > emam, n=12,... .k s=012,...,b (10.278)
K

>t < s (10.279)

Tm €40,1,2,3,...} , m=n,n+1,...,k (10.280)

So, the resulting dynamic programming equation would be

fu(s):= max {zcy, + fori1(s —zan)} , n=1,2,...k (10.281)
x Integer
0<za,<s
for s =0,1,2,...,b with f,11(s) =0,Vs.
That is, in this case

S =1{0,1,2,3,...,b} (10.282)
D(n,s) = {0, 1,2,..., Lﬂ} (10.283)
T(n,s,x) =s— xay (10.284)

and the decision variables are interpreted as follows:
Ty = number of items of type n selected, n=1,2,...,k

The task set by this problem can be described by the following narrative.
Given a number of piles (k), such that each contains (infinitely) many iden-
tical items of a certain type, proceed from the first pile to the last, selecting
items from the piles so as to maximize the total value of the items selected,
subject to an upper bound (b) on the total weight of the items selected.
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If a sequential decision model is used, the problem would be formulated
so that the modified problems would be defined as follows:

M

f(s) = max ;cxn . 5=0,1,2,...,b (10.285)
M

> a., <s (10.286)
n=1

zn €{1,2,...,k} (10.287)

observing that the decision variables are interpreted as follows:

M : = Total number of items selected
Ty = type of the n-th item selected, n =1,2,..., M.

For instance, the sequence of decisions x = (4,4,1,3,4,2,1,3,2,1) indi-
cates that the first item selected is of type 4, the second is of type 4, the
third is of type 1, the fourth is of type 3, and so on.

We would then set

S =4{0,1,2,3,...,b} (10.288)
D(s)={j:a;<s,j=12,...,k} (10.289)
T(s,z) =5—ag (10.290)
o="b (10.291)
Observe that the set of terminal states is
S":={0,1,2,...,a" — 1} (10.292)
where ¢* := min{ay, ..., a;}.

The dynamic programming functional equation for this model would then
be as follows:
f(s)= max {cz+ f(s—ay)} , s=a",...,0 (10.293)
ze{l,....k}

a,<s
with f(s) =0,s < a*.
So which model is “better”?

The answer of course is: ... it all depends! O

The evidence seems to be that a preference is shown, especially by dynamic
programming novices, for the sequential decision model. This, no doubt, is
due to the fact that the sequential model directly lends itself to a graphic
representation of the problem under consideration. It is important to note
therefore that multistage models can equally be depicted graphically. All one
needs to do is to to this end is to display the multistage decision model on a
“grid” using one axes to represent the stages and the other to represent the
states. This would be particularly appropriate for cases where the states are
scalars and the state space is finite.
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10.8 The Art of Dynamic Programming Modeling

As demonstrated by our discussion thus far, dynamic programming enables
considerable flexibility in the formulation of models. I examine this aspect of
dynamic programming from various angles in the remaining part of the book.
Still, in anticipation of what is in store, I am going to conclude this chapter
with a terse illustration of dynamic programming’s powers as a modeling
tool by showing the alternatives it offers for the formulation of the following
two variants of the conventional knapsack problem:

= Constrained Knapsack Problem

> Constrained Knapsack Problem

(mlvnka

k
Z CL]'.Z']' =b
j=1

x>0

k
max) E Cj.Z'j
j=1

(-’Eh“"xk

k
Z CLjJZj 2 b
j=1

x>0

k
min ) E Cjﬂ?j
j=1

where as accepted, {a;} and b are positive integers and {c;} are positive real
numbers.
Just in case, note that:

- In the = constrained version, the resource constraint is an equality
constraint.

- In the > constrained version, the resource constraint is a greater than
or equal to constraint, and opt = min.

Over the years I have seen numerous undergraduate and graduate students
struggle to work out dynamic programming formulations for these problems
even though they managed quite easily to formulate correct dynamic pro-
gramming models for the conventional version of the problem.

Why modeling these two versions proves more challenging than modeling
the conventional version of the problem is an interesting question!

In the next chapter I address questions such as this in my discussion on
modeling in dynamic programming style.

All I want to illustrate at this stage is that even slightly different versions
of the same problem can give rise to significantly different mathematical
formulations. And that dynamic programming has the capabilities to meet
the specific demands of different versions of the same problem by supplying
the appropriate means of formulation.

10.8.1 Example

Consider the following two slightly modified versions of the standard (un-
bounded) knapsack problem examined above.
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- Version 2
Items can be selected from any pile, provided that if an item is selected
from pile m, at least one item must be selected from pile 1,2,...,m — 1.
- Version &

Items can be selected from at most m piles, 1 < m < k, recalling that k
denotes the number of available piles.

Dynamic programming offers a number of formulations for these two prob-
lems. Out of these I am suggesting the following, where Version I gives the
formulation of the standard version of the problem.

Version 1 Version 2 Version 3
k m
max Zcm- max ch' max Zc-w'
(@1,mi) =7 1<m<k 4= 7 Jck L=
=1 (@1,eesm) I=1 |J[<m J€J
xjvjej
k m
Zajxjgb Zajxjgb Zajxjgb
j=1 j=1 jed
zjel,jek r;elt j=1,2,...,m rjelt,jeld

where I = {0,1,2,... },IT ={1,2,3,... }, K ={1,2,...,k}.

Note that in Version 2, m is a decision variable whereas in Version 3 it is
a given integer. The set J in Version 3 is a decision variable specifying the
subset of piles from which items are selected.

I should add that other branches of optimization of course offer other
valid formulations for these versions of the knapsack problem. And what
is more, I do not contend that the above formulation are superior. Indeed,
I suspect that my Integer Programming colleagues would argue that the
following formulation of Version & is far more “natural” and attractive:

k
max chxj (10.294)
(xlv"'vxk) j=1
k
> ajr; <b (10.295)
j=1
k
dyi<m (10.296)
j=1
T < ./\/lyj 5 j =K (10.297)
y; €{0,1}, jek (10.298)
zjel,jek (10.299)

where M denotes a very large number.

I would counter though that those who are not Integer Programming ex-
perts, may not find this formulation so “natural”. In fact, they would have
to be instructed that:
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- The binary decision variable y; indicates whether items are selected from
pile j, that is, (y; = 1 means “yes”; y; = 0 means “no”.

- Constraint (10.298) guarantees that items are selected from no more than
m piles.

- The constraint x; < My; ensures that z; = 0 if y; = 0.

- Because M is very large, this constraint is superfluous if y; = 1.

Of course, my Integer Programming colleagues may also argue that this
formulation has the advantage of being a “standard” linear integer program-
ming formulation and thus easily solved with linear integer programming
software (provided that k and b are not exceedingly large). ..

Be that as it may, my intention was not to compare dynamic program-
ming’s capabilities to those of other optimization methods. My intention was
to preview my forthcoming illustrations of dynamic programming’s versatil-
ity by hinting at its handling of different versions of the knapsack problem.

10.9 Summary

With the introduction of the Weak-Markovian Condition, the systematiz-
ing of the concept of decomposition scheme, and the formulation of the
sequential decision model, the stage is set for a discussion of the larger ques-
tions of dynamic programming, foremost of which is problem modeling and
formulation.

My main thrust in exploring this question will be to show that modeling
a problem in dynamic programming style boils down to:

- An imaginative phrasing of the problem’s components; and
- A clever manipulation of the problem’s structural features.

I shall illustrate this point in the next chapter where my focus will be on
the modeling of the state variable. Modeling and formulation will also be
illustrated in Chapter 1/ where I discuss “forward” dynamic programming
models and in Chapter 15 in my examination of Dijkstra’s Algorithm for the
shortest path problem.

10.10 Bibliographic Notes

My approach to the sufficient conditions that underwrite the validity of
dynamic programming’s functional equation differs from the prevailing ap-
proach.
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The conventional view is that the equation’s validity is assured by the
monotonicity conditions described in Section 10.1.3, e.g. Mitten [1964],
Nemhauser [1966], Denardo and Mitten [1967], Karp and Held [1967],
Yakowitz [1969], Ibaraki [1972], Iwamoto [1992, 1993a, 1993b, 1994a],
Maruyama [1997, 1999a, 2003a, 2008], Morin [1982].

In contrast, on my approach the Markovian property is the foundational
feature that assures the validity of the functional equation of dynamic pro-
gramming. In this framework the traditional monotonicity condition is a
sufficient condition for the Markovian property to hold. I look at this issue
more closely in Chapter 13.

For a more detailed account on the solution of dynamic programming
functional equations stemming from shortest path type problems, I refer the
reader to Dreyfus [1969], Lawler [1976], White [1978], and Denardo [1982,
2003].
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11.1 Introduction

Formulating an optimization problem in dynamic programming style is
considered by many to be an art. Roughly, what seems to be suggested by
this characterization is that when using dynamic programming, one cannot
rest assured that a meticulous execution of a given set of moves is certain
to produce a sound dynamic programming model and consequently a valid
dynamic programming functional equation.

More often than not, particularly in the case of intricate problems, the
most crucial steps in the formulation process are those where one needs to
decide what role to assign the problem’s components in the model. To be
precise, where one has to establish what are the state space, decision space,
transition function, objective function etc., for the problem concerned; and
more importantly, where one has to determine how to express these objects
mathematically. In many cases, making these judgments is not a matter
of correctly deducing them from antecedent moves. Rather, it is a matter
of using to good effect one’s imagination, experience, intuition, even one’s
common sense.

In short, setting out a sound dynamic programming model leading to a
valid functional equation depends, in large part, on one’s ability to be cre-
ative and imaginative as a mathematical modeler.

Having said all that, the question obviously arises whether any constructive
instruction can be given on the subject of modeling and formulation at all. If
personal input indeed has such weight, what concrete advice can be offered
in the first place?

However valid such an objection may appear at first, the fact is that a fair
amount of guidance can be given on this matter. For one thing, it is possible
to bring to the fore those elements of a dynamic programming model that
are central in the formulation process. Also, it is possible to illustrate how
one might approach the modeling aspects of dynamic programming. To this
end I concentrate in this chapter on the state variable.

My primary aim is to underscore the essential role that the state plays in
the formulation of a dynamic programming model. That is, I want to show
what course one can pursue in order to determine what the state is in the
context of a problem, and to demonstrate how one would proceed to frame
it mathematically.

11.2 Preliminary Analysis

Let us begin then by quickly reminding ourselves where we stand. You will
recall that in Chapter 4 I outlined a prototype dynamic programming model
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for optimization problems that are subsumed by the following general type:

Problem P: p:= opt q(z), X C fi X, (11.1)
reX n=1

I showed that, subject to a technical regularity condition, any optimization
problem of this type can be stated in terms of a dynamic programming model
and I described the essential ingredients comprising such a model.

Methodologically then, I made clear what kind of model one would need
to construct for a given instance of Problem P. However, I did not go into
the specifics of what steps would have to be taken in order to bring a given
instance of Problem P to such a formulation. To avoid discussing things in
the abstract, let us examine how this question applies to a given case.

Consider then the following instance of Problem P:

2

k k
pi= ( max b (zy) + Zan(ajn) (11.2)
Tlo®h) 21 n=1
{z1,29, ... 21} ={1,2,...,k} (11.3)
k
ch(azn) <r,r>0 (11.4)
n=1
where k is a given positive integer, and {a,}, {b,} and {c,} are given real-
valued functions on {1,2,...,k}. Formally we can set
Xp:={1,2,....k}, 1<n<k (11.5)
and
k k 2
q(z1,...,z8) = Z by (zy) + Z an(:vn)] (11.6)
n=1 n=1

and let X be the subset of {1,2,...,k}* defined by (11.3)-(11.4).

Being clear on the general profile of a dynamic programming model, the
question is then: how would one go about giving this specific problem a
dynamic programming formulation?

My thesis is that the pivotal move in this effort is to establish what the
state variable is and to give it a definite mathematical phrasing. Once the
state has been decided upon and its mathematical form worked out, all the
other elements of the model seem to fall into place almost automatically. My
main thrust in this chapter will be then to outline a way for identifying the
state variable and formulating it.

It is important to note, though, that by this I do not suggest that this
“search tactic” is, or should be made, an integral part of every dynamic
programming investigation. Obviously, my aim here is to describe an aide,
an auxiliary device, on which one would be able to fall back, should such a
need arise.
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I shall first outline in broad terms the strategy that I propose to follow in
this endeavor and shall then proceed to give it a more careful mathematical
treatment.

11.2.1 General Outline of Strategy

13

Recall that the state was characterized in Chapters 3 and 4 as the “in-
formation store” of the multistage decision model. It was described as that
particular component in the model that, at each stage of the process, con-
tains information that is required for determining the optimal values of the
remaining decisions.

This being so, it only makes sense that if our objective is to track down
the state and determine its structure, that we work our way back from a set
of conditional problems of the form:

p(al, x5, ...,z ) = (mmaug(c )q(m’{,x%, R AN R 8 (11.7)
myeey bk

(1,25, Ty 1, Ty T) € X (11.8)

where z7,23,...,2)_, are given values of the first (n-1)st decision variables.
Thus, treating the conditioning sequence (z7,...,z}_;) as a starting point,
we would ask:

What information about the sequence (x7,...,x)_;) is relevant for
determining the optimal solutions to the conditional problem specified
by (11.7)-(11.8) ?

Clearly implicit in this question is the suggestion that not all the informa-
tion contained in the sequence (z7,...,x}_;) has a bearing on the optimiza-
tion of the problem induced by it.

Indeed, as we shall progressively see, only certain elements of it are impor-
tant for this purpose. The basic thesis of the proposed strategy is then that
extracting from this sequence that vital kernel of information should give us
the keys to the state’s makeup.

To be able to treat this question formally, let 7(z7,..., 2} _;) denote the
information about the sequence (x7,...,z_;) that is needed in order to
solve the problem specified by (11.7)-(11.8). The objective would then be to
attempt to decipher the structure of the function 7, by seeking to identify
that vital core in (z7,...,z}_;) that it supplies.

Now, it seems rather obvious that the way to go about it is to seek to
associate this information with the source from which it is likely to emanate.

And here, there are only two objects which can constitute this source.
These are:

- The solution set X.
- The objective function q.

The aim would be then to attempt to find out in what way, if any, do the
solution set and the objective function affect the function 7.
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11.2.2 The Impact of the Solution Set on the State

Again, the obvious thing to do to work out an answer to this question is
to examine what role might each of the constraints imposed on the solution
set X have in this matter. The point here is, of course, that the constraints
are critical in determining the nature of an optimal solution.

Now, when we talk of constraints in this context we need to distinguish
between two types, LOCAL and GLOBAL.

To explain what is meant by this consider the case where the solution set
is defined as follows:

k
X:{(xl,...,xk):zgcngr,ngn,1§n§k},r20 (11.9)
n=1
Here X is subject to two types of constraints, namely
0<an,1<n<k (11.10)

and

k
d an < (11.11)
n=1

Constraints of the type specified by (11.10) are called local whereas con-
straints of the type specified by (11.11) are termed global. A constraint is
understood to be local if it affects only one component of the entire sequence
of decisions (z1,..., k).

For example, the requirement “0 < x5” is local because it applies only to
the second component of x. The same is true of the constraint

2, €{0,1} ,1<n<k (11.12)

which in effect consists of k independent local constraints. The following is
a list of typical local constraints:

)

n < Tp <b,, 1<n<k (11.13)
zn €{n,n+1,...,k}, 1<n<k (11.14)
2n €{0,1}, 1<n <k (11.15)
2n €10,1,2,3,...}, 1<n<k (11.16)

In contrast, a global constraint involves two or more components of the se-
quence y € X. Thus, (11.11) is a typical global constraint because it imposes
a relationship between the components of y.

The following are typical global constraints:

(o1, epy ={1,2,3,... k) (11.17)
v <ag<w3 <<y (11.18)
k
> bpa, < v (11.19)
n=1

) > X7 (11.20)
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Now, considering these fundamental differences between local and global
constraints, one’s immediate hunch would be that

GLOBAL constraints affect the VERY STRUCTURE of the state variable
whereas LOCAL constraints affect only its FEASIBLE VALUES.

Hence, by investigating the effect that the global constraint might have on
the state variable we should be able to unravel the basic structure of this
variable, and by examining that of the local constraint we should be able to
pin down the feasible values that the state can take. By “structure” I mean
whether the state is a numeric scalar, a numeric vector, a function, a set,
and so on.

Let us consider a concrete example. Suppose that the solution set X is
subject to the global constraint (11.11). In line with our statement of the
conditional problem in (11.7), we would stipulate a feasible sequence of de-
cisions (1, ...,Tg).

Next, we would decompose the global constraint in question into two parts,
one corresponding to the sequence (z1,...,2,—1), and the other to the se-
quence (Zp,...,x), for some arbitrary 1 < n < k. Our object would be to
formulate the constraint imposed on (zy, ..., z)) in terms of the conditioning
sequence (z1,...,%,—1). And so, we decompose (11.11) as follows:

n—1 k
dap Y wy < (11.21)
7j=1 j=n

or equivalently as follows:

k n—1
dmp<r—) (11.22)
j=n 7j=1

In either case the constraint imposed on (z,...,z;) can be narrowed
down to two scalars, namely r and E;”:_ll xj. Thus, assuming that the value
of r is known, it follows that all that need be known about the sequence
(z1,...,op—1) in order to determine whether or not (z,,...,xy) satisfies
(11.21)-(11.22) is the value of the scalar Z;L:_ll xj. Insofar as the global con-
straint (11.11) is concerned, (x1,...,2,—1) is equivalent to (z},...,z,_4)
if

regardless of the equivalence (or lack thereof) of the individual elements, x;
and zf, i = 1,2,...,n — 1. The upshot of all this is that the state variable
would, in this case, be either:

n—1
Sni= xj, 1<n<k+1 (11.24)
7j=1
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where, s1 := 0; or,

n—1
Sni=r—Y x;, 1<n<k+1 (11.25)
j=1

where s; = .
Note that the right-hand side of (11.22) is uniquely determined by s,, and
r, that is, (11.22)-(11.24) yield

k
> zi<r—s, (11.26)
j=n

whereas (11.25), together with (11.22), yield

k
Za:j < Sp (11.27)
j=n

In summary then, the state variable induced by the global constraint
(11.11) is a scalar whose value is equal to the sum of the elements of the
conditioning sequence (xi,...,Z,—1), or to r minus this sum. The choice
between (11.24) and (11.25) is essentially a matter of style and convenience.

Having established that, let us now examine how a typical local constraint
would influence the state variable deriving from (11.11). Consider then the
local constraints z,, > 0,1 < n < k defined in (11.10). The point to note here
is that, as things stand, the state variable induced by the global constraint
(11.11) is unbounded, that is, —oo < s, < oo, irrespective of whether s,
is determined by (11.24) or by (11.25). The state space would therefore be
S = R, where R denotes the real line.

However, by imposing the local constraints z,, > 0, 1 < n < k, the state
variable becomes bounded by 0 and r, namely 0 < s,, < r, in which case
S = [0,7]. In sum, the local constraints delimit the range of feasible values
that the state can take, but they have no affect on the basic definition of
the state given by (11.24)-(11.25), which was induced entirely by the global
constraint (11.11).

As can be gathered from the preceding discussion, each global constraint
of Problem P induces a component in the state variable of the dynamic
programming model representing this problem. Thus, in general, if there are
M global constraints, the state variable would have at least M components.

The following example features a typical problem with two global con-
straints. The state variable of its dynamic programming model thus consists
of two components.

11.2.3 Example

Consider the following problem. This is the classic knapsack problem ex-
cept that in this case an additional global constraint is imposed.
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k
w” = max chxn (11.28)
R
k
> apzn < a (11.29)
n=1
k
> bpan <8 (11.30)
n=1
z, €{0,1,2,...}, Vne K:={1,2,...,k} (11.31)

where all the coefficient are positive integers. Let X denote the set of all the
feasible solutions to this problem.

The conventional dynamic programming model for this problem would be
based on state variables of the form

n—1 n—1
S 1= a_zajxj,ﬁ—ijg;j ,n=2...k+1 (11.32)
j=1 j=1

with s; := («, #). The transition function would therefore be defined thus
T(n,u,v) = (u—apTy , v—>byxy) , n € K:={1,...,k} (11.33)
and the sets of feasible decisions would be defined as follows:

D(n,u,v) :={0,1,...,R(n,u,v)} , ne KL:={1,...,k} (11.34)

where

R(n,u,v) := min { {%J , {%J } (11.35)

Given this, the functional equation for the problem would be of this form:

frnlu,v) = %?X ){cnxn + for1(u — apey, v — byxy)} (11.36)
€D (Nn,u,v

for n € K, with fri1(u,v) := 0,Vu,v. The object of interest here is the value

of fi(a, ).

This functional equation would have to be solved for all n € K and all
the feasible values of the pair (u,v). So let UV (j) denotes the set of all the
feasible values of the (u,v) pairs at stage j, namely set

UV(n) :={(u,v) :ueU(n),veVinu},6 nek (11.37)
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where
n—1
Un) = a— Zajznj xeXyp ,nek (11.38)
j=1
n—1 n—1
Vn,u) =4 06— ijxj T — Zajxj =u, x€X (11.39)
j=1 j=1
forn € K,u € U(n). O

11.2.4 The Impact of the Objective Function

Consider the case where the objective function of Problem P has the fol-
lowing form:

k k
q(x1,...,x8) == Z Ty + H b (11.40)
n=1 n=1

where {a,} and {b,} are given numeric constants.
Given a partial feasible solution, say (z7,...,z}_;), the conditional prob-
lem can be rewritten as follows:

k k
p(zi,...,z;_1):= opt {Z anTn + H bnazn} (11.41)
n=1 n=1

(@ sh)

rj=x;,1<j<n-1 (11.42)

(], @y, Ty ey g) € X (11.43)
Because the sequence (z7,...,z}_;) is treated as a known object, we in-

corporate (11.42) in the objective function and rewrite (11.41) as follows:
n—1 k
p(z},...,x5_1) = opt Z a;x; + Z a;x;
J=1 j=n

n—1 k
+ [ T ose; | < | T] e (11.44)
7j=1 j=n

subject to (11.43).

As before, the question is: what information about the sequence (z7,...,
x}_4) is required for solving the conditional problem defined by (11.43)-
(11.44)7

And the answer is: since the decisions z7,...,z)_; are viewed as known
objects, it only makes sense to define

n—1
cn::Zaja:;,n:2,3,...,k‘+1 (11.45)
j=1
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and

n—1
dy =[] bj25 . n=2.3,... . k+1 (11.46)
j=1

with ¢; = 0 and dy = 1, thus regarding ¢, and d,, as given parameters. In
this case (11.44) will be rewritten as follows:

k k
p(at, - apoy) = opt Qen+ [ Y azey | +do | [] bses (11.47)
j=n j=n

(mn7~~~7xk)

where ¢, and d,, are the known constants defined above.

Clearly then, whatever effect the conditioning sequence (7, ...,z _;) may
have on the set of optimal solutions to (11.47), to figure out this set only the
scalars ¢, and d,, defined by (11.45)-(11.46) are required.

Thus, following our previous line of reasoning, our first hunch would be
to conclude that the pair (¢, d,) would be stored in the state variable. On
closer scrutiny, however, it turns out that the constant ¢, is not a factor
in determining the set of optimal solutions to (11.47). This is so because
(11.47) is equivalent to

k k
opt Zajxj + | d, H bjx; (11.48)
j=n j=n

(T yees )

in that the respective problems have the same set of optimal solutions.
This means that the only relevant information about (z7,...,z}_;) that
is required for obtaining the optimal solutions of (11.47) is the value of the
scalar d,, defined by (11.46). And therefore the conclusion is that d,, needs
to be incorporated in the state variable s,,.
It is important to note, though, that not all objective functions leave an
imprint on the state variable. For instance, separable additive objective func-

tions of the form

Q($17---7$k) = ZQn(ﬂjn) (1149)

have no effect on it whatsoever. Needless to say, one would not seek to
investigate an objective function of this type with a view to track down the
state.

Having described the main outlines of the approach that I propose for
tracing the state and its structure, I shall now give it a more careful math-
ematical treatment.
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11.3 Mathematically Speaking

Imagine that you have to make a sequence of k decisions, call it x =
(z1,...,7) and that you have already determined the first n — 1 decisions.
This means that you still have to make k£ — n 4+ 1 decisions. The notation
required for this purpose is the following:

k
X C x X, denotes the set of feasible solutions.
i=1

x denotes a complete sequence of decisions.
y denotes the sequence consisting of the first n — 1 elements of x.
z denotes the sequence consisting of the last kK — n + 1 elements of x.
Y (n) denotes the set of all feasible values of (z1,...,zy,).
Z(y) denotes the set of all feasible continuations of y.
K={12,... k}

The picture then is this:

Y z
X = L1y L2y sIp—1 5 TnyTp+1 -3, Lk—1,Tk

In this framework n is a parameter, taking values in IC. We shall use other
indices such as j for this purpose.
Formally, Y; is the projection of X on Xj x --- x X, that is

Yo := {2} (11.50)
and

Y i={(z1,...,25) : (x1,...,21) € X}, 1 <5<k (11.51)
where @ denotes the empty sequence. Similarly, let

Zy)={2:(y,2) € X}, ,yeY;,0<j<k (11.52)
observing that by construction,

Z(@)=Y,=X (11.53)

Our objective is to determine a framework for the identification of a proper
state variable, s,, induced by the sequence y = (z1,...,Tp—1).

With these ingredients in hand, we can now frame the following family of
conditional problems:
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Definition 11.3.1 Problem C(y),y € ¥,,,0 <n <k:

p(y) == opt q(y,2) (11.54)
2€Z(y)

We shall refer to Problem C(y) as the CONDITIONAL PROBLEM AT y. Let

Z*(y) denote the set of optimal solutions to Problem C(y). Note that, by
construction, Problem P is identical to Problem C(2).

We want to identify that core of information about the sequence y =
(z1,...,Tp—1) that is required for determining the optimal solutions to Prob-
lem C(y).

To give this idea a formal statement, let us express the relation between
y and the state deriving from it as follows:

s=1(y) (11.55)

where 7 is assumed to be a function on
Y=J¥, (11.56)

with values in some set whose elements are called states. Set
S:={r(y):yeY} (11.57)
and
Sp={r(y):yeYpa}t, 1<n<k+1 (11.58)

One way of looking at 7 is to see it as a function that gleans from y all
the information required for determining the optimal solutions to Problem
C(y); another is to see it as a function that rids y of all the information
that is irrelevant for this purpose. Whatever the interpretation, s = 7(y) is
understood to be the state induced by a partial solution y € Y to Problem
P.

The aim is then to decipher the makeup of 7. This will be done from the
standpoint that the following relation should hold:

v,y €Yo, 1) =7(y)] = [Z(y) = Z(¢) and Z*(y) = Z*(y)] (11.59)

In words, if two partial solutions y,y’ € Y, generate the same state,
namely, 7(y) = 7(y’), then Problem C(y) and Problem C(y’) must be
equivalent in that both have the same set of feasible solutions, namely
Z(y) = Z(y'), and the same set of optimal solutions, namely Z*(y) = Z*(y’).

The dual role of the function 7, implied by (11.59), suggests that it be
viewed as having the following basic structure:

T(y) = (17(y), 70(y)) (11.60)
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where 7¢(y) reflects the impact of the decision set X and 7,(y) that of the
objective function.

Thus, 7 comprises that element of of the state which ensures that Z(y) =
Z(y'); and 7, complements 74 by consisting of that element of the state which
ensures that Z*(y) = Z*(y'). Obviously, the subscripts f and o associated
with 7 indicate feasibility and optimality, respectively.

The idea would then be to first seek to establish the makeup of 7y and then
that of 7,. To this end we would seek to uncover the information about y that
is needed to figure out the set of feasible solutions to Problem C(y), which
will be stored in 7¢(y), and then the information needed in determining the
set of optimal solutions to this problem, which will be stored in 7,(y).

11.3.1 The Structure of 7

Let us begin then by focusing on the first part of (11.59), namely on

W,y € Yo, 1i(y) = 77 ()] = Z(y) = Z(¥) (11.61)

For our purposes it will be more instructive to restate this condition as
follows:

W,y € Yo, 7 (y) = 77(y)] = [(,2) € X, 2 € Z(y) <=
(v,2) € X,z € Z(y)] (11.62)

This rephrasing very naturally leads us onto the track of seeking to discover
the structure of 74 by decomposing the global constraints imposed on the
elements of X.

As before, each global constraint is decomposed into two components
which correspond to the decomposition scheme = = (y,z), y € Yy, z € Z(y).
Again, the guiding idea is to express the feasible values of z = (2, ..., xk)
in terms of the conditioning sequence y = (z1,...,Zp—1).

To illustrate, consider the case where the solution set X is of the following
form:

X ={(z1,...,2x) : {x1,..., 2} = {1,2,3,... ,k}} (11.63)
Note that by construction X is the set of all the permutations of the
list (1,2,...,k). Since each feasible sequence (z1,...,x) € X consists of k

distinct elements, it follows that

{w1, - wna(Jlon, ) = {12, k) (11.64)
for all (z1,...,2%) € X and 1 < n < k. Therefore,

{Zn, ... ot ={1,2,...,k}\{z1,...,2pn-1} (11.65)
where A\B :={a :a € A, a ¢ B}. Having established this we can now define

Tf(xl,...,xn_l) = {:L'l,...,l'n_l} (1166)
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Clearly then, for y = (z1,...,2,—1) we have

Z(y) ={(xn, .., xp) {zn, .2} ={1,2,3,...,E}\7r(v)} (11.67)

A quick inspection reveals that 7, indeed satisfies the condition stipulated
by (11.61). The implication is therefore that the state variable would be
formulated thus:

Sp=Tf(X1, .., Tn—1) = {T1,. .., Tn1} (11.68)
with s; being the empty set. Or, alternatively, as follows:

sp =71, .. xn—1) ={1,2,.. . kP\{z1,. .. 1} (11.69)
in which case we would set s; = {1,2,...,k}.

Of course, the ultimate test to verify that 7y is properly defined would
involve constructing the sets {D(n, s)} of the dynamic programming model
with the view to ascertain that the set of feasible solutions generated by
these sets is equal to X.

That is, one would seek to ensure that for each pair (n,s) such that 1 <
n < kand s = 7(y), y € Y1, the set D(n,s) indeed consists of all the

feasible values of x,, given y = (x1,...,z,—1). Let us examine then how this
is done for the solution set X specified in (11.63), and the state defined by
(11.68).

The first step is to express a typical element of the set Z(y) in terms of
7¢(y). Thus, we interpret (11.67) as follows: z = (xp,...,zx) € Z(y) can be

any sequence containing k—n+ 1 distinct elements of {1,2,...,k}, provided

that none of these elements is an element of the set 7;(y). As it is clear that

x, can be such an element of {1,2,...,k}, we define
D(s):={1,2,...,k}\s , se S:={r4(y):y € Y} (11.70)

Observe that in this example the state space S is the power set of
{1,2,...,k}, namely the set comprising all the subsets of {1,2,...,k}.

This clear, let us see how the transition function 7" pertaining to the state
variable deriving from 7, can now be easily constructed. To do this note that
(11.66) entails that

TH(T1, s Tt Tn) = {21, -, Tn—1, Tn) (11.71)
={r1,...,xn_1} U{x,}
=7¢(x1,..., 2n—1) U{zp} (11.72)
Therefore,
Sn+1 = Sp U {xn} (11'73)
so that

T(s,x):=sU{x}, se€S,xeD(s) (11.74)
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Note that both D and T are stationary, that is, both are independent of
the stage variable n.

Let us now check whether the set of sequences {(z1,...,x;)} induced by
7¢, D and T is indeed equal to the solution set X defined by (11.63). To this
end let (x1,...,x) be any sequence such that =, € D(s,), where s; is the
empty set and s,4+1 = T'(sp,z,). We need to show that (z1,...,z;) € X.
This can be done quite easily by induction, that is , by showing that for each
m, 1 < n <k, the sequence (z1,...,z,) consists of m distinct elements of
{1,2,...,k}. Conversely, let (x1,...,xx) be any element of the set X. Here
we have to show that x, € D(sy) for all n, 1 < n < k. Observe then that
this follows immediately from the definitions of X, D(s) and T'(s, ).

This exercise confirms the thesis that once the makeup of the state variable
has been worked out, the structures of the model’s remaining components
can be easily determined.

After establishing the structure of the state variable through the analysis
of the global constraints, one would seek to work out the range of feasible
values that the state can take by examining the local constraints.

11.3.2 Example

Consider the case where the set of feasible solutions to Problem P is spec-
ified by the following constraints:

> anwn < (11.75)
>0, 1<n<k (11.76)

where r and {a,} are positive integers.
An analysis of the global constraint would yield a state of the form

n—1
Sp=Tf(X1, . . Tp1) =1 — Z a;x; (11.77)
j=1

whose transition functions is defined thus:
T(n,s,x):=s— apx (11.78)

Now, since the local constraints require the decision variables to be non-
negative, we would set

D(n,s) = [0 , i} (11.79)

an

This in turn yields the following state space

S =1[0,r] (11.80)
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In contrast, suppose that the problem would additionally be subject to
the following local constraints

zn €4{0,1,2,...,7} (11.81)

This will not bring about any change in the definitions of 74, T', and
therefore s,,, but it will yield

D(n,s) == {0, 1,2,..., {iJ} (11.82)
and
S=1{0,1,2,...,r} (11.83)

The point to note here is that in (11.79)-(11.80) we deal with continuous
state and decision spaces, whereas in (11.82)-(11.83) we deal with discrete
ones.

I call attention to this fact because, this is precisely the factor that deter-
mines the solution of the resulting dynamic programming functional equa-
tion. In other words, the questions whether the equation will be tractable
at all, whether its solution will prove challenging or not, and what approach
will be needed in order to solve it will hang on the crucial matter of whether
the decision sets {D(n, s)} are discrete or continuous. O

As a final note, to bear out the claim that, insofar as the optimization of
Problem C'(y) is concerned, the state can be viewed as a distilled version of
the sequence y, let us examine the state space induced by the solution set
X defined by (11.63), namely the set

X ={(z1,...,2x) : {x1,..., 2} ={1,2,... ,k}} (11.84)
Recall that our analysis revealed that in this case we can set
Sn :Tf(azl,...,a;n_l) = {xl,...,xn_l} (11.85)

This means that s, is a set containing (n — 1) distinct elements of
{1,2,...,k}. Hence, the set

Sp=A{r(x1,...,xn-1): (X1,.. ., Tp-1,Tny...,Tx) € X} (11.86)

has

k K
[5a] = <n—1> T Dk — (D) (11.87)

elements.

In comparison, the set Y;,_1; which contains all the conditioning sequences
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that generate the elements of .S,, consists of sequences each of which contains
n — 1 distinct elements of {1,2,...,k}. Hence, Y,,_; has

Voq| = <nfl> X (n—1)! (11.88)

elements.

That is, a single value of s,, represents (n — 1)! distinct elements of Y,,_;.
For example, consider the case where k = 5, n =4 and s,, = {1,2,3}. This
state is produced by six conditioning sequences, namely

v =(1,2,3); y@ = (1,3,2); y® = (2,1,3)

y@ = (2,3,1); y® = (3,1,2); y© =(3,2,1)

This is so because the order in which the elements of y are arranged is
immaterial for determining the feasible values of the remaining decisions.
Clearly, the number of distinct states in this case is significantly smaller
than the number of feasible partial solutions. The conclusion therefore is
that 7y would be fundamentally more effective in this case. Nevertheless,
for large k the state space would still be extremely large. For example, for
k =30 and n = 15 we have

30
|S15| = (15> = 155,117, 520 (11.89)

You will recall that this fact was described in Chapter 8 as the trigger of
the Curse of Dimensionality.

11.3.3 The Structure of 7,

To go back then to where we left off, recall that, s = 7(y) is perceived
as the state induced by a partial solution y € Y to Problem P. Thus, the
relationship between y € Y and the state that it generates is expressed as
follows:

s=T7(y) = (75(y), 7o(y));y €Y (11.90)

In keeping with this understanding of the state, in the previous section the
objective was to identify the structure of 7;. In this section it is to establish
the structure of 7,. Once this is accomplished we will have the complete
structure of the state before us.

Our starting point is then that 7; has been worked out and that the
following relation holds:

(1,y" € Yo, 7o(y) = 70(y)) = Z*(y) = Z*(y') (11.91)

where Z*(y) denotes the set of optimal solutions to Problem C(y).
Thus, our objective is to identify that element in the function 7, that
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induces the above equivalence relation on Y, which entails that the sets of
optimal solutions to Problem C(y) and Problem C(y') are equal if 7,(y) =
To(y').

The line that we pursue here is similar to the one pursued above, except
that now we ask: What information about the conditioning sequence vy is
needed in order to determine the set of optimal solutions to Problem C(y)?
Since this question is asked in a frame of mind that 7; has already been
determined via an investigation of the solution set X, the answer clearly
should be worked out via an analysis of the objective function of Problem
C(y). And so, we now decompose the objective function into two elements,
one affiliated with the partial solutions y € Y and one with their complement
z € Z(y).

To be more specific, let us consider the case where the objective function
is of the following form:

k
q(@1, .. mp) =Y an(an) (11.92)
n=1

where a,, is a real-valued function on X,.
Then the decomposition would simply mean rewriting (11.92) as follows:

n—1 k
gz, we) =Y ag(ay) + > ajz;) (11.93)
j=1 j=n

k n—1
=c+ Zaj(a:j) , ci= Z aj(z;) (11.94)
j=n J=1

The conditional problem at y = (2,...,2],_;) would therefore take the
following form:

p(x{""’x/lfl—l):: Opt q(l‘{,...,l’é_l,l'n,...,xk)
(T yeeesTic)
k n—1
= opt c+2aj(:vj) , c= Zx; (11.95)
(T yeeesTic) i=n j=1
subject to (xn,...,zx) € Z(2,..., 2, _4).
Now, as ¢ is independent of (x,,...,zx), it follows from (11.95) that
k
p(zh,...,z},) =c+ opt Zaj(a:j) (11.96)
(xny"ka)j_n

thereby rendering Z* (2}, ...,z!,_;) independent of c. Formally then, we can

set T,(y) = &, Yy € Y, where @ denotes the empty sequence.
The conclusion to be drawn then is that in this case the structure of the
state variable will be given entirely by 7; so that its formal phrasing will be

Sp=T(x1,...,Tp_1) = Tp(T1, ..., Tp_1) (11.97)
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Put another way, an objective function of the type defined by (11.92) will
have no impact whatsoever on the definition of the state variable.

Indeed, this conclusion can be cast in broader terms to equip us with a
general modeling guideline. To see how it would be arrived at, assume that
we have already identified the structure of 7y and that the objective function
q allows the following representation:

q(x1,... zr) = qi(vi, 21) © qa(v2, 22) @ - B q(vg, ) (11.98)

where @ is a composition operator and v, = 7¢(z1,...,2p-1), 1 <n < k.
Then the conditional problem induced by (z},...,z],_;) would be of the
following form:

opt {QI(Ula 517/1) SO Qn—l(vn—la :E/n—l) D Qn(vm $n) D--- D Qk(vka ;Uk‘)}

(xnv---vxk)

(11.99)
subject to
(@, 1, Ty ey p) € X (11.100)

The point to note, however, is that if @ is Markovian (see Section 10.2),
then by definition, this problem is equivalent to

opt  {gn(vn, 2n) & -+ @ qr(vk, zx)} (11.101)

(T yees )

subject to (11.100), in that both have the same optimal solutions.

The general modeling guideline that can be offered then asserts the fol-
lowing: An objective function admitting a decomposition such as that shown
in (11.98) with & being a Markovian composition operator would have no
bearing on the structure of the state variable. In such cases one would seek
to establish the structure of the state only through an analysis of the con-
straints imposed on Problem P.

It should be pointed out, though, that although this guideline (or a vari-
ant thereof) applies to the overwhelming majority of cases encountered in
dynamic programming, certain important problems clearly violate it. One
is certain to come across problems where the objective function not only
influences the structure of the state variable, but its impact on the state is
a deeply felt one. The following is a case in point.

11.3.4 Example

Consider the problem where the objective function ¢ has this form:

k—1
(@1, k) =Y bp(Tn, Tny1) (11.102)
n=1
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Here we would decompose ¢ as follows:

n—2 k—1

g1, ) = > i@, x41) + a1 (@1, 20) + Y b, w41)
j=1 j=n
(11.103)
k—1
= Cp +bn_1(a;n_1,xn) +ij(a:j,xj+1) (11.104)
j=n
where now
n—2
cn =Y bj(xj,mi41) , n>2 (11.105)
j=1

with ¢; = ¢ = 0.
Thus, the conditional problem at y = (z{,...,z,,_;) would be of the fol-
lowing form:

k—1
pah, .. 2l )= opt S cntbpa(h g zn) + > bi(ws, i)
(xnv"'vxk) j=n
(11.106)
or using (11.105),
k—1
P, 2l ) =cnt  opt bna(@h_g,zn) + > b, i)
(xny"'vxk) ]:TL
(11.107)

Clearly, the value of ¢, is irrelevant for working out the optimal solutions
to this problem. Consequently, (z],...,2,_5) would have no bearing on 7,.
However, the term b,,_1(x},_;, ;) is very much relevant. This means that the
value of z/,_; might be required for finding the optimal solutions to Problem

C(x},...,z),_;). To provide for this we would have to set
To(azl,...,xn_l) = Tn-1 (11.108)

in which case

Sp i =T(T1,. .., Tp_1) (11.109)
= (Tf(l‘la"'al‘n—l)aTo(l‘la--wx'rL—l) (11110)
= (1p(21, -+, Tn—1), Tn—1) (11.111)

Thus, if, for example,

n—1
TH@L, . T) =T — Y@y (11.112)
j=1
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then

n—1
Sp = T—Z.’L’j,xn_l ,Tl:2,...,k (11113)
7=1

For n = 1 we would then set s; = (r,&) where & denotes the empty
sequence.

In brief, stating a problem with an objective function such as the one
defined by (12.73) in terms of a dynamic programming model will generally
cause an expansion of the state variable induced by the solution set X as
defined by 7;. This is so because one will have to incorporate the value of
the decision variable z,_1 which will be required for finding the optimal
solutions of the conditional problem at (z},...,2, ;).

An exception to this will be the case where the state induced by the
solution set X will already contain this information. The repercussions of
an expanded state, as we know, can be severe. It can adversely affect the
computational complexity of the algorithm, to impede in many cases the
solution of the resulting functional equation.

I wish to point out, though, that there are ways to keep the adverse effects
of this type of objective functions at bay. I examine this question in Chapter
12.

At this point I want to look at the more basic question of the position
that ought to be adopted with regard to the state variable, given the state’s
immediate implications for the solution of the functional equation.

It is important to keep in mind that an expanded state variable need
not be treated as though it were an edict from above. Indeed, sometimes
one would have some control over the type of state that eventually would
form part of the dynamic programming model that one would formulate.
This control would be in the type of condition (Markovian or the Weak-
Markovian) one would postulate. Obviously, a state variable forming part of
a dynamic programming model underpinned by the Markovian condition can
be expected to be “larger” than a state variable forming part of a dynamic
programming model underpinned by the Weak-Markovian condition (for the
same problem). Recall that opting for either the Markovian condition or
the Weak-Markovian condition would depend entirely on whether it would
be necessary to recover the entire set of optimal solutions for the problem
considered or, whether recovering an optimal solution would suffice.

And to illustrate, the state variable formulated above forms part of a model
whose underlying condition, that is (11.59), imposes a strong equivalence
relation between Problem C(y) and Problem C(y').

That is, 7(y) = 7,(y’) entails that Problem C(y) and Problem C(y') have
the same set of optimal solutions, thereby assuring the recovery of all the
optimal solutions to the problem in question. Or, to put it more rigorously:

Yo(s) ={yeY,:7(y) =s} (11.114)
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for 1 <n <k,s € Spt1:={7(y) : y € Y, }. Namely, let Y,,(s) denote the
subset of Y, whose elements induce the state s.

Then (11.59), in conjunction with (11.61), ensure that if z* € Z*(y) for
some y € Yy, then z* € Z*(y/), for all ¥/ € Y, (s).

Suppose, however, that the following less stringent condition is postulated:
for any pair (n,s) such that 1 < n < k and s € S,, there exists a z* such
that z* € Z*(y), for all y € Y,,(s).

Then, the resulting dynamic programming model will be Weak-Markovian
(Section 10.2). Mathematically we can express this condition as follows:

(| Z(w)#2 . 1<n<ks€Su (11.115)
YEYn(s)

For example, consider the case where the objective function ¢ is defined thus:

q(z1, ..., 25) = max {gn(zn)} (11.116)

Since max is an associative operation, it follows that

! ! _ ) /- ) )
q(@1, s Ty qs Ty o, Ty) = MAX {15}?2(_1{% (@)}, nngljagk{qg (fvg)}}
(11.117)
e e, s {0501 (11.118)
where
o (o
ci= max {g;(z;)} (11.119)
Therefore
oot ) = f e s o) | (11.120)
n<j<k
=c Lngljagk{qj(a:j)} (11.121)

recalling that a[b := max(a,b).
Now, because finding the optimal solutions to this problem calls for the
value of ¢ to satisfy (11.91), we need to define

To(T1y ety Tpoq) := 1<Ijn<aT)L<_1{qj(xj)} (11.122)

However, since | is monotone non-decreasing with respect to its right ar-
gument, any optimal solution to

(s 11.12
e { e g50) | (11129
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subject to (zp,...,x;) € Z(2},..., 2] _,), will also be optimal for (11.121).
This implies that if we set 7 = 7¢, then for each pair (n,s), there exists a z
such that z € Z*(y), for all y € Y,,(s).

The implication therefore is that the state induced by 7; will not require
an expansion in this case.

To sum up, if the recovery of an optimal solution suffices, one would invoke
the Weak Markovian condition (11.115) rather than (11.91).

11.3.5 Consistency

The state variable must be able to withstand a CONSISTENCY test. Namely,
it is important to make sure that it satisfies the following relation:

v,y € Yo, 7(y) =7(¢)] = 7(y,x) = 7(y/, x) (11.124)

for all z € X,,1; such that (y,x) € Yy11.
Note that because the feasibility condition (11.61)-(11.62) assures that

[y7y, € Ynax € Xn+17T(y) = T(y,)7 (yax) € Yn—i—l] - (y/737) € Yn+1
(11.125)

it follows that postulating (y,z) € Y41 in the context of (11.125) is akin to
postulating (v, z) € Y,,41 and vice versa.

In essence what (11.125) requires is that s,y; be uniquely determined
by the triplet (n, sp, x,), namely that the state variable be Markovian. One
important implication of this requirement of course is that it guarantees that
the transition function is Markovian. That is, it guarantees that a function
T with T'(n,7(y),z) = 7(y’,z) for all y,y € Y,_1, and € X,, such that
7(y) = 7(y') and (y,z) € Y,, exists.

To illustrate this point, suppose that in the context of a certain problem
we define

n—1
T(@1, . tpe) =Y 3y, 1<n<k+1 (11.126)
j=1
Then by definition,
n
(@1, 1) = D@ (11.127)
j=1
n—1
=> xj+, (11.128)
j=1
=7(z1,...,Tn-1) +Tp (11.129)
Thus, the value of 7(x1,...,z,) will be uniquely determined by the values

of 7(z1,...,2p—1) and z,,. Furthermore, (11.129) entails that

Snt1 = T(N, 8n, Tn) 1= sp + T, (11.130)
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The same idea can be expressed by requiring that 7 satisfy the following
recursive relationship:

T(y,z) =T(n,7(y),x) , 1<n<kyeY,1,z€ X,,(y,z) €Y, (11.131)

In words, the next state of the system must derive entirely from the current
stage, current state, and current decision.

11.3.6 Example

Consider the global constraint

<C (11.132)

and suppose that we contemplate using the following state variable to rep-
resent it:

. n=2,...k (11.133)

n—1 n—1
Sp=T(T1,. .., Tp_1) = E a;xj + E bjx;
Jj=1 Jj=1

with s = 7(@) = 0.
This representation is typically inconsistent because in general

A+VB =A"+ VB’ (11.134)
does not imply that
(A+a)+VvB+b=(A"+a)+VB'+b (11.135)

for all @ and b of interest.
For example, consider the instance where A = 3, A’ = 4, B = 25 and
B’ = 16 in which case we have

A+VB =8=A"+ VB’
But for a =1 and b = 11 be have

(A+a)+VvVB+b=03+1)+vV254+11 =4+6=10
(A'+a)+VB'+b=(4+1)+V16+ 11 =5+ V27 # 10

Hence, in general the above representation is inconsistent.
It is easy to verify that the representation defined by

n—1 n—1

Sn=T(@1, . wn1) = | Y agzy, > by | n=2,...,k (11.136)
j=1 j=1
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with s = 7(@) = (0,0), is consistent. In fact, it is easy to see that in this
case

T(n,s,x) = (s(1) +apz , s(2) +byx)) , n=1,2,...,k (11.137)

and

n—1 n—1
7(y,d) = Zajzvj +and , ijznj +bpd ]| , y=(x1,...,2p-1) (11.138)
j=1 j=1

=T(n,7(y),d) , 1<n<kyeY,1,de X, (y,x) €Y, (11.139)

as required by the consistency test. O

In practice, a formal consistency test for a proposed defintion of the state
variable is rarely required because the inconsistency in the state’s formula-
tion would normally be noticed, by inspection, in the construction of the
transition function 7.

All the same, dynamic programming novices may find it useful to put their
formulation of the state variable to a formal consistency test.

The preceding analysis gives the impression that because the constraints
are concerned with feasibility whereas the objective function is concerned
with optimality, a problem’s constraints are treated in a fundamentally dif-
ferent way than its objective function in the construction of the state vari-
able.

The question therefore is: since in both cases the conditional analysis is
designed to decompose the problem, why decompose only the objective func-
tion? Why not decompose the constraints with a decomposition scheme sim-
ilar to that employed to decompose the objective function?

As we shall see, this is indeed a good idea!

Decomposing the constraints with the same basic technique employed to
decompose the objective function will facilitate the construction of 7.

11.4 Decomposition Revisited

The idea is then to approach the conditional analysis that the constraints
and the objective function undergo in the construction of the state as the
basis for unifying their treatment. To this end let us adopt the following
simple convention: a global constraint is a real-valued function of the decision
variables.

Let us now examine the consequences of this simple proposition.

To do this let us formulate a “semi-formal” model. That is, let us assume
that there are k decision variables. So, a feasible solution to our problem is
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a sequence X = (z1,...,x)) that is a member in some set X that is a subset
of X' := DF, where D denotes the decision space of the problem.

In this framework the feasibility issue is viewed as a membership issue:
x € X. So, if we have m constraints, we can let X denote the subset of
X' pertaining to the j-th constraint, in which case we would have

X=[]x9 (11.140)
j=1

namely, for x € X’ to be feasible, it must satisfy all the constraints — that
is, m constraints.

Hence, focusing on the role of the global constraints we can thereby focus
on the implication of the requirement x € X@) where j corresponds to the
global constraint under consideration.

However, it proves far more convenient, indeed more effective, to translate
the set theoretic representation x € X0 of a constraint into an equivalent
functional representation using the characteristic function of X ). Formally,
such a function is defined as follows:

| )
cO) =L XGX(.) (11.141)
0, x¢ XU

So formally C'9) is a real-valued function on X’ with values in {0,1}. By
construction, C'¥)(x) = 1 if and only if x satisfies the j-th constraint under
consideration.

Note that in this setting, an x is feasible if and only if it mazimizes C'9) (x)
over X’ for all j = 1,2,...,m. The implication is clear then: the decom-
position of global constraints is similar to the decomposition of objective
functions.

Now, since our aim is to consider a single global constraint at a time, it
would be convenient to drop the superscript j so that the global constraint
would be represented by a characteristic function C' on X’. So let,

Cx) =4t xeX o ex (11.142)
0, x¢X

Also, it would be natural to view C as a generalization of standard con-
straints used in optimization theory and mathematical programming, for
instance, ¢(x) < b, or ¢(x) > b, or ¢(x) = b where b is a given numeric scalar
and c is a real valued function on X’.

Such a generalization regards <, > and = as specific instances of a binary
relation ¢ on some abstract set so that the constraint is expressed as follows:

c(x)oy, xe X’ (11.143)

That is, x € X’ is feasible — with respect to the constraint under consid-
eration — if and only if ¢(x) o .
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Formally, the relationship between the real-valued function ¢ and the char-
acteristic function C' can be expressed as follows:

Cx)=¢(c(x) , xe X' (11.144)

where ¢ is a function on X’ with values in some set I and £ is the function
on I' with values in {0,1} defined as follows:

{(y)=vov",vel (11.145)

For example, consider the global constraint
k
> apr, < A (11.146)
n=1

where all the parameters are positive integers and X’ = R’i.

To formulate this constraint in the framework of the {(c¢(x)) format, the
left hand side of the constraint is treated as a function on Rﬁ and £ as an
indicator function.

In short, in this case we can set

k
c(xy,..., o) = Zanxn (11.147)
n=1
o=< (11.148)
I =R, (11.149)
V= A (11.150)
I, v<A
- 7 €ER 11.151
£() {0 oA TERe ( )

It should be appreciated that the highly abstract nature of the c¢(x) ¢ v*
format, hence the C'(x) = {(c(x)) format, renders it an extremely powerful
modeling tool.

11.4.1 Example

Consider the generic constraint

{z1,29,23,..., 208} =K :={1,2,3,...,k} (11.152)
which requires x to be a permutation of (1,2,3,...,k).

We can formally set

X' ={1,2,...,k}* (11.153)
k

c(ar, .. x) = | {5} (11.154)
j=1

o == (11.155)

I = ok (11.156)

v =K (11.157)
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where 2% denotes the power set of I and = denotes the equality relation:
AoB=1iff A=B,else Ao B=0.

Consequently,

fle(x)) =c(x) oK, xe X’ (11.158)

k
= | Ul | o {123, Kk} (11.159)

j=1
= {21, ..., axt 0 {1,2,3,... .k} (11.160)
_ 1 , xisa ?ermutation of (1,2,...,k) (11.161)

0 , otherwise

For instance, for £k = 5 we have K = {1,2,3,4,5} so for x = (1,3,2,1,3)
we have

€(e(1,3,2,1,3)) =¢(1,3,2,1,3) o K (11.162)
={1}u{3tu{2} u{1}U{3}¢{1,2,3,... k} (11.163)
={1,2,3} o {1,2,3,... ,k} (11.164)
=0 (11.165)

On the other hand, for x = (1,3,2,5,4) we have
£(e(1,3,2,5,4)) = c(1,3,2,5,4) o K (11.166)
={1}u{3tu{2} u{s}u{4}«{1,2,3,4,5} (11.167)
={1,2,3,5,4} ©{1,2,3,4,5} (11.168)
=1 (11.169)

I note in passing that this global constraint figures prominently in many
area of combinatorial optimization. ]

This clear, let us begin the investigation of how the structure of the state
variable is induced by global constraints of the form C(x) = £(¢(x)) with
the simple case where ¢ can be represented by a binary scheme, namely

c(x1,...,xk) =v(l,21) Bv(2,22) D - Dv(k,x) (11.170)

where @ is a binary operation and v is a real-valued function on K x D. In
this case function c is said to be separable.
Now suppose that & is associative, namely

(adb)®c=ad (bdc) (11.171)

This dispenses with the parenthesis on the right hand side of (11.170) thus
freeing the order of execution of this composite structure.
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All we need to know about (z1,...,z,),n < k, in order to evaluate
c(xy,...,xk) is the value of
on =v(l,z1) B Bo(n,x,) (11.172)

namely, by construction
c(xy,...,zk) =0, ®@v(n+ L, 2p41) D - Dv(lk,zr), 1<n<k  (11.173)

This means that in such a case o, would be the state representing
(z1,...,2y), namely using our standard notation the state variable induced
by this scheme is s, = 0,,—1. More explicitly, we can let

Spi=v(l,z1)®--Dv(n—Lxp_1), n=2,....,k+1 (11.174)

with s; := Lg, where Lg denotes the left identity element of .
Thus, in the case of (11.146) we have

® =+ (11.175)
v(j,zj) =ajz;, j=1,2,... .k (11.176)
n—1
sn:Zaj:Ej,n:2,3,...,k‘+1 (11.177)
j=1

with s; = 0, and in the case of (11.152) we can let

®=U (11.178)
v(j,zj) ={x;}, j=1,2,...,k (11.179)
n—1
sn=J{z;} , n=23.. k+1 (11.180)
j=1
with s; = @.

If & is not associative, the function would still be separable but its evalua-
tion — hence decomposition — would depend on the pattern of parentheses
used in the evaluation of the right hand side of (11.170).

If the order of execution would be from left to right, then the above analysis
would still be valid. However, if the evaluation would be carried out from
right to left then the above scheme would not work. The point is that for the
function 7 discussed in §11.3.1 to be consistent we must be able to express
T¢(T1,. .., Tpq1) in terms of 7¢(xq, ..., 2y).

11.4.2 Example

Consider the following exotic global constraint:

log (a1 4 byz1 + log (ag + baxe + log (- - - + log (a + brxg)) -+ )) < A
(11.181)
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If we let
a® B = o+ log(B) (11.182)

then the constraint can be rewritten as follows:

v(l,:nl)(@v(lxg)(@---%v(k’,xk) <A (11.183)
where
v(n,zy) :=an +bpry, , n=1,...,k (11.184)

and @ indicates that the expression is evaluated from right to left.
Thus, we can let © =< and set

o(x) = v(1,21) Bo(2,22)® - - - Dok, zp) (11.185)

But ..., although c is separable

Sp = v(l,:nl)(@ e <6_9v(n - 2,:1,'”_2)(6_91)(11 —1l,zp-1), n=2,...,k (11.186)
= v(l,:nl)(@ < B <v(n - 2,xn_2)§v(n - l,xn_1)> ) (11.187)

is not a sound state variable in this case because this scheme does not satisfy
the consistency requirement. To see that this is so, note that by construction

i1 = 0(L,z1)® - Do(n — 2,25 2)Bv(n — Lay_1)Bo(n,z,)  (11.188)

b -
=v(l,z )§ ( - ® (v(n - 2,mn_2)§ (v(n - 173%—1)(@1)(71,3:”))) )
(11.189)

e _ . .
hence, if @ is not associative then, s,11 cannot, in general, be obtained from
Sy, and x,,.

To see this more clearly, set & = 3, in which case we have

So = 10g(a1 + b1z1) (11.190)
S3 = log(a1 + b1z + log(a2 + bQI'Q)) (11.191)
S4 = log(a1 + b1z + log(a2 + baxg + log(ag + b31‘3))) (11.192)

Clearly, generally, s4 cannot be expressed in terms of s3 and x3 nor can s3
be expressed in terms of so and xs.

Note, however, that if the decision variables are renamed so that x| be-
comes xj, xh becomes i1 and so on, the constraint can be rewritten as
follows:

log (a}, + byx}, +log (aj_1 + bj_12h_y +1og (--- +log (af + b)) ---))
<A (11.193)



The State 291
then this would be a valid scheme, namely we would have
/

S =0 (n,2)®s), , n=1,....k (11.194)

observing that

st = log(a} + byz)) (11.195)
sy = log(ay + bz + log(a) + by x))) = log(ah + bhah + s5) (11.196)
sy = log(al + by + log(ah + byah + log(a) + bix)))) (11.197)

= log (a3 + byxs + s5) (11.198)

and if we set s} = 0 then we would also have s, = v/(1,2}) % 5.

It is important to ensure that this type of variable renaming does not
affect adversely the problem’s other constructs, for instance other global
constraints and the objective function.

We shall encounter similar situations in subsequent sections of this chapter
and in Chapter 14 in the discussion on forward decomposition schemes. [

11.5 Infeasible States and Decisions

The explicit identification of feasible states and feasible decisions, as well
as the construction of the sets of feasible states and feasible decisions, can
often prove a difficult task.

To set the scene for a discussion on this matter, recall that in the context
of the multistage decision model, D(n, s) denotes the set of feasible decisions
at stage n when the process is at state s and S,, denotes the set of states that
are feasible at stage n. Furthermore, the assumption is that each modified
problem has at least one feasible solution, namely X (n, s) # &.

It follows then that the feasible states and decisions are required to satisfy
two basic inter-related conditions

- Any state s € S,, must be reachable from the initial state via (n — 1)
feasible transitions.

- From any state s € S, it is possible to reach the final stage via N —n+1
feasible transitions.

What difficulties can be encountered then in view of these conditions?

Although in many problems both conditions can be easily handled, this
is not always the case. For example, there are cases where coping with the
second condition is as difficult as solving the problem itself.

The accepted practice therefore is to “violate” these conditions and admit
(provisionally) states and decisions that are infeasible. The dynamic pro-
gramming functional equation is adjusted accordingly to accommodate the



292 Dynamic Programming

incorporation of infeasible states and decisions in the analysis. Provisions
are made to insure that these infeasible states and decisions do not affect
the optimality of the solutions generated by the functional equation.

The upshot of this is that often the state space used in the solution of the
dynamic programing functional equation is much larger than the state space
required by the dynamic programming model. So it is important to strike a
proper balance between two — often contradicting — objectives:

- Keeping the state space as small as possible so as to minimize the number
of modified problems.

- Facilitating an efficient generation of the state space.

It is important to note that lurking behind this practical technical matter
is the more basic methodological issue: how does dynamic programming deal
with cases where the problem under consideration does not have a feasible
solution?

The following examples illustrate some of the technical issues associated
with this practical aspect of dynamic programming.

11.5.1 Example

Consider the following knapsack problem

k
Z" = x{na{%k;cnmn (11.199)
k
> anw, = A (11.200)
n=1
2p€{0,1,2,... ;n=1,....k (11.201)

where all the parameters are positive integers. Note that the global constraint
(11.200) is an equality constraint.
Now, suppose that, as before, we formulate the state variable as follows:

n—1
sni= A=Y ajzj, n=2,3... k+1 (11.202)
j=1

with s; := A and S :={0,1,2,..., A} so that
T(n,s,z):=s—apx, 1<n<k,seS zecD(n,s) (11.203)

Our task is to determine the sets {D(n,s)} for all relevant stage-state
pairs. But this is no easy matter because, given that the global constraint is
an equality constraint, the final state s;11 must be equal to 0.

So, the question is what decisions are admissible in the set D(n,s) for
n < k7?7 As a matter of fact, an even more serious question arises here: how
do we know that the problem is feasible? Strictly speaking we do not!
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There are a number of tactics to deal with this difficulty. Of these the
most commonly used is a penalty scheme aimed to ensure that an infeasible
decision will occur in the optimal solution if and only if there are no feasible
solutions to the problem. This approach allows a measure of freedom in the
definition of D(n, s).

For example, in our case we may set:

D(n,s):z{O,l,Z...,LliJ} 1<n<ksecS (11.204)
n
But, strictly speaking this is incorrect.

For instance, this construction accepts the trivial solution x = (0,0, ...,0)
in spite of the fact that this solution is infeasible if A > 0.

So to overcome this irritant, we can introduce a penalty at the final stage
of the process, n = k + 1, namely we let

0 , s=0
W(s) = { ° (11.205)
-0 , §>0
and re-write the objective function as follows:
k
9(81,21,%2, ..., Tk) = Z ey + W(ska1) (11.206)
n=1

The functional equation would then be as follows:

fn(s) = EIIDIE(iX ){xcn + fat1(s —xan)}, n=1,2,...,k (11.207)
with fri1(s) := W(s),s € S.

If we obtain f1(A) = —oo, the conclusion is that the problem is not feasible.
Otherwise, the problem is feasible and f1(A4) = 2*.

Alternatively, the above definition of D(n, s) is maintained for 1 < n < k,
with the following modification for n = k:

D(N, s) := C LikJ#a_i (11.208)

) =

Note that if s is a multiple of a; then D(k,s) is a singleton, namely
D(k,s) = {s/ay}, whereas if s is not a multiple of ay then D(k,s) = @.
In this case we invoke the convention that maximization over an empty

set yields the value —oo. So again, if we obtain fi(A) = —oo, the conclusion
is that the problem is not feasible. Otherwise, the problem is feasible and
fl (A) = z*. O

The next example illustrates the difficulties arising in the pre-configuration
of the sets of feasible states pertaining to the stages of the process.



294 Dynamic Programming

11.5.2 Example

Consider the instance of the knapsack problem featured in the previous
example where the global equality constraint is as follows:

120321 + 4087z + 508623 + 904524 + 805625 = 50000 (11.209)

Formally we can set S; = {50000} and compute S, for n = 2,3,4,5
according to this formula

Spt1 ={T(n,s,z):s € Sp,x € D(n,s)} (11.210)
={s—uzay:s€ Sy, x € D(n,s)} (11.211)

However, as explained above, it is no easy matter to pre-configure the
sets D(n, s) for the relevant stage-state pairs. Furthermore, even if the ploy
discussed above is used to overcome this difficulty, we may still be reluctant
to eliminate all the infeasible states because the computational resources
required in this effort can be considerable.

So, an easy way out of this predicament would be to let S = {0,1,
2,...,50000} and approximate S, by S for all n > 1. This, no doubt is
wasteful, but in the case of small scale problems this easy-way-out can be
justified. In situations where this slack approach cannot be contemplated, the
strategy one can adopt is to generate the sets S, in an impromptu manner,
while the functional equation is being solved.

Such a method — called Push — is discussed in Chapter 15. The discussion
in Chapter 1/ is also relevant to this case. O

In the next section I examine the construction of the state variable from
a more general perspective. My aim is to outline a coordinated treatment of
the objective function and each of the global constraints.

11.6 State Aggregation

There are problems where two or more global constraints generate the
same state variable. In such cases the state variables can be aggregated into
a single state.

Obviously, this can have a dramatically positive effect on the structure of
the dynamic programming model and its functional equation.

11.6.1 Example: Modified Knapsack Problem

Consider the following familiar (unbounded) knapsack problem:

k

z = m?,la,};k Z; Cjj (11'212)
]:
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k

> ajr; <b (11.213)
j=1
2;€4{0,1,2,...}, Vj € K:={1,2,...,k} (11.214)

where all the coefficient are positive integers.
The single global constraint can be handled by the following simple state
variable

sj::b—]z_famxm,jzl...,k—i-l (11.215)
m=1
with s; = b.
The other elements of the dynamic programming model are as follows:
S={0,1,2,...,b} (11.216)
D(n,s) = {0, 1,2,..., {%J} (11.217)
T(n,s,z)=s—za, (11.218)

Alternatively, if we use state variables of the form
j—1
$j =D UmTm , j=2,....k+1 (11.219)
m=1

with s; = 0, then the other elements of the model will be as follows:

S =1{0,1,2,...,b} (11.220)

D(n,s) = {0, 1,2,..., V) — SJ } (11.221)
an

T(n,s,z)=s+ za, (11.222)

To all intents and purposes these two formulations are equivalent meaning
that it makes no difference which one will be used.

Suppose, however, that in addition, the following constraints are imposed
on this classic problem:

T Sﬁl (11.223)
T1+T2 <[ps (11.224)
T1+T2 + T3 <p3 (11.225)
T1+2T2 + T3+2x4 <B4 (11.226)
r1+xo + x34+Ts + - +xp <Ok (11.227)

where 341 > 65,7 =1,2,... k= 1.



296 Dynamic Programming

Observe that the first constraint is local, but the other k£ — 1 are global.
The implication is clear: additional k — 1 state variables will have to be
incorporated in the model. The complete state variable would thus be as
follows:

S5 1= (8j(1),8j(2),... ,Sj(k)) N j = 2,3,... ,k—|— 1 (11228)
where
j—1
$i1) i =b—> anTm , j=2,....k+1 (11.229)
m=1
and
j—1
$i(@):=Bi— D m, J=23,.. ki =2,k (11.230)
m=1

with s1(1) = b and s1(i) = 8,1 = 2,3, ..., k.

Obviously, this is not a very attractive proposition. So consider instead
the much simpler state variable, namely s; = (s;(1),s;(2)), where s;(1) is
given by (11.228) and

7—1
$i(2) =Y Tm, j=2,... .k (11.231)
m=1

with s1(2) = 0.

This state variable can handle all the additional k — 1 global variables, as
Bi — sj(2) provides all we need to know about the range of feasible values of
x; dictated by the above constraints, namely

z; € {0, 1,2,... ,min{ {%J B — sj(z)}} (11.232)

This means that we can use a model based on the state variable

j—1 j—1
55 1= (Z U 5 Y xm) L ji=2,....k (11.233)
m=1 m=1

with s; = (0,0), in which case the other elements of the dynamic program-
ming model would be as follows:

D(n,s) = {0, 1,2,..., { V)_as(l)J B — 3(2)}} (11.234)
T(n,s,2) = (s(1) + zan , $(2) —:a:) (11.235)

Clearly, this is a far more attractive model. O

The following example is somewhat more intricate.
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11.6.2 Example: Modified Knapsack Problem

Consider the following (unbounded) knapsack problem featured in the pre-
vious example, namely

k
= max Yo, (11.236)
1yeesTh ]:1
k
> ajr; <b (11.237)
j=1
z;€{0,1,2,...}, Vi e K:={1,2,... Kk} (11.238)

where all the coefficient are positive integers.
Now, suppose that this problem is additionally made subject to the fol-
lowing k constraints

r1+rotastay 4 - +rp <
To+a3+Ts + - FT) <2
T3+xs + -y <P

o+ Fap <P

T <G (11.243)

observing that the first £ — 1 constraints are global and the last constraint
is a simple local constraint imposing an upper bound on xzy.

Since the decision variables are required to be non-negative, we can as-
sume, with no loss of generality, that 3; > B;41 for all j = 1,...,k — 1.
If this is not so, then some of the constraints are superfluous and can be
ignored.

In any case, this system of constraints can be represented far more suc-
cinctly as follows:

k
Y am<B,jek (11.244)
m=j

Since the first £ — 1 constraints are global in nature, each will require a
component in the state variable. That is, taking a simplistic approach we
would let the state variable be defined as follows:

sj =71(x1,...,zj-1) = (55(0),s;(1),...,s;(k—1)) (11.245)

for j=2,...,k+ 1, where

7j—1
$i(0):=b— > bnTm (11.246)
m=1
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j-1 =12, k-1 (11.247)
ﬁi_ me 3 ]ZZ
m=i

Sj(i) =
with S1 = ’7‘(@) = (b7 ﬁl)ﬁ% cee 7ﬁk—l)'
Again, not a very attractive proposition

Observe, however, that the k — 1 additional global constraints are closely
related, which suggests that it might be possible to formulate a far more
compact representation of the state that they induce.

To see how this can be done, note that by definition the ith additional
global constraint can be re-written as follows:

T i+t <si(i), VieK,j>i (11.248)

This means that insofar as decision variable z; is concerned, this constraint
dictates that

w; < s;(i), j>1 (11.249)

It follows therefore that the impact of the additional k—1 global constraints
on the range of feasible values of x; can be summarized as follows:

zj <min{s;(1),...,s;(j)} , jeK (11.250)

The implication is then that insofar as the additional k£ — 1 global con-
straints are concerned, at stage j of the multistage decision process it is not
essential to know all the specific values of s;(1),...,s;(k —1). The smallest
of these values will suffice to determine the range of feasible values of x;.

In short, the vector (s;(1),...,sj(k — 1)) can be replaced by the scalar

sj =min{s;(1),...,5;(j)} (11.251)

This analysis suggests a state variable of the form s; = (u;,v;) where

7j—1
uji=b—3 bytm (11.252)
m=1

Jj—1 Jj—1 Jj—1
Uj::min ﬁl_z$maﬁ2_zxma---aﬁj—l_ Z xm»ﬁj
m=1 m=2

m=j—1

(11.253)
This means that the initial state would be
s1:= (b, 51) (11.254)
and subsequent states would be defined as follows:

sj+1 = T(j; s5,25) := (s(1) — a;x; , min (s;(2) — x5, 5;)) (11.255)
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for j € K.

This state variable is manifestly more attractive than the simplistic one
discussed above. But can we do even better than that?

Suppose that we reverse the labeling of the stages, so that stage 1 becomes
stage k, stage 2 becomes stage k — 1 and so on. The same problem would
then take the following form

k
Z" = max c;m; (11.256)
T, =)
k
> dlal < b (11.257)
7j=1
25€40,1,2,...}, Vje K:={1,2,... k} (11.258)

where x; = Th_jt1, a;» = ap—j4+1 and c;» = cp—j+1. The additional constraints
would be as follows:

T+ Ty T ot Tz + - +xy <P (11.259
Ty gty + - F2) <o (11.260
Th_ot T g+ - +x] <P3 (11.261

(

)
)
)
gt < 11.262)

) <6y (11.263)

so that it would be possible to rewrite them as follows

) <p (11.264)
o)+ <ph (11.265)
r+ah + 2 <fs (11.266)
Tty + T3+ <p4 (11.267)
Tyl + syl 4 - 4k <B, (11.268)

where 3! = fBr_it1,1 =1,2,... k.

These additional constraints are identical to the constraints examined in
Ezxample 11.6.1, meaning that the k state variables that they induce can be
aggregated into the single variable

j—1
= al, j=12...k (11.269)
i=1

This formulation is, no doubt, more attractive (better?) then the two dis-
cussed above.
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I come back to this type of constraints in Chapter 14 in the discussion on
forward decomposition schemes. O

The reader is cautioned, however, that the process of aggregating state
variables induced by global constraints can be very tricky. It must therefore
be carried out carefully.

The following example illustrates aggregation of state variables affiliated
with the objective function.

11.6.3 Example

Consider the following problem:

k
opt (11.270)
k
> bpan < B (11.271)
n=1
k
> enan <C (11.272)
n=1
2n€{0,1,2,...  , n=1,2,... .k (11.273)

where all the parameters are positive integers.
There are two global constraints so, two components are required to rep-
resent them in the state variable. In the usual manner then let

n—1 n—1
sn=|B=Y bz;, C=> ciz; | ,n=1,.. .k (11.274)
=1 j=1

so that s,(1) denotes the amount of the “B” resource available at stage n
and s,(2) denotes the amount of the “C” resource available at stage n and
the initial state is s1 = (B, C).

In line with this set

S=1{0,1,2,...,B} x {0,1,2,....C} (11.275)

Sy = {(B,C)} (11.276)
D(n,s) = {O, 1,2,..., {min {%i) , %}J } (11.277)
T(n,s,z) = (s(1) — zby , $(2) —xcy) = s — x(bn, cn) (11.278)

forn=1,2,...,k; s€ S,z € D(n,s).
Since the objective function is non-separable, on the face of it, an addi-
tional component is required in the state variable to represent the sum under
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the /7, that is
n—1

sn(3) =) bz, j=1,2,...,k (11.279)
7j=1

However, this turns out to be unnecessary because this component of s is
uniquely determined by s(1), namely
s(3) = B —s(1) (11.280)

This means that to complete the multistage decision model we can set

w(n,s,x) =za, , n=1,2,...,k,s €S,z € D(n,s) (11.281)
W(s)=+B—-s(1), seSs (11.282)
O (11.283)

The affiliated functional equation would then be as follows:

f(s)= opt {zan+ fnr1(s—z(by,cn))} (11.284)
z€D(n,s)

for 1 <n <k,s €S, with
frr1(s) :=W(s)=+/B—-s(1) , se€S O (11.285)

Still things are not always as nice and easy. The following example il-
lustrates a trickier situation arising from a conflict between an objective
function and a global constraint.

11.6.4 Example
Consider the problem

opt 9(x) == a1z1 + [agxs + [agws + -+ [+ + [agxg)’ -7 ]P]7 (11.286)

subject to
2121
ﬁ(X) :=bix1 + |bozo + |:b3:E3 + [ -+ [bkl’k]2 .- ] :| <B (11.287)
xn €4{0,1,2,...}, n=1,2,... )k (11.288)

where all the parameters are positive integers.
By inspection, it is clear that the objective function g is separable and can
be decomposed by the scheme

p(n, sy, Tn,r) = (anxn)gr =aprp+1P,n=1,2,...,k—1 (11.289)
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observing that the binary operator 3 is non-associative and is executed from
right to left.

So far so good.

The global constraint (11.287) is decomposed in a similar fashion, using a
non-associative binary operation that is executed from right to left, observing
that

B(x) = bia1 ®bozo @ - - Dagay (11.290)
where
c®d:=c+d (11.291)

However, remember that, as explained in Ezample 11.4.2,, to decompose
(11.287), the indices of the decision variables must be reversed to satisfy the
consistency condition. This condition requires that the state generated by
(x1,...,2n+1) be expressed in terms of the state generated by (x1,...,z,)
and Tp1.

But reversing the indices of the decision variables will render the objec-
tive function under consideration non-separable with respect to the state
generated by this constraint.

The difficulty that will arise is that for the constraint to allow decomposi-
tion the composition function must operates from left to right. In contrast,
the objective function requires a composition function that operates from
right to left.

In this example, both the objective function and the constraint are de-
composable from “right to left”, hence reversing the indices of the decision
variables will not do the trick.

Remark: As we shall see in Chapter 14, the objective function of a dynamic
programming model can often be decomposed from “left to right” so the
difficulty encountered above is not in fact pathologic. Indeed, in Chapter
14 a dynamic programming model is formulated for the problem analyzed
above. d

There are of course pathologic cases where no amount of modeling can
alleviate the situation. The following example illustrates such a case.

11.6.5 Example: Modified Knapsack Problem
Consider the following interesting modified nonlinear knapsack problem:

2

k k
S xf“,"‘..i.%k Zl Ap Ty — Zl ¢, (11.292)
n= 1=
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k
> buzn =B (11.293)
n=1

,€4{0,1,2,...} , n=1,2,....k (11.294)

where all the parameters are positive integers.
At first sight the situation seems hopeless.

That is, there seems to be no obvious way to separate this objective
function other than using the trivial decomposition scheme where the state
amounts to the complete history of the process, namely s, = (z1,...,2Zp—1)-
But this, needless to say, is highly impractical.

So, depending on how hard-pressed one is, or what computational re-
sources are available, one may consider instead the following round-about
approach.

Consider the following parametric problem:

k
Z(C) = min Y [anzy — C]°, C€Ry (11.295)
1y Tk —1
k
> buxn =B (11.296)
n=1
k
> enan =C (11.297)
n=1
1, €4{0,1,2,...} , n=1,2,... .k (11.298)

Now, suppose that we solve this problem for all values of C' that can be
generated by feasible solutions to the original problem. Let C* denotes the
value of C that yields the smallest value of 2*(C'). Then clearly C* is the
“optimal” C: any optimal solution for the parametric problem with C' = C*
is an optimal solution to the original problem.

A special case of interest is when ¢, = a,/k. Details on this case can be
found in Sniedovich [1980a, 1983]. O

For illustrative purposes, perhaps the most edifying example of state ag-
gregation is the standard shortest path problem discussed in Chapter 10. So,
let us go back to this problem and reexamine it from this perspective.

11.6.6 Shortest Path Problem
Consider the following formulation of the standard shortest path problem

k—1
= min ) d(z), x541) (11.299)

ko j=1
(xj,xj11) € Ares , j=1,2,...k—1 (11.300)
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z1=A (11.301)
r, =B (11.302)
where:

- A = origin node.

- B = destination node.

- Arcs = set of available arcs.
- xj = j-th node on the path.
- d(i,7) = length of arc (i, j).

In words, the objective is to find the shortest path from node A to node
B on a network where each arcs is represented by a pair of successive nodes.

Note that there are k — 1 global constraints each involving two successive
nodes representing an arc on the path. Thus, conceptually we can let the
state variable be a vector s = (s(1),...,s(k — 1)) where s(j) denotes the
component of the state variable induced by the global constraint (x;,2;41) €
Arcs.

However, because each such global constraint involves only two successive
decision variables, the impact of each constraint on the state variable is
in fact very limited. Indeed, the set of feasible values for x; is completely
independent of all s(i),i =1,2,...,k — 1, except s;j_.

Thus, the & — 1 global constraints can be aggregated into a single-
component state variable, namely

sj = xj_1 (j-th node on the path),j =2,3,... ,k (11.303)
and written as follows:
xj € Suc(s;) , j=2,3,...,k (11.304)

where Suc(j) denotes the set of immediate successors of node j.
This choice satisfies the consistency conditions and produces the simple
transition function 7'(s,z) = x. O

11.7 Nodes as States

With the exception of the brief illustration above, to this point my discus-
sion was conducted entirely from one perspective. The assumption was that
the problem in question is to be formulated in terms of a multistage dynamic
programming model. Recall, however, that in Chapter 10 I introduced an
alternative dynamic programming model — the shortest path model — and
I illustrated that for certain problems the latter offers a far more suitable
modeling framework.

The question obviously is whether the analysis of how to approach the
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construction of the state in a multistage dynamic programming model would
also apply to the shortest path model. Generally speaking the answer to this
is in the affirmative. It will indeed be possible to use the same strategy to
construct the state variable in the context of the shortest path model.

However, it is important to note that the impact of global constraints
and /or non-Markovian objective functions in the context of this model is far
more severe. Here, the nodes stand to lose their original intuitive meaning.

To see why this is so, recall that the shortest path model is stated in terms
of a directed graph where the nodes represent states and the arcs decisions.
Thus, in the framework of this model the state space S is a finite set whose
elements are the nodes of the graph; for each s € S the set D(s) contains
all the immediate successors of node s, and the transition function is of the
form T'(s,z) = x. The lengths of the arcs are stipulated by a function w such
that w(z,j) is interpreted as giving the length of arc (i, 7). The length of a
path (s1,x1,z2,...,2y,) is given by

(81,21, 22, ..., Tym) = w(s1,21) B w(z1,T2) ®w(X2,23) B -
® w(Tm—1,%m). (11.305)

with & being a Markovian or a Weak-Markovian composition operator.

Now, as we saw in the preceding sections of this chapter, global constraints
and/or non-Markovian objective functions require taking into account an
array of considerations that eventually show up in the state variable. The
implication of this for the shortest path model is that this can result in a
distortion of the nature of the nodes.

To illustrate this point let us first consider an expansion brought about
by a global constraint and then an expansion caused by a non-Markovian
objective function.

11.7.1 Example: Modified Shortest Path Problem

Suppose that the standard shortest path problem is additionally made
subject to the following constraint:

The path from the node of origin to the terminal node must consist
of mo more than M arcs.

Plainly, this is a global constraint. In keeping with the approach formerly
delineated, to determine how this constraint might affect the structure of
the state variable we would assume that a number of decisions have already
been made — i.e. a number of arcs have already been traversed.

The question would then be: what information about these decisions (arcs)
is required in order to determine the remaining feasible decisions?

The answer would be worked out as follows: as the original problem is
a standard shortest path problem, the last node on the initial partial path
must be identified, for otherwise it will be impossible to determine the next
(feasible) transition.
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Furthermore, to meet the above global constraint, the number of arcs still
permitted, or the number of arcs already traversed, must also be known,
otherwise it will be impossible to decide at what point to terminate the
process. The latter consideration will be reflected in the state to affect an
expansion of it.

Symbolically, the expanded state variable will be a pair s = (v, i) where v
is the current vertex (node) and ¢ the number of additional transitions (arcs)
allowed. The expanded transition function would therefore be

T((v,i),z) = (z,i—1) (11.306)

Of course, the initial state would be s = (v°, m) where v° is the node of
origin. O

11.7.2 Example

Consider the case where the length of a path is equal to the difference
between the lengths of the longest and the shortest arcs on that path. Formally,
the objective function can be defined as follows:

9(s1,21,%2,. .., 1K) = max {w(sy, z1), w(x1,x2),...,w(rp_1,TK)}

—min {w(sy, 1), w(z1,x2),...,w(Tp_1,2)} (11.307)

Reasoning along the lines of the preceding example, we would begin by
postulating an initial segment, y = (s1,2],),..., 2}, 1), of a feasible path
and then proceed to optimize the conditional problem induced by this sub-
path.

Observe that because min and max are associative operations, we have

g(ya Tmy .- ,ZL‘k) = Inax {C’ ’LU(ZL';n_l,ZL'm), ’(U(ZL'm, xm+1)a s ,’LU(ZL'k;_l, ZL‘k)}

— min {da w(x;n—l ) xm)’ ’(U(ZEm, :Em—i-l)a SR w(xk’—la :L‘k’)} (11308)

where

¢ :=max {w(s],z}), w(],ah),. .., w(a),_y, 2, 1)} (11.309)
and

d == min {w(s],z}), w(z], 2h), ..., w(@),_o; Tm-1)} (11.310)

By inspection, it follows that to optimize g under these terms we need
to have on hand the values of ¢, d and x,,_1. Because in the context of
the standard shortest path problem x,,_1 is the vertex reached after m — 1
transitions, the state will have to be expanded to absorb the triplet s =
(v,¢,d) where v is the current vertex and ¢ and d are the scalars defined
above.

In other words, three items of information are required in order to find the
best possible continuation to a given sub-path y = (z1,22,...,ZTm—1):
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- The current vertex, x,,_1.
- The length of the longest arc traversed thus far, c.
- The length of the shortest arc traversed thus far, d.

The initial state would then be s = (v°, —00,00) and the expanded tran-
sition function would take this form:

T((v,¢,d),z) = ((x,max{c,w(v, z)}, min{d, w(v,z)}) 0O (11.311)

In summary then, it is important to appreciate the effect of global con-
straints and/or non-Markovian objective functions on the standard shortest
path problem when the latter is formulated in terms of a dynamic program-
ming model. The point is that a priori there is no assurance that a shortest
path problem stated in terms of a directed graph will be amenable to a valid
dynamic programming formulation if the states are defined as the nodes of
the graph.

More generally, there is a marked difference between the role that nodes
and arcs have in the framework of graph theory and the role they have in the
sequential decision models deployed by dynamic programming. Here, they
often — but not always — represent states and decisions, respectively.

So, whereas in the context of graph theory nodes and arcs of a directed
graph are abstract concepts devoid of any content, in the context of sequen-
tial decision models they can represent complex objects with “real meaning”.

In particular, the nodes and arcs of a sequential decision model can be quite
different from the nodes and arcs of a directed graph deployed to describe
certain aspects of the problem.

11.7.3 Example: Assignment Problem

Consider an instance of the Assignment Problem defined by the following
table of “assignment costs”.

|Paz'ntz'ng Cooking Washing  Driving

Jim 3 4 * 8
Anne 6 7 * 3
Mary * 3 4 *
Adam * * 5 3

The numbers here stipulate the cost (AUDS$) associated with the assign-
ment of the 4 persons to the 4 jobs. The objective is to find the least costly
assignment.

The problem can be described graphically as shown in Figure 11.1. The
length of an arc represents the associated assignment cost.

To construct a dynamic programing model for this problem, let x; denote
the task assigned to person j. Then a feasible solution to the problem is a
permutation of the tasks — with the exceptions implied by the  in the table,
and missing arcs in the picture. For example, the solution x = (C, P, D, W)
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a@@?
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Figure 11.1: Assignment problem

assigns Cooking to Jim, Painting to Anne, Driving to Mary and Washing to
Adam.

To ensure that the decisions are feasible, the tasks already assigned are
recorded, to prevent re-assignment. Alternatively, the unassigned tasks are
recorded. Let the state variable s denote the set of unassigned tasks.

Based on this preliminary informal analysis, we can set up the following
sequential decision model (using our standard notation):

S = power set of {P,C,W,D} ( )
Doy — s (11.313)
T(s,z) = s\{z} ( )
o= {P,C,W, D} (11.315)

It is clear that the state s = @ is terminal. However, because of the
exceptions, other states can also be terminal.

The state transition model representing the set of feasible decisions is a
directed graph where each node represent a set of tasks. The complete graph
is shown in Figure 11.2.

Figure 11.2: State transition graph for the assignment problem

The costs w(s,z) shown on the arcs denote the cost of assigning job = to
person 4 — |s| + 1, where person 1 is Jim, person 2 is Anne, person 3 is Mary
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and person 4 is Adam. The cost of an inadmissible assignment is assumed to
be equal to co and is not shown on the graph.

Note that in addition to the obvious terminal state s = &, there are
two other terminal states namely s = {P} and s = {C} (The Painting
and Cooking jobs cannot be assigned to Adam). However, since these two
states do not lead to a complete assignment, we let S” = {@} be the set of
admissible terminal states.

The objective is to find the least costly sequence of decisions which begins
at the initial state o = {P,C, W, D} and ends at the terminal state S =
{o}.

Using our standard notation, the functional equation is as follows:
f(s) = min{w(s, z) + f(s\{z})} , s # 0 (11.316)

with f(o) = 0.

Here f(s) denotes the least costly way of reaching state s from the initial
state o = {P,C, W, D}.

For the record, I should point out that, the Assignment Problem has other
formulations. The most commonly encountered formulation is the following;:

k k
S=min )Y wigr (11.317)

i=1 j=1
k
Yowig=1,5=12.. .k (11.318)
1=1
k
Zl’i,jzl,izl,2,...,k (11.319)
j=1
zi; €{0,1}, 4,5 =1,2,...k (11.320)

1 iom iob 7 t .
- { , assign job j to person i (11.321)

0 , otherwise

and w; ; denotes the cost of assigning job j to person i.

What is more, there are highly efficient specialized algorithms available
for this problem. I examine it here only to illustrate the modeling aspects
of dynamic programming and to point out that dynamic programming is
clearly unsuitable for this case: the size of the state space grows exponen-
tially with the size of the problem (number of jobs), meaning the Curse of
Dimensionality. O

The following is no doubt the ultimate example of a shortest path problem
where the nodes of the graph are not proper state variables.
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11.7.4 Simple Path Problems

There are situations where the optimal shortest path sought is required
to be simple, namely a path with no repeated nodes. If the graph under
consideration is acyclic then obviously this requirement is superfluous. But if
the graph is cyclic, then in general there is no assurance that the optimal path
is simple. Furthermore, there are cases where a simple optimal path exists
whereas a cyclic optimal path does not exist because the (cyclic) problem is
unbounded below (see Example 10.7.1).

To ensure that the optimal path of a cyclic shortest path dynamic pro-
gramming model is simple, we do as follows. For each node n that is part of
a cycle, the state variable is defined as a pair s = (n,v) where v denotes the
set of nodes already visited that are on the same cycle as n. Thus, we let

D(n,v) ={xz € Suc(n):x ¢v},neA (11.322)
T(n,v,z) = (z,vU{z}), € D(n,v), nc A,z A (11.323)

where A denotes the set of nodes on the cycles and Suc(n) denotes the set
of immediate successors of node n.

For other nodes we can nominally set s = (n,d), where @ denotes the
empty set, and

D(n,v) = Suc(n) , n¢ A (11.324)
T(n,v,z) = (z,v) ,x € D(n,v),x ¢ A (11.325)

For example, consider the shortest path problem associated with the graph
shown in Figure 11.3.

> /T N
7 e o
=~ — s ——0

Figure 11.3: Acyclic shortest path problem

By inspection, the nodes in A = {4,5,6,8} are on the cycles. Thus, for
these nodes a state is a pair s = (n,v),v C A, whereas for the other nodes
a state is a pair s = (n, @). Note that in this case v can take 214l = 2% = 16
values.

The difficulty is that often it is unknown in advance what nodes are on
the cycles, so that v must be appended practically to all the nodes. However,
...this can easily trigger the Curse of Dimensionality!.

If the graph is large but it is known in advance that only a small number of
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nodes are on the cycles, it may prove worthwhile to identify the cycles first
(see Example 16.4.4). This will yield a relatively small set of possible values
of v and v will be appended only to a relatively small number of nodes. [

11.8 Multistage vs Sequential Models

Recall that I pointed out in Chapter 10, that the choice between a multi-
stage decision model and a sequential decision model is essentially a matter
of convenience and style.

11.8.1 Example: Equipment Replacement Problem

Consider the following familiar generic equipment replacement problem: A
machine is needed for the next K periods, say years. The life span of a new
machine is L < K periods and the total net cost of maintaining it for [ years
is $c(l). The cost of a new machine is $C. The machine can be purchased
at the beginning of each period. The salvage value of an old machine of
age a (periods) is $B(a). Assume that a new machine is purchased at the
beginning of the planning horizon. What is the optimal replacement policy?

This problem is concerned with a tradeoff between the cost of purchasing a
new machine and the cost incurred by the maintenance of an aging machine.

We can approach the modeling of this problem in two different ways. One
will result in a multistage model the other in a sequential decision model.

11.8.1.1 Multistage model

Here the question at the beginning of each period is as follows: should the
old machine be kept, or should a new machine be purchased? Accordingly,
we define the decision variable as follows:

(11.326)

1, if a new machine is purchased in period j
s e
! 0 , otherwise

forj=1,2,... K.

To ensure that a machine is not kept beyond its working age limit (L
periods), we keep a record of the age of the current machine. This suggests
the following state variable:

sj := age of the current machine at the beginning of the j-th period
(11.327)

Hence we let

S=1{1,2,3,...,L} (11.328)
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0,1 <L
D(j,s) = 0.1 s (11.329)
[y, s=1L
1 z=1
T(j,8,x) = ’ 11.330
U ) {S +1 , z=0 ( )
Let,
r(s) :=C+c(s) — B(s), s€[l,L] (11.331)
and
[j(s) :=Total net cost from year j to year K, given that at
the beginning of year j the operating machine is s
years old. (11.332)

Then the associated dynamic programming functional equation is as follows:

(s) = r(s) + fi+1(1) , s=1
Iie) {min{r<s> Fha) s fatny  1<s<r OF

for 1 < j < K with fxi1(s) =r(s),s € [1,L].

11.8.1.2 Sequential Decision Model

This model views the problem under consideration as a renewal process.
So the question here is: How long should a new machine be kept? Hence, let

xj := length of time that the j-th machine is kept. (11.334)

In this framework, a record is kept of the period at which the new machine
is purchased. So, the corresponding state variable is

sj := period at which the j-th machine is purchased. (11.335)

This entails

S=1{1,2,...,K} (11.336)
D(s)={1,2,..., min{L, K —s+1}} (11.337)
T(s,z) =s+=x (11.338)

The associated dynamic programming functional equation is as follows:

_ - ,s=1,2... K 11.339
)= omin e+ (s} s (11.339)
T integer

with f(s) =0,s > K.

Which version do you prefer?
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11.9 Models vs Functional Equations

Since a dynamic programming functional equation embodies all the ele-
ments of the dynamic programming model, it is common practice to treat it
as the formal model of the problem that is sought to be solved.

Indeed, it is often possible to identify the problem itself from the structure
of the dynamic programming functional equation associated with it.

11.9.1 Example: Mystery Problem

Suppose that one fine morning you find on your front lawn a note similar
to the one shown in Figure 11.4.

fi(z) = H%%}i} {ya; + fit1(x —ye;)} , v e X,j=1,...,17  (11.340)
ye b
yc; Sx

fig(z) =0, Vz € X :={0,1,2,...,43} (11.341)

Figure 11.4: A note found on your lawn

A dynamic programming specialist will immediately recognize this as a dy-
namic programming functional equation and will quickly identify the prob-
lem giving rise to it as the well-known 0-1 knapsack problem.

But for the purposes of our analysis let us pretend that we do not know
this. So, how would we go about reconstructing the original problem?

The first steps in this detection process are straightforward:

- Notation used:
x denotes the state variable.
J denotes the stage variable.
y denotes the decision variable.
a; and c; are given parameters.
- It seems that the model is a multistage model with N = 17 decision
stages.
- It seems that the state space is S = {0,1,2,...,43}.
- It seems that the initial state is s = 43.
- It seems that (using our standard notation) the sets of feasible decisions
are given by:

D(j,s) = {{?o? ’ zizj (11.342)

- It seems that (using our standard notation) the transition function is
given by

T(j,s,2) =s—xcj (11.343)
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- It seems that (using our standard notation) the objective function is
given by

k
g(s1,71, T2, ..., T) ::jg:lﬂjaj (11.344)
=1

And so, having identified all the elements of the multistage decision model,
the conclusion must be that the problem is as follows:

k
max »  ann (11.345)
e
k
Y nan<o (11.346)
n=1
tn€{0,1} , n=1,2,...k (11.347)

where k = 17 and o = 43.
Also, the modified problems associated with this multistage decision model
are as follows:

k
fa(s) = max > ajwj, n=1,...,k=17;s € §={0,1,...,43} (11.348)
n,...,mkj:n
k
> gy <s (11.349)
j=n
z;€{0,1}, j=n,n+1,....k (11.350)

This problem is known as the 0-1 knapsack problem because it is subject
to the constraint that no more than one item is allowed to be selected from
any given pile. O

With this as background try your hand at the following more taxing de-
tection project.

11.9.2 Example

This time, the note on your front lawn has this message scribbled on it:

f(s)=1+ min f(max{z,s—2z}), s=2,3,...,9876543 (11.351)

T integer

1<z<s/2
f(0)=f(1)=0 (11.352)
What is the DP story behind it? O

The following example illustrates another important aspect of the Model
vs Functional FEquation issue. Not always is it essential, indeed necessary,
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to conduct a full-blown formal formulation of the decision making process.
Things can often be done informally, with the functional equation playing a
key role in such an approach. In this setup, the functional equation is treated
as a framework for the construction of the related dynamic programming
model rather than the product of this model.

11.9.3 Example: Counterfeit Coin Problem

You are given a collection of k coins and a balance beam. All the coins ex-
cept the counterfeit have the same weight. The counterfeit is slightly heavier
than the other coins. Your task is to determine a weighing scheme that will
identify the counterfeit coin in a minimum number of weighings under the
worst-case scenario.

Note that the balance beam cannot measure the weight of items placed on
it. It can only determine which “side” is heavier or whether the two “sides”
have the same weight.

How would you go about formulating a dynamic programming functional
equation for this problem?

A good starting point would be to consider the following situation: suppose
that m coins remain to be inspected. Hence, if we place d coins on each side
of the beam, then there are two possible outcomes: either the counterfeit
coin is on the beam or it is not on the beam. In the first case d coins are yet
to be inspected, in the second, m — 2d coins are to be inspect.

So, if we let the state variable, s, denote the number of coins yet to be
inspected, then given the current state and current decision, two new states
are possible, either s’ = d or s’ = s — 2d.

Specifically, the new state s’ = d will result if the counterfeit coin is on
the beam and the state s’ = s — 2d will result if the counterfeit coin is not
on the beam.

Your task is to determine a weighing strategy that will find the odd coin
in a minimum number of weighings under the worst case scenario for each
weighing. The worst case scenario clause simply means that when you place
the coins on the scale, Nature hides the false coin in the largest collection of
coins yet to be inspected. There are three collections: two on the scale and
one off the scale.

For example, if 35 coins remain to be inspected and you decide to place
10 coins on each side of the scale, then you discover — after the weighing
— that the false coin is off the scale. Whereas if you place 16 coins on each
side of the scale, you discover — after the weighing — that the odd coin is
on the scale. In the first case, 35 —2(10) = 15 coins remain to be inspected,
in the second, 16 coins remain to be inspected.

What is the optimal weighing policy?

Guessing what the optimal policy is in this case is rather easy. But your
task is far more demanding: it is to formulate a dynamic programming model
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for this problem. So, regard this exercise a dynamic programming modeling
exercise, not a puzzle solving exercise.

One way to construct a dynamic programming formulation for this prob-
lem is to let

xj := number of coins placed on each side of the scale at the
J-th weighting, j = 1,2,...,k (11.353)

This means that you have to record the number of coins left for inspection
before decision z; is made. Thus, let

sj := number of coins left for inspection before the j-th
weighting, j = 2,3,...,k (11.354)

Observe that the number of required weighings is unknown, so k is treated
as a decision variable.

And here is the crucial step: the recognition that the minimal number of
weighings depends on the number of coins left for inspection, s;. Once this
is appreciated, it is only natural to let

f(s) := minimal number of weighings required to identify the odd coin if
s coins are left for inspection, s =0,1,2,..., N (11.355)

where N denotes the total number of coins. Similarly, let

f(s,x) := minimal number of weighings required to identify the false
coin if s coins are left for inspection and x coins are placed

on each side of the scale in the next weighting, (11.356)

fors=2,...,N,1 <z <s/2.
Then, clearly,

— mi -2 ....N 11.357
f(s) Krgg/zf(s,w),s e ( )

with f(0) = f(1) =0.

So, all that remains is to express f(s,x) in terms of f(s") values pertaining
to related values of s’. Hence, the critical question is: what is f(s,x)? What
is the best we can do if s coins remain to be inspected and we decide to place
x coins on each side of the scale?

The answer comes directly from Nature: if you place x coins on each side
of the scale, the largest collection will contain max{z,s — 2z} coins. I shall
therefore hide the false coin in that collection. This means that after the
weighing, you’ll have exactly max{x,s — 2x} coins to inspect.

Thus,

f(s,x) =1+ f (max{x,s — 2z}) (11.358)
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where the 1 represents the “cost” of the next weighing. This means that

= mir 1+ maxi{x,s — 2x =2,3,....N 11.359

f(S) 1<5L‘i8/2{ f( { 8 })} » 8 T ’ ( )
=14 min f(max{x,s— 2z 11.360
1<xis/2 ( { »8 }) ( )

with, by definition, f(0) = f(1) = 0.
And if you insist on being pedantic, you would re-write this functional
equation as follows:

0 , §=0,1
fls)=q1+ m}n f(max{z,s —2z}) , s=2,3,...,N (11.361)
1<o<s/2

Given this functional equation, it is not too difficult to work out that it
represents a sequential decision model whose elements are as follows:

S =1{1,2,3,...,N} (11.362)

s
D(s) = {1,2, o bJ} (11.363)
T(s,x) = max{x,s — 2x} (11.364)
=N (11.365)
w(s,x) =1 (applied only when x > 1) (11.366)
observing that this model has one terminal node, namely S” = {1}. O

And this concludes our short detective story.

11.10 Easy Problems

To bring into sharp focus my exposition on the state and how to model
it, or more generally, how to model in dynamic programming style, I am
going to concentrate more directly on the challenges that are presented by
problems that prove “difficult” to formulate and, to illustrate how these
challenges can be handled. To set the stage, I formulate an abstract class
of problems whose members are relatively “easy” to formulate in terms of
a dynamic programming model. This class will serve as the benchmark for
identifying those characteristics that render a problem more “difficult” to
formulate.

Consider then the following optimization problem:

F=optg(z), XCX =X; x Xgx - x Xy (11.367)
zeX

sit. c(x)ory (11.368)
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where

k
g(x) = @w(n,xn) =w(l,z1) Bw(2,z2)® - B w(k,xr) (11.369)
n=1
k

c(x) = ®v(n,xn) =v(l,z1) @v(2,22) X - X Qu(k, k) (11.370)
n=1
and ¢ is a binary relation as outlined in Section 11.4.

In cases where g(x) is evaluated from right to left and @ is Markovian, the
state variable will be determined solely by the constraint ¢(x)<~. Therefore,
if in addition to this c(z) is evaluated from left to right, and ® has a left-
identity element (Lg), the state variable would be defined as follows:

n—1
Sp 1= ®v(j, zj) =v(l,21) ®v(2,22) X -+ X Qu(n — 1,z,-1) (11.371)
j=1
for 1 <n <k, with s; := Lg. Note that this implies that
Snt+1 = T'(n, 8, ) = sp @ v(N, Ty, (11.372)

This done, all that remains is to work out the appropriate expressions for
the decisions sets D(n, s,,). Often this will depend on the specific properties
of ® and o.

In summary then, the problems that are “easy” to formulate, in the sense
that the identification of a sound state variable is carried out with relative
ease, are characterized by:

- A separable objective function defined by a Markovian binary operation
that is evaluated from “right to left”.

- A constraint that is defined by a binary operation that is evaluated from
“left to right”.

The more taxing problems, those that are characterized by objective func-
tions and/or constraints that are not amenable to such a straightforward
decomposition, obviously require a more elaborate approach.

I add in passing that — as we shall see in Chapter 14 — certain prob-
lems where the objective function is evaluated from “left to right” by means
of a Markovian binary operation, can be handled with relative ease by a
“forward” dynamic programming formulation.

11.11 Modeling Tips

In this section I outline a “rough guide” to modeling whose objective is to
navigate the modeler in the modeling and formulation of so called “difficult”
problems.
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To begin however, the following disclaimer is in order. The set of instruc-
tions that I am about to propose is obviously not intended to be taken as a
formula that is designed to ensure certain success in dynamic programming
modeling. At this stage it ought to be clear that such a formula can hardly
be envisioned. Still, as can be gathered from what we have seen so far, the
set of instruction proposed below recapitulates the basic structure of the
approach to dynamic programming that I have been outlining here. So, the
idea is that following this set of instructions can steer the modeler/analyst
in the right direction.

But it can do no more than this because, as I stated in the introduction,
the crucial element in the modeling and formulation process would have to
come from the modeler who would have to implement this “rough guide”
with imagination, with the knowledge that comes from experience and so
on.

A DP Modeling Guide
- Relax!

- Think about your problem as a multistage/sequential decision problem.
- Identify the decision variables.

- Identify the state variable.

- Identify the modified problems.

- Identify the conditional problems.

- Derive the functional equation.

- Construct the dynamic programming model.

- Double-check the model and the functional equation.

- Relax!

It can prove helpful to begin the modeling process by first formulating the
problem that one seeks to solve as a “standard” optimization problem:

Z*=optg(z), XCX =X x Xgx - X (11.373)
zeX
sit. c(x)oy (11.374)

This formulation will call for the identification of proper decision variables
and the formulation of an appropriate objective function and constraints
which in turn may provide some helpful clues for the construction of decision
and state variables for the dynamic programming model.

Specifically, formulating ¢ and ¢ as done in Section 11.10 may enable to
establish straightaway whether the problem is “easy” to solve and, if not,
how in view of the difficulties encountered should it be decomposed.

It is important to remember, however, dynamic programming’s specific
outlook on optimization problems which entails that the dynamic program-
ming model may not utilize the decision variables of the “standard ” model.
In a word, however helpful the “standard” formulation may prove to be, it
is important to avoid being biased by it.
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That said, let us now examine how our “rough guide” would be applied
in the treatment of one of the most prominent problems in Combinatorial
Optimization and Operation Research.

11.11.1 Example: Traveling Salesman Problem

A salesman has to visit k cities. Company regulations dictate that he start
and finish the tour in his home city and that he visit all the cities on the
tour exactly once. Also, he is required to make the shortest possible tour.

Your task is to develop a dynamic programming model for this well-known
problem. If you consult the Operations Research literature, you’ll find the
following formulation for the Traveling Salesman Problem (TSP):

k k
mwinZdea:M (11375)

i=1 j=1
k
st Y mig=1,j=12..k (11.376)
i=1
k
wmig=1,i=12.k (11.377)
j=1
d @i <ICI—-1,VC C{1,2,... Kk}, |C| > 1 (11.378)
i,j€C
zi; €4{0,1} , 4,5 =1,2,... .k (11.379)

where d; ; denotes the direct distance from city ¢ to city j.
The binary decision variables are interpreted as follows:
1 , from city i he goes directly to city j.
zij = rom city the g POV (11380)
0 , from city i he does not go directly to city j.

The first two constraints are user-friendly: the first requires that each city
be visited no more than once. The second indicates that he must go directly
from any one city to only one city.

The third constraint is user-unfriendly. It indicates that no sub-tours are
allowed and it is thus called a sub-tour elimination constraint.

The merit of this formulation is that it is LINEAR. Namely, the model
formulates the TSP as a linear integer (binary) programming problem which
is of course important because such problems are amenable to treatment
(solution) by a variety of integer programming methods.

Another point to note about this formulation of the TSP is its a priori bias
towards a linear model. This, however, is not very conducive to a dynamic
programming formulation. It should be useful, therefore, to contemplate a
simpler formulation, one that is not predisposed towards a linear model.
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So consider the following formulation, assuming that there are k+ 1 cities,
including the home city:

k—1
min < d(0,z1) + Y d(xj, xj41) + d(ax, 0) (11.381)
15Tk =1
{x1,...,ap} =C:={1,...,k} (11.382)

where d(i,j) denotes the direct distance from city ¢ to city j and city 0
denotes the home city.
The decision variables can be interpreted as follows:

xj = the j-th city on the tour , j =1,2,...,k (11.383)

The constraint simply indicates that the sequence of decisions (x1, ..., k)
must be a PERMUTATION of the cities. Note that the implicit last decision is
Zr+1 = 0 meaning that the tour ends in the home city 0.

Remark:

Note that the decision variable z;; in the formulation of the prob-
lem in (11.375)-(11.379), is significantly different from the decision
variable, x; in the formulation of the problem in (11.383). This is not
unusual. Indeed, the decision variable in a dynamic programming for-
mulation of a problem is often different from the decision variable in a
non-dynamic programming formulation of the same problem. What
is more, even two dynamic programming formulations of the same
problem may feature significantly different decision variables.

In this discussion our frame of reference is x which denotes the de-
cision variable of an optimization problem as such. So, the formal
definition of x may vary with various formulations of the same prob-
lem. The relevant definition pertaining to a particular formulation
should be obvious from the context of the discussion.

In short, don’t be surprised to discover that the definition of the
decision variable in the dynamic programming formulation of the TSP
will be different from the above definition of z; ;.

Given these preliminaries, let us now examine how our “rough guide”
would be put to work in the modeling of the TSP.

Step 1: Relax!

Step 2: Thinks about your problem in terms of a multistage/sequential
decision problem

That is, conceive of the tour as proceeding from one city to another in a
sequential manner.



322

Dynamic Programming

Step 3: Identify the decision variables.
Focusing on the “linear programming free” formulation, it is natural to
define the decision variables as follows:

xj = j-th city on the tour,j =1,2,...,k (11.384)

Step 4: Identify the state variable.

To ensure that each city is not visited more than once and that all the
cities are visited, a record must be kept of the set of cities already visited,
or the set of cities yet to be visited. So, let

sj := set of cities yet to be visited before the decision x;
is made,j =1,2,....k (11.385)

This means that s; = C\{z1,22,...,2;_1},j > 1, with s = C.

Step 5: Identify the modified problems.

To this end, you assume that the decision making process is at a point
where the j-th decision is to be made. The problem then is this:

f(s) := length of the shortest tour through the remaining
cities in s C C. (11.386)

Step 6: Identify the conditional problems.

To to do this, assume that the tour is at state s and the decision is to
go to city x. The question is then: what is the best decision under these
conditions with regard to the remaining cities to be visited? So, consider
this:

f(s,x) := length of the shortest tour through the cities in s given
that x is the next city to be visited, s C C,xz € s.  (11.387)

Step 7: Derive the functional equation.

To accomplish this task you need to express f(s,z) in terms of f(s)
where s’ is the state resulting from (s,z), namely s’ = s\ {z}. So, by
definition, f(s,x) is the length of a tour that starts at the current city,
goes to city x and then proceeds along the shortest sub-tour through the
remaining cities. That is,

f(s,z) =d(c,x) + f(s\ {z}) (11.388)

where ¢ denotes the current city. This in turn implies that
f(s) = min {d(c, z) + f(s\ {z})} (11.389)

So far so good except for one thing: there is no record of the current city
c. The state s is defined as the set of cities yet to be visited, but what
element of the other cities in C' is the current city?
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So what should be done next?!

Relax!

Simply redefine the state variable, making sure that it specifies the cur-
rent city. Hence,

Step 4': Identify the state variable.
To this end you need to keep a record of the cities yet to be visited and
that of the current city. So, let

s=(cV),ceCVCC\{c} (11.390)

where ¢ denotes the current city and V denotes the set of cities yet to
be visited. The initial state is o = (0, C).

Step 5': Identify the modified problems.
So, again you assume that the decision making process is at a point
where the next decision is about to be made. The problem is then this:

f(e, V') := length of the shortest tour through the cities in V' given
that the current city being visited is c. (11.391)

Step 6': Identify the conditional problems.

So, as the tour is at state s = (¢, V') and the decision is to go to city =z,
the question is what is best under these conditions with regard to the
remaining cities to be visited? Hence:

f(e,V,z) := length of the shortest tour through the cities in V
given that the tour is now in city ¢ ¢ V and the next
visit is to city x € V. (11.392)

As a matter of fact, you should have written f((c,V'),z). But it is not
essential to be too meticulous in this regard.

Step 7': Derive the functional equation.

To do this express f(c, V, ) in terms of f(s’) where s’ is the state result-
ing from (¢, V, z), namely s' = s\ {x}. So, by definition, f(c,V,z) is the
length of a tour that starts at the current city ¢, goes to city  and then
proceeds along the shortest sub-tour of the remaining cities. That is,

fle,Viz) =d(c,z) + f(z,V \{z}) (11.393)
This in turn implies that
fle, V)= 3161‘51 {d(c,z) + f(z,V \ {z})} (11.394)

force C, VC C\{z} and (¢,V) = (0,C), with f(c,o) = d(c,0),c € C.
The length of the shortest tour is f(o), where o = (0,C).
Well done!
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Step 8: Construct the dynamic programming model.
Given the draft copy of the functional equation, set up a sequential
decision model comprising the following ingredients, using our standard

notation:
o= (0,C) (11.395)
S'={o}u{(c,V):ceC,V CC\{x} (11.396)
"= {(0,2)} (11.397)
S=8"us” (11.398)
I L o )

D(c,V) = {{o} Ve (11.399)
T(c,V,x) = (z,V \{z}) (11.400)
w(e,V,z) =d(c, ) (11.401)

=+ (11.402)

This means that the modified problems are as follows:

m+1
f(e,V) min Z d(cj,z;) , (,V)e S m=|V| (11.403)

5017 5 LTm+41

xjeD(sj) L i=1,2,....m+1 (11.404)
s1= (e, V) (11.405)
s =T(sjx;), j=1,2,... . m+1 (11.406)
Sma2 = (0,2) (11.407)

The object of interest is f(o) = f(0,C).
You can therefore be more specific and rewrite the constraints (11.404)-
(11.407) as follows:

Vi=V (11.408)
cp=c (11.409)
2 €V, j=1,2...,m (11.410)
Cipi=x;, j=12...m (11.411)
Vi =Vi\{z;}, j=12....,m (11.412)
Tmi1 =0 (11.413)

Step 9: Double-check the model and the functional equation.

Of course, with experience come the skills and the confidence. So eventu-
ally you will not have to actively consult the “guide” to direct you in the
formulation process. ]

Still, with our “rough guide” as background, I shall now proceed to illus-
trate (in a less elaborate fashion) the formulation of a number of problem
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that prove “difficult” to formulate. My first illustration is that of a NON-
SERIAL dynamic programming model.

In contrast to the models discussed thus far, here T'(j,s,d) is a set of
states rather then a single state. That is, each decision generates a family
of sub-problems, rather than one single subproblem. This means that after
a decision is made the process branches out into a number of sub-processes.

11.11.2 Example: Chained Matrix Product

Consider a sequence of k matrices, MM M@ . M®* of compatible
sizes (for matrix multiplication). The objective is to determine the matrix
product

pi= MO .. k) (11.414)

Note that because matrix product is an associative operation, no paren-
theses are required to stipulate the order in which it is conducted. How-
ever, insofar as computational efficiency is concerned, this is a matter of
paramount importance. For instance, consider the case where k = 4 and the
sizes of the matrices are as follows:

A | B | ¢ | D
13x5|5x89|89x3|3x34

Then the number of scalar products required to compute p — depending
on the parentheses used — is as follows:

A(B(CD)) | A((BC)D) | (A(BC))D | (AB)(CD) | ((AB)C)D
26,418 | 4,055 | 2,856 | 54,201 | 10,582

As this small example vividly illustrates, significant savings can be
achieved as a result of optimizing the manner in which the parentheses are
executed in chained matrix products. The question is then: what is the best
policy?

I shall now demonstrate how this important problem would be tackled by
dynamic programming where it would be formulated as a sequential decision
process where the transition function generates sets of states rather then
singletons.

Let then

f(i,7) := Minimum number of scalar products required for multiplying

the sub-chain MW ... M) 1<i<j<k (11.415)

If we break up this sub-chain into two sub-sub-chains, say M @ ... p(d)

and M (@D ... M) then the minimum total number of scalar products will
be

f(,g;d) = f(i,d) + f(d+1,5) + r(i)e(d)e() (11.416)
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where 7 (i) denotes the number of matrix rows M) and ¢(j) denotes the
number of matrix columns. Thus, the optimal value of d is that which min-
imizes the right-hand side of (11.416). Hence,

fli,5) = min, {f@i,d) + f(d+1,5) +r(i)e(d)e(h) } (11.417)

for 1 < i< j <k with f(i,i) = 0,Vi.

Note that it follows from (11.416) that two new states are generated by
a decision d, namely (i,d) and (d + 1, 7). Formally, in this case we can set
T(i,j,d) = {(i,d), (d + 1,7)}, where the set of feasible decisions associated
with state (i,7) is D(i,j) == {i,i +1,...,5 — 1}.

To ensure that the f(-) values needed on the right-hand side of the func-
tional equation (11.417) to determine the value of f(i,j) are available, the
equation is solved for (4, 7) pairs in an order determined by their j —i values,
recalling that with f(i,7) = 0, Vi.

If the f(i,j) values are organized in a table, then commencing with the
elements of the main diagonal being set to 0, such an order will fill the
upper-diagonal part of the table one diagonal at a time. O

By far the most important class of non-serial sequential decision processes
is that of Stochastic Processes. These processes are characterized by a tran-
sition law according to which the states are random wvariables whose condi-
tional probability functions are parameterized by the (current) stage, state
and decision variables. In this case, each realization of the new state is ob-
served with a given probability depending on the current stage, state and
decision.

11.11.3 Example: Counterfeit Coin Problem

In contrast to the WORST-CASE ANALYSIS approach set out in §711.9.3,
let us examine here an approach where the location of the false coin is
determined PROBABILISTICALLY.

As before, let the state variable s denote the number of coins left for
inspection and let the decision variable d denote the number of coins placed
on each side of the beam.

Now, let Pr[s’ = n|s,d] denote the (conditional) probability that the new
state s’ is equal to m given that the current state is s and the current
decision is d. If we assume that Nature is “impartial” — hence the con-
ditional probabilities are uniform — we have Pr[s’ = d|s,d] = 2d/s and
Pr[s’ = s—2d|s,d] = (s — 2d)/s in the case where d # s — 2d. If d = s — 2d,
then clearly Pr[s’ =d|s,d] = 1.

If the objective is to minimize the expected value of the total number of
weighings, we let

f(s) := minimum expected number of weighings required to identify the

false coin if s coins are left for inspection, s =1,2,...,k
(11.418)
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The associated dynamic programming functional equation is as follows

d —2d
f(s) = 1;51;2/2 {1 +f(d)+ > f(s— 2d)} , s> 1 (11.419)
d integer
with f(1) = 0.

Observe that this formulation assumes that the next weighing is only of
coins that were in the batch containing the false coin in the previous trial.
As shown in Sniedovich [2003], it is sometime advantageous to “borrow” an
additional genuine coin identified in previous trials.

This counter-intuitive “anomaly” is manifested in the fact that f(s) is not
monotone with s. In fact, solving the functional equation (11.419) we obtain

s |1 2345 9 10
3 8 13 11
folo1 1§ 82222 4

Note that counter-intuitively f(7) < f(6).

There is nothing mystifying about this result. It is a consequence of the
fact that the decision variables are discrete.

With n = 6 coins to check, there are two optimal solutions, namely 2 or
3 coins can be placed on each side of the scale thus leaving 2 or 0 coins,
respectively, off the scale. Suppose that 2 coins are placed on each side of
the scale. Then, with probability one the next trial will feature 2 coins. This
means that in this case the search will be completed in exactly 2 weighings
regardless of where Nature places the false coin.

If 3 coins are placed on each side of the scale, then with probability one
the next trial will feature 3 coins. This means that in this case, the search
is completed in 2 weighings regardless of where Nature places the false coin.
Thus, f(6) = 2.

With n = 7, 3 coins are placed on each side of the scale, in which case one
coin is left off the scale. Hence, the probability is 1/7 that the false coin will
be identified in the first trial! This “opportunity” is not available in the case
where n = 6.

Namely, with 7 being a prime number: indivisible by 2 and by 3, it enables
identifying the false coin in one trial.

This “anomaly” is propagated via the functional equation to larger values
of s. 0

The next example is a variation on the conventional knapsack problem.
It is a good illustration of how minor details can be important in dynamic
programming modeling. I should add, though, that dynamic programming
is not unique in this respect. Integer programming modeling exhibits similar
characteristics.
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11.11.4 Dual Knapsack Problem

Consider the following simple knapsack-like problem:

k
v*:= min UnTp, (11.420)
@) 2 3
k
> wna, > W (11.421)
n=1
2n €10,1,2,3,... Y, ne K :={1,2,....k} (11.422)

where all the parameters are positive integers and x,, denotes the number of
items of type n placed in the knapsack.

In words, the objective is to minimize the total value of the items in the
knapsack, subject to the requirement that the total weight be equal to or
greater than W.

The modeling task here is not too taxing, still ... my experience has shown
that students often have great difficulties in modeling the “>” form of the
total weight constraint.

To this I might add parenthetically that students have similar difficulties
in modeling the “if then” constraints when required to give the standard
knapsack problem an integer programming formulation. For instance, the
constraint: if more than 3 items of type 6 are put in the knapsack then, no
more than 4 items of type 2 are permitted.

And some even have difficulties coping with the “=" knapsack constraint,
although they are familiar with the Big M method that is used extensively
in the formulation of linear programming problems.

13

Back to the dual knapsack problem.

Consider the family of problems obtained by regarding W as an instance
of a parameter, call it s. The parametric problem is then:

k
f(s) = min )Zvnacn . s€40,1,2,... ., W} (11.423)
Llowen®h) 1
k
> wown > s (11.424)
n=1

2, €4{0,1,2,3,...}, nek:={1,2,...,k}  (11.425)

Based on our extensive study of the standard (unbounded) version of the
problem, we can confidently propose that the functional equation in this case
would be as follows:

f(s) = Ecnellg {ve + f(s —wy)} (11.426)

observing that since exceeding the total weight s is not only permitted, but
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in fact required, the minimization on the right hand side of (11.426) is over
the entire collection of piles . Note that here the decision variable x denotes
the type of item selected, not the number of items of a given type selected
which is used in (11.420)-(11.422).

The question is therefore: what should be the value of f(s) for s < 0, given
that our object of interest is the value of f(W) defined by (11.423)-(11.425)
with s = W?

The answer is of course: f(s) =0,Vs < 0.

But this gives rise to another question: what is the smallest (negative)
value of s that should be considered?

Upon reflection we conclude that there is no need to consider values of s
below —w*, where w* = max {wq, ..., wy}. However, to simplify the notation
we shall let the smallest value be —W'.

So formally, the sequential decision model for the dual knapsack problem
is as follows:

S={-W,. .. W} (11.427)

g , s<0
D(s) = {IC o (11.428)
T(s,x) =8 — wy (11.429)
w(s,z) = vy (11.430)
®=+ (11.431)
opt = min (11.432)

observing that the set of terminal states in S” = {—W,—-W +1,...,0}, and
S"={1,2,...,W}. The functional equation is as follows:

f(s) = melllg {ve + f(s—vz)}, s€8’ (11.433)
with f(s) = 0,¥s € S”. 0

Finally, the following example is dedicated to students who may have
wrestled with it in my DP exams over the past twenty years or so.

11.11.5 Equality Constrained Knapsack Problem

Consider the following simple knapsack problem:

k
vF = L > vy (11.434)
n=1
k
> wnzy =W (11.435)
n=1

1, €{0,1,2,3,...}, neK:={1,2,...,k} (11.436)
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where all the parameters are positive integers and z,, denotes the number of
items of type n placed in the knapsack. Observe that the problem is infeasible
if W < w®:=min {wy,...,k}.

The associated modified problems are as follows:

(-’Eh'“’xk

k
f(s) := max )Zvnxn , se{w’,...,W} (11.437)
n=1

k
> wnwn =s (11.438)
n=1
1, €40,1,2,3,...}, neK:={1,2,... .k}  (11.439)

In view of the discussion above, consider the following sequential decision
model:

S={uw°,...,W} (11.440)
D(s)={z e K:w; < s} (11.441)
T(s,z) =5 — wy (11.442)
w(s,x) = vy (11.443)
&=+ (11.444)

opt = max (11.445)

The dynamic programming functional equation deriving from this model is
as follows:

f(s)= max {ve + f(s—vy)}, s€S (11.446)

with f(0) =0 and f(s) = —o0,Vs € [1,2,...,w° —1].

Note that here the decision variable denotes the type of item selected, not
the number of item selected from a certain pile, as in (11.434)-(11.436). Also
observe that if f(W) = —oo, the implication is that the problem defined by
(11.420)-(11.422) is infeasible.

Remark: Compare the above sequential decision model with the multistage
decision model formulated for this type of problem in Ezample 11.5.1. [

11.12 Concluding Remarks

To conclude this chapter I want to reiterate my position on the approach
that I described here for tracking down the state variable and framing it
mathematically. I do not propose that this approach be implemented reli-
giously in every dynamic programming investigation as a means for obtaining
a dynamic programming model and functional equation. Much less is it my
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intention to imply that experienced dynamic programming practitioners or
scholars regularly engage in this kind of retrospective analysis, or perhaps
in other similar analyses, to deduce the dynamic programming model.

My primary objective in proposing this approach is to suggest a way for
identifying the state and constructing it mathematically, when this is not
otherwise evident. Because, as I pointed out, identifying the state and con-
structing it mathematically constitutes a pivotal move in the formulation of
an optimization problem in dynamic programming style, and because this
often proves a difficult task to accomplish, particularly for novices.

That said, I wish to add another disclaimer. It is equally important to
realize that I do not envisage the proposed approach to offer an infallible
recipe that is certain to yield the state whenever it is applied in any specific
case of Problem P. After all, what this approach offers is some tips, some
general guidelines, and I hope, insight into how to proceed in the search for
the state. But, the crucial input must come, from the modeler/analyst. The
modeler must be able to decide, while working his/her way back from the
conditional problem, what items of information are vital for determining the
feasibility and optimality of the remaining decisions; and in so doing he/she
must be able to work out the formulation of the state. Likewise, the modeler
must be able to decide on the formulation that is best suited for a particular
situation, should it turn out that more than one valid state formulation is
possible, and so on. Of course for inspiration and advice on how to approach
dynamic programming modeling one would have to read the master himself
(Bellman 1957, p. 82):

We have purposely left the description a little vague, since it is the
spirit of the approach that is significant rather than the letter of some
rigid formulation. It is extremely important to realize that one can
neither axiomatize mathematical formulation nor legislate away inge-
nuity. In some problems the state variables and the transformations
are forced on us; in others there is a choice in this matters and the
analytic solution stands or falls upon this choice; in still others, the
state variables and sometimes the transformations must be artificially
constructed. Experience alone, combined with often trial and error,
will yield suitable formulations of involved processes.

Although this statement was made more than fifty years ago, it remains
as poignant and valid today; not as a sign of lack of progress but rather as
testimony to the skills required in dynamic programming modeling.

11.13 Summary

I delineated a general approach for tracking down the state variable and
establishing its mathematical form. The main features of this approach are
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postulating a conditioning sequence of decisions as a starting point and sin-
gling out the specific information about it that is essential for determining
the optimality of the remaining decisions.

This type of retrospective analysis is based on an understanding of the
state as bearing the imprint of two sources, the solution set X and the
objective function ¢. Thus, an examination of the impact of these sources in
this order unlocks the structure of the state.

I also demonstrated modeling and formulation in action through the anal-
ysis and formulation of a number of important problems.

For other approaches to the identification of the state variable in dynamic
programming I refer the readers to Elmaghraby [1970], Hinderer [1970] and
Pollock and Smith [1985], Chou et al. [2001].
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12.1 Introduction

In this chapter I take up again the state variable, addressing it here from
a slightly different angle. Whereas in the previous chapter my main concern
was to illustrate how to track down the state, here I focus on the question
of how to fend off the adverse effects of a non-Markovian objective function
and global constraints on it. As we have seen, such an objective function
and/or constraints tend to enlarge the state space and thereby trigger the
Curse of Dimensionality. So, in this chapter I delineate three schemes whose
express aim is to avert this ill. The distinctive characteristic of these schemes
is that they identify a structural feature in the dimensionality-prone prob-
lem of interest — the target problem — which allows tackling it through a
surrogate problem, namely a simplified version of the former, which involves
an exogenous parameter.

The underlying thesis here is that for a certain value of the parameter in
question, the optimal solution obtained for the surrogate parametric prob-
lem is also optimal for the target problem. The resulting solution procedure
consists of an algorithm which searches for the optimal solution for the target
problem through an iterative solution of the parametric problem for various
values of the exogenous parameter.

These parametric schemes (hybrid algorithms) amount to a collaborative
effort between dynamic programming and

- Fractional programming (Appendiz B).

- Composite concave programming (Appendiz C').

- Lagrange multiplier methods.

The first two are designed to handle problems with non-Markovian ob-

jective functions, and the third is designed for problems subject to global
constraints.

12.2 Background and Motivation

Let us begin with a statement of the problem that is of concern to us in
this connection:

Problem P(s),s € St :

p(s) == opt g(x1,...,zN) (12.1)
Tn € D(n,sp), 1<n<N (12.2)
s1=S5 (12.3)

Sp+1 =T (n,8n,2p) , 1<n <N (12.4)
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Let X(s) and X*(s) denote the set of feasible solutions and the set of
optimal solutions to Problem P(s) respectively.

Unless indicated to the contrary, all the computational examples assume
that NV is finite and that the state variable is induced by the global constraint

N
d an=c (12.5)
n=1

and the local constraints

2, €{0,1,2,...,¢} , 1<n<N (12.6)
where c is a given positive integer. Hence, we can set

S={0,1,...,¢} (12.7)

S1 ={c} (12.8)

D(n,s) {{0’{1;'}"’8} | ;i?fN, ses (12.9)

T(n,s,z)=s—x, 1<n<N,seSxe€Dn,s) (12.10)

I pointed out in Chapter 11 that difficulties will arise should it turn out
that the objective function g is not Markovian. Or, to put it somewhat more
accurately, should it turn out that a Markovian decomposition scheme for
the objective function in question is not readily available. As it is extremely
important to be clear on where precisely does the trouble lie here, let us
backtrack to previous discussions to recall the role of a Markovian decom-
position scheme in the formulation of a dynamic programming functional
equation. Prior to this we need to recall the definition of a decomposition
scheme.

A decomposition scheme in the framework of Problem P(s) is a collection
(p,{gn : 1 <n < N}) such that:

. gy is a real-valued function on S x DN—n+1,

- q1(s,2) = g(s,2) for all s € Sq, z € X(s).
- p is a real-valued function on N x § x D x R.

cgn(s,x,2) = pn,s,x, gny1(T'(n,s,x))) forall 1 < n < N, s € S,, z €
D(n,s) and z € X(n+1,T(n,s,z)), where X (n,s) denotes the set of all

sequences (Tp, Tp+1,--.,2N) such that
Tm € D(m,spy), n<m< N (12.11)
Sp =8 (12.12)
Sma1 =T (M, S, Tm) , n<m< N (12.13)

and D denotes the decision space of the multistage decision model.

If such a scheme exists, then the objective function ¢ is said to be SEPER-
ABLE. If no such scheme exists, then ¢ is rendered NON-SEPARABLE. The
following functions exemplify the latter case.
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12.2.1 Example

Consider this very important generic function

N
Z wn(sm $n)
n=1

9(s,x1,x9,...,xN) = —~ (12.14)
Z Un(Sny Tn)
n=1
where {w,} and {v,} are real-valued functions on S x . O
12.2.2 Example
This is a “variance-like” function:
| X L 2
9(81,21,%2,...,TN) = N Z [wn(sn,xn) N Zwk(sk,:nk)] (12.15)
n=1 k=1
where {w;} are real-valued functions on S x D. O

12.2.3 Example

And how about this intricate function:

N 1/2
Zvn(sn,xn)] (12.16)
n=1

N
g(s,xl,xg, cee 71'N) = an(snaxn) +B
n=1

where > 0 and {w,} and {v,} are real-valued functions on S x D. O

It should be noted that these objective functions are interesting not only
from a theoretical point of view, but also because they arise in real world
situations in economics, management, engineering, etc. Therefore, providing
a viable solution scheme for them has important practical consequences.

Let us now remind ourselves of the property that gives a decomposition
scheme its Markovian character. Recall then that the two factors that are
at the center of the definition of a Markovian decomposition scheme are the
family of modified problems

Problem P(n,s),1 < N,s €S, :

fu(s) = opt  gn(S,Tn,Tpi1,..-,TN) (12.17)

(xny"'va)

subject to (12.11)-(12.13), and the family of conditional problems
Problem P(n,s,z),1 < N,s € Sy,x € D(n,s) :

fu(s,z) = opt  gn(S, 2, Tpt1,-..,ZN) (12.18)

(‘T"+17'“7x1\7)
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subject to (12.11)-(12.13) and
z; €D(j,s;), n+1<j<N (12.19)

Let X*(n, s) denote the set of optimal solutions to Problem P(n, s) and let
X*(n, s, x) denote the set of optimal solutions to Problem P(n,s,x). Then,
a decomposition scheme is said to be Markovian if

X*(n,s,z) = X"(n+1,T(n,s,x)) (12.20)

forall 1 <n < N,s €S, and x € D(n,s).

In words, a decomposition scheme is Markovian if for any triplet (n, s, z)
such that 1 < n < N, s € S, and z € D(n,s), Problem P(n,s,z) and
Problem P(n +1,T(n,s,z)) have the same set of optimal solutions.

As we already know, the most prevalent Markovian decomposition scheme
is the one associated with additive objective functions of the form

N
g(s1,21, .., TN) = D qn(Tn, $n) (12.21)
n=1

in which case

N
In(Sns Tns Tnt1s - TN) = ZQj(3j7fL'j) (12.22)
j=n
and
p(n,s,z,a) =qun(s,z) +a, a€eR (12.23)

That said, let us be clear on the precise meaning of the attribute non-
separable and hence non-Markovian.

It is important to appreciate that when an objective function is dubbed
non-separable and therefore non-Markovian, we do not mean this in absolute
terms. The essential point here is that when we ascribe these properties to
an objective function we do this with respect to a specific formulation of the
problem in question.

So, while an objective function may not possess a Markovian decomposi-
tion scheme in terms of a specific formulation, and would thus be rendered
non-seperable, the very same objective function would possess a Markovian
decomposition scheme and would readily be rendered Markovian and separa-
ble in terms of a different formulation. What is more, we have the assurance
(Section 4.4 ) that obtaining a Markovian formulation is possible as a matter
of principle. The trouble is, however, that in the case of problems possessing
objective functions such as those in Ezample 12.1.1 — Example 12.1.3, this is
accomplished at the expense of a substantial expansion of their state space,
thus exposing the resulting functional equation to the Curse of Dimension-
ality.
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And to illustrate, let us examine how this is manifested in the case of the
ratio-type objective function defined by (12.14).

To continue with Ezample 12.1.1, note that reformulating (12.14) requires
an expansion of the state variable which will yield the following;:

st = (Sp,an,by) (12.24)
where
n—1
ap, = ij(sk,xj) , 1<n<N (12.25)
j=1
and
n—1
b= _vj(sj,a;), 1<n< N (12.26)
j=1

with a1 := b1 := 0.
Since by construction a,4+1 = an + Wy (Sp, Ty) and byy1 = by, + vy (Sp, ),
the resulting transition function will have the form

T'(n,s',x) = (T(n,s,x),a+ wp(s,z),b+v,(s,7)) , s =(s,a,b) (12.27)

with 7" denoting the transition function of Problem P(s). Now, because by
construction,
an + WN(SN,ZTN)

! = = b 12.28
g(87$17$27 7xN) bN""vN(SN,xN) y SN (SN7CLN7 N) ( )

we obtain the degenerate decomposition scheme

an +wn(sn,TN)
by +on(sn, N)
p(n,s,xz,r)y=r, reR (12.30)

n (S, Tny Ty 1y -, TN) = (12.29)

where sy = (sn, an, by).
Consequently, the resulting dynamic programming functional equation will
have the following form:

fn(s,a,b) = opt  foi1(T(n,s,x), a+wy(s,z), b+vy(s,x)) (12.31)
z€D(n,s)

for 1 <n <N, (s,a,b) € S], and
a
fn+1(s,a,b) = 5 (s,a,b) € Sy41 (12.32)

where S/ is the feasible subset of the expanded state space associated with
stage n. The point to observe then is that the sets (S}, : 1 <n < N +1) can
be exceedingly large, which of course means dimensionality. ([l
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So, when one reflects on this difficulty it seems that the most sensible thing
to do with regard to a dimensionality prone problem is to avoid tackling it
with a standard dynamic programming solution plan and explore instead
other avenues of approach.

One possibility that immediately springs to mind is to capitalize on those
traits of the problem that would enable bringing in other optimization meth-
ods to assist dynamic programming where it comes to grief. We shall see in
the following sections how pursuing this line leads to solution strategies based
on a collaboration between dynamic programming and fractional program-
ming, dynamic programming and c-programming, and dynamic program-
ming and Lagrange multiplier techniques.

12.3 Fractional Programming Scheme

The rationale behind this scheme is very simple indeed. It argues that a
problem with an objective function of the form

N
an(3n7$n)
n=1

g(S,x1,$2,...,xN) =

=
Z Un(sna xn)
n=1

should be amenable to the solution techniques of fractional programming. For
as shown in Appendixz B, this is precisely the aim of fractional programming
— optimizing ratio-type functions.

Recall then that Dinkelbach’s method proposes to do this indirectly, that
is, by solving a parametric problem with the following objective function:

(12.33)

N N
9(81,21,%2, ..., TN;A) 1 = an(sn,:nn) — /\Zvn(sn,:nn) (12.34)
n=1 n=1
N
= Z[wn(sn,xn) — Ay (Spy )] (12.35)
n=1
N
= an(sn,xn; A) (12.36)
n=1
where
Gn(Sns Ty A) = Wy (Sn, Tn) — Avp(Sp, Tn) , AER (12.37)

Translating this proposition to our case would mean that the solution of
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the target problem would be sought through the solution of the parametric
problem:

Problem P(s;\),s € S,AeR:

N
f(s;\) :== max an(sn,:nn;/\) (12.38)

(9017---7501\7)”:1

subject to (12.2)-(12.4).

As it is clear that for each A\ € R the parametric objective function is
additive and separable, it follows that an additive Markovian decomposition
scheme exists for Problem P(s;\). Hence, this problem will give rise to a
dynamic programming functional equation of the following form:

fa(s;A) = max {gn(s,250) + fap1(T(n,s,2);A) } (12.39)
z€D(n,s)

The important point here is that this equation involves no expansion of
the state space, and should therefore be significantly easier to solve than the
functional equation defined by (12.31).

Still, to make a convincing case for the proposed fractional/dynamic pro-
gramming scheme, it is imperative to show that Dinkelbach’s algorithm is
indeed efficient in this case. That is, we need to show that the algorithm
will not end going through a large number of parametric problems in the
search for the optimal solution to the target problem. For recall that the
main thrust of this algorithm is to find an optimal solution to the target
problem through an iterative solution of the parametric problem for differ-
ent values of the parameter A. Since this is a problem dependent question,
it is instructive to examine it in the context of a representative numerical
example (for convergence properties of the algorithm see Lemma B.11).

12.3.1 Example

Consider the case where

O (S, Tp) = 22 (12.40)
W (8, ) = (12.41)
n
so that
Gn(Sn, Tp3 \) = In _ A2 (12.42)
n

The functional equation is then as follows:

) — T2 -
fn(s,)\)_xe{(ﬁ%ﬁ7s}{n A2 + fopn(s a:,)\)} (12.43)

with fy1+1(s;A) = 0 for all s and X\. We shall consider the case where N =
c = 20.
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Table 12.1: Results from Dinkelbach’s Algorithm

m A(m) 2(m)

00 200000000000000000000
110.05 94221110000000000000
2 10.117372134 42211111111111100000
3 10.1986545091 | 32111111111111111000
4 10.2121268758 | 32111111111111111000

The results yielded by Dinkelbach’s algorithm are given in Table 12.1.
Note that in this particular case the procedure was initiated with A = 0.

The optimal solution yielded by this procedure is 23, which in turn im-
plies that the optimal value of the objective function is equal to A4 =
0.2121268758. The point to note then is that the parametric problem was
solved five times. To appreciate the full significance of these results the reader
is encouraged to attempt to solve the problem using the functional equation
given by (12.32). O

Let us now examine how this dynamic/fractional programming hybrid
algorithm handles a sequential decision problem that is stated in terms of a
directed graph.

12.3.2 Example

Consider the graph depicted in Figure 12.1 and assume that the objective
function is of the form

k
E w wnawn-‘rl
_ n=1

Tk
g :L'n, xn—l—l
n=1

where w(i, j) and v(7, j) denote respectively the first and second components
of the “length” of arc(i,j). For instance, w(1,2) =1 and v(1,2) = 2.

E—t—0

(3.2)

o« W

(4,3)

\@— 5) —361

Figure 12.1: A shortest path problem

q(z1,. .. xk) (12.44)
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The object is to find a path from node 1 to node 7 which maximizes the
above objective function. Note that if w and v are construed as say, benefit
and time functions respectively, then our aim is to maximize the benefit per
unit of time. In short, the object is to solve the following sequential decision
problem:

f(s1):= (xma};k) - , s1=1 (12.45)
- Zv(sjv%)
j=1
Tn € D(sy), 1<n<k (12.46)
Sk+1 =17 (12.47)
Sni1 =T (spyxn) =2, 1 <n<k (12.48)

where D(s) denotes the set consisting of the immediate successors of node
s.

As a prelude I need to explain why opting for the fractional/dynamic
programming scheme is called for in the first place.

Observe then that as the objective function is not readily separable, using
the standard dynamic programming approach would require a reformulation
that would yield state variables of the form s = (i,a,b) where i denotes
nodes and a and b respectively denote the first and second component of the
length of the path from node 1 to node 1.

For example, node 5 will produce the following three states: s = (5,6,6
s’ = (5,15,18) and s” = (5,17,18). The first is induced by the path (1,2,5
the second by (1,2,4,5) and the third by (1, 3,4, 5).

Clearly, no further argument is required to bring home the tremendous
complexity of the state space in cases involving a large number of arcs and
nodes. But even if one would somehow manage to construct and store the
expanded state space, solving the resulting dynamic programming functional
equation would still be a daunting task.

On the other hand, if Dinkelbach’s algorithm is used, the parametric ob-
jective function would have this form

);
)

I

k-1
g(x1, ..,z A) = Z [W(Zp, Tmt1) — A0(Tn, Tig1)] » AER - (12.49)

m=1

and the resulting parametric dynamic programming functional equation
would be as follows:

fls;N) = mrengé){w(s,:n) —M(s,z)+ flxe; N}, s€{1,2,...,6} (12.50)

starting with f(7,A) =0, V.
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To illustrate the algorithm we begin with A(®) = 0. Solving the functional
equation we obtain the optimal path z(!) = (1,3,4,5,7). Because
4

9@ 00) = 3wl o)~ AOual) 2D )] 0 (25)

we set
w(xgn,)v 7(72-1)
)\(1) — g(y(l)) — m= (12.52)

3 o@D, 2l )

m=1
3+64+8+3
= " "~ -1 12.53
44+5+9+2 ( )
and solve the parametric problem again, this time for A = A The optimal
path for this problem is z(?) = (1,3, 4,6,7), yielding

4
9@ 20) = 3 [w@®,2Z,) - AVua, o)) (12:54)
m=1
—24£0. (12.55)
We thus set
k—1 ,
w(@®, 2P, )
A@ = g(y@) = ’:i (12.56)
o(@®,22,)
m=1

T 4+5+6+3 9
and solve the parametric problem again, this time for A = A(?). The optimal
path is now 2 = (1,2,5,7), yielding

3
S DND) = 3 e aly) ~ NP o0 ) (1259
m=1
1
=3 £0 (12.59)

whereupon we set

T
I

(3) )

3
w(xgn) » T4l

i

AG) = g(20®) = (12.60)
U(xgg)v‘rgl-l)
m=1
1+5+3 9 (1261)

T2+4+3 8
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and solve the parametric problem for A = A®). This gives the optimal solu-
tion () = (1,2,5,7). Because @ = 2 we stop. The optimal path is then
z* =z = (1,2,5,7), and its length is equal to g(z*) = A®) = 1.125.

To sum up then, the fact that the procedure took only four iterations
to recover the optimal solution attests to the unquestionable superiority
of this scheme, for this case, over the conventional dynamic programming
treatment. ]

Let us now consider a scheme (hybrid algorithm) based on a dynamic
programming/c-programming collaboration. I shall first describe its key
tenets and then illustrate how it handles a problem with an objective func-
tion defined by (12.15).

12.4 C-programming Scheme

To explain the main ingredients of this scheme we can make do with a
simple subcase of Problem P(s) whose objective function ¢g has this form:

9(817'2) = ul(slvz) + (,D(UQ(Sl,Z)) y = (3:173327 cee 7$N) (1262)
where

N

ui(s1,21,22,...,TN) = an(sn,xn) (12.63)
n=1
N

ug(s1,21,22,...,TN) = Zvn(sn,xn) (12.64)
n=1

and ¢ is a nonlinear real-valued function on R.

As required by c-programming (see Appendiz C'), it is assumed that ¢ is
differentiable and either conver or concave depending on whether opt is max
or min respectively (Observe the combination max-convex, min-concave).
Again, I begin with the justification for this scheme.

Since ¢ is nonlinear, a conventional dynamic programming treatment of
this problem will run into the same sort of trouble that it encounters with
respect to (12.14). That is, with the objective function being non-separable
a reformulation is required to construct a Markovian decomposition scheme.
This will yield a state variable of the form

S;L = (Sman) (12.65)

where s,, denotes the original state variable and

n—1
ap, == Z Um(Sm, Tm) , L<n<m (12.66)
m=1
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with aq := 0.

The culprit in this case is the term a, which is generated by the functions
{vm} as specified by (12.66). This element can easily engender a state space
that would be fundamentally larger than the original state space of the
problem. On the other hand, using c-programming to solve this problem we
would approach it via a parametric problem whose objective function is as
follows:

9(81,21,%2, ..., TN; A) = u1(s1, 21, T2, ..., TN) + Aua(S1, 21, T2, ..., TN)
N N

= Z (SnyTn) + A Z Un (Sny Tn) (12.67)
n=1

v
Z (Sns T A (12.68)

where
Gn(Sny Ty A) = Wn(Sp, ) + Ap(Sp, ) , AER (12.69)

Clearly, as this is an additive separable function, no expansion of the state
space will be required to construct a Markovian decomposition scheme for
this case.

Having set out the essentials of the dynamic programming/c-programming
scheme, I can now illustrate how it deals with a problem with an objective
function of the type defined by (12.15).

12.4.1 Example
Consider the variance-type objective function in Ezample 12.1.2, namely,

2

g(s,x1,...,x (12.70)

IIM

1 N
[wnznn —NZU)

m=1

As there seems to be no obvious way of formulating a Markovian decom-
position scheme for this problem without causing an expansion in the state
space, we treat it as a non-Markovian problem. That is, had we contemplated
the regular dynamic programming treatment, we would have reformulated ¢
to obtain the following:
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- N -2

fon(zn))? - 5

I

M=
=2l
]

g

3

8

3

N 2
> wm(xm)] (12.72)
m=1

S
[
o
3
I
-

N L[ 12
2
= n\dn - X7 m\dm 12.
;[w COIREE ,;w (m) (12.73)
Thus, defining
n—1
an 1= Z Wi (Tr) , 1<n<N+1 (12.74)
m=1
would have yielded
al 1
9(s,x1,x9,...,xN) = Z ([wn(xn)]2 N [aN+1]2> (12.75)

n=1

whereupon we would have set s/, = (sp,, a,,) to enable expressing the objective
function as follows:

N
g(x1, 72, xN) = Y bu(sh, n) (12.76)
n=1
where
2

, n< N

- . 81 = (sn,an)

[wn(zn))” = % lan +wn(@n)]? , n=N

b (Sp, Tn) = {[wn(l’n)]
(12.77)

This transformation would have given an objective function that is mani-
festly Markovian with respect to the expanded state variable s/, = (s, ap).
But this expansion in the state space would have easily triggered dimension-

ality. To see that this is so, observe that the expanded state space S’ is now
defined thus:

N
s'=Js, (12.78)
n=1

where S{ = {(¢,0)} and

1 = 4T (s, %), an + wn(Tn)) : Sp € S, (8n,an) € S)} (12.79)
= {(s —z,a+wy(x)) : (s,a) € S} (12.80)

It is immediately clear that for a large n these sets can be far larger than
the original state space.
On the other hand, bringing in c-programming provides a way out of this
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predicament. Because, in compliance with the ¢ -programming format we
would set

N

up(z1,...,N) = Z[wn(xn)]2 (12.81)
n];1

ug(x1,...,oN) = an(mn) (12.82)
1

o(z) = —%2 , 2€U =R (12.83)

so that by construction

g(x1,...,zN) =ui(z1,...,2N) + @(uz(z1,...,xN)) (12.84)
2
o(z) = —TZ ,z€R (12.85)

Because in terms of this formulation opt = min and ¢ is differentiable and
concave on R, the problem under consideration can be classified as a one
dimensional concave additive problem (see Section C.5). Consequently, the
objective function of the parametric problem would have the following form:

g(:El,...,:EN;/\):’LLl(:Eh..., )—I-/\UQ(J}l, . N) , AER (12.86)
N

= [wn(zn)]* + )\an L) (12.87)
n;l

= {[wn(@n)]® + An(z,) } (12.88)
n=1

I
NE

qn(Tn; ) (12.89)

3
Il
—

where
@n (T3 A) = [wn(2)])? + Awp () (12.90)
The parametric problem itself would be as follows:

Problem V(A) : p(A) := min an (xn;A), AeR (12.91)

(Z1,5%N)

subject to (12.5)-(12.6).
This problem yields a dynamic programming functional equation of the
following form:

fa(s;A) = min  {gu(z;\) + frr1(s — 23 A)} (12.92)
z€{0,1,2,...,s}
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for A\e R, 1<m < N,se{0,...,c}, with
fn+1(s;A) =0, Vse€{0,1,...,¢}, NeR (12.93)

Observe that p(A) = fi(c; N).

As in the case of the fractional/dynamic programming scheme, the c-
programming algorithm would involve an iterative solution of the functional
equation (12.92)-(12.93) for various values of A, until an optimal solution for
the original problem is found. O

And here as well, to make a persuasive case for this approach it is nec-
essary to show that the parametric problem will have to be solved only
for a relatively small number of values of the parameter A. For otherwise
the advantage of using the dynamic programming/c-programming scheme
as opposed to the standard dynamic programming strategy would remain
doubtful.

At this stage I cannot provide results that make a categorical statement
about the efficiency of the dynamic/c-programming scheme. I can confirm,
though, that extensive numerical experiments with this scheme indicate that
it is fundamentally more efficient than the standard dynamic programming
algorithm based in an expanded state functional equation (see Domingo and
Sniedovich [1991]). For an idea of the efficiency of the scheme let us consider
the following example.

Continuing with Fxample 12.5.1, consider the case where N = ¢ = 20 and
wy(s,x) = x/n. In preparation for deploying a c-programming algorithm, we
first have to establish lower and upper bounds for the parameter \. Observe
then that we seek the value of the derivative of the function ¢, given by
(12.85), at the optimum. This means that we can confine the search to the
interval [Amin, Amax], Where

Amin = min ¢ (x1,...,2N) (12.94)
and
Amax = ( max )cp'(a;l, Ce TN (12.95)

both subject to (12.50). Since ¢'(z) = —2z/N, it follows that

. 2
Amin = (xlr’r}”l’rglw) —Nug(ﬂjl, .o TN) (12.96)
9 N
= min —— ) wy(zy,) (12.97)
(@1,zn) N A=
9 N
=— <—> max wp, (T, (12.98)
N (1‘17 "xN)n:I

2 20 T
= - <—> max = (12.99)
( n
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Table 12.2: Results generated by the c-programming algorithm
A x g9(z)

Amin = —2.0 | 12233322110000000000 | 2.398205

Amax = —0.1 | 00000011111111 222222 | 0.053687

and
2
A = I T EN) (12.100)
9 N
= max —— W (T, 12.101
(z1,..zN) anz:l ( ) ( )
2 N
=—\| = min Wy (T, 12.102
<N> (@1, TN) Z::l ( ) ( )
20
2 T,
—\20 . n 12.1
<20> (mllvl}irwlm) ! n ( 03)

both subject to (12.5)-(12.6). Hence, by inspection

Amin =—— =—2 ; Apax = —— = —0.1 (12.104)
The inference is then that the optimal value of A must be on the interval
V' = [Amins Amax) = [—2, —0.1] (12.105)

Another point to note is that the dynamic programming functional equa-
tion (12.92) in our case takes the following form:

fa(ssA) = min  {[wn ()] + Mon(2) + far1(s —230)} (12.106)
z€{0,1,...s}
where A € V, 1 <n < N, and s € {0,...,c}. The iterative procedure begins
at n =N + 1 =21 with fo1(s;\) =0, Vs, A.

Let us now use this example to compare the performances of Algorithm
C.5.4. and Algorithm C.5.5 (see Appendix C). Table 12.2 gives the results
obtained in Step 1 for both algorithms.

The results generated in Step 5 of Algorithm C.5.5 are given in Table 12.3.
In this case, the parametric problem was solved for 53 = 51 + 2 values of \.
Table 12.4 gives the results generated at Step 5 of Algorithm C.5.4. Here the
parametric problem was solved for 8 = 6 + 2 values of A. These results bear
out my claim in Appendiz C that Algorithm C.5./ should be expected to
perform far more efficiently than Algorithm C.5.5. Indeed, my experiments
have shown these results to be typical.

To throw more light on the difference between Algorithm C.5.4 and Al-
gorithm C.5.5 1 shall now analyze the results that they produce in the first
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two iterations. As both search the same interval, namely,
V = [Amin = =2, Amax = —0.1] (12.107)
going into the first iteration both use the same values for A\; and A,, namely

Al = Amin = —2 (12.108)
Ay = Amax = —0.1 (12.109)

Consequently, in Step 5 of the first iteration, both generate the same X,
that is

up(a’) — uq (2")
ug(z") — ug(x’)

A\ =

(12.110)

where x’ and z” are the optimal solutions found for Problem T()],) and
Problem T(X\”) respectively (these solutions are given in Table 12.2). This
yields A° = —0.959829. Let 2° denote the optimal solution for Problem T'(\°)
(see Table 12.3).

Now, since neither 2’ nor 2 is optimal for Problem T (\°), Algorithm C.5.5
proceeds to search the interval [—2.0,A°] = [-2,—0.959828]. On the other
hand, Algorithm C.5.4 employs in Step 4 the coverage function defined by
(C.80), that is, it computes the intervals already covered by ()\;,z’) and
(A°,x°), and checks whether these exhaust the interval [—2.0, —0.959828].

Since

¢ (u(a')) = == = —0.526349 (12.111)
¢ (u(z%)) = _zu](\;;O) — —0.318810 (12.112)

it follows that (A, z") covers the interval

I, 2') = [N, @' (u(2)))] = [-2, —0.526349] (12.113)
and (A°,x°) covers the interval

I(X°,2°%) = [X°, ¢ (u2(z°))] = [—0.955982, —0.318810] (12.114)
Thus, the interval covered jointly by these pairs is

I,y I3, 2°)

[—2, —0.318810] (12.115)

The conclusion is then that these two pairs in fact cover the interval [\, A°].
Algorithm C.5.4 therefore discards this interval and proceeds to examine the
interval [A\°, A\, ]. On the other hand, it takes Algorithm C.5.5 eight additional
iterations to cover the interval [A;, A°].

Since the pairs {(\,z)} generated by the two algorithms cover the entire
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Table 12.3: Results for the c-programming scheme

A

X

g(z)

— =
D5 ©oo oot w3

Lo W W W W W W W W W NDNDDNDDNDDNDNDNDLD M == = =
O 00 DU R WO OO ULk WNHFEO OO U Wi

-0.959829
-0.351153
-1.803800
-1.856270
-1.983333
-1.813131
-1.814286
-1.805195
-1.646970
-1.700000
-1.714286
-1.680952
-1.583333
-1.104866
-1.276923
-1.064305
-1.072727
-1.021429
-0.480455
-0.639183
-0.786067
-0.866667
-0.728965
-0.762500
-0.687395
-0.610171
-0.610171
-0.630556
-0.585965
-0.548647
-0.550000
-0.503497
-0.287237
-0.371573
-0.423432
-0.448774
-0.464286
-0.430769
-0.389947

01112222222111000000
11223322221100000000
11223322211000000000
12223322210000000000
12223322210000000000
11223332210000000000
11223332210000000000
11223322211000000000
11222322221000000000
11222332211000000000
11222332211000000000
11222322221000000000
11222222221100000000
11122222221110000000
11122222221110000000
01122222222110000000
01122222222110000000
01112222222111000000
00111111111221111111
01111112222111111000
01111222222111100000
01111222222111100000
01111122222111110000
01111122222111110000
01111112222111111000
01111111122111111110
011111112221111111060
011111112221111111060
01111111122111111110
00111111112211111111
00111111112211111111
00111111111221111111
00011111111111111222
00111111111111122111
00111111111112211111
00111111111122111111
00111111111122111111
00111111111112211111
00111111111111221111

0.471058
1.437248
1.654421
2.194882
2.194882
1.723567
1.723567
1.654421
1.531077
1.583245
1.583245
1.531077
1.437248
1.222754
1.222754
0.594931
0.594931
0.471058
0.129821
0.315650
0.397122
0.397122
0.348973
0.348973
0.315650
0.273447
0.291527
0.291527
0.273447
0.133695
0.133695
0.129821
0.075303
0.122051
0.124855
0.126975
0.126975
0.124855
0.123260

351
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Table 12.3: Continued

m A x g(x)

4010123260 |100111111111111221111/0.123260
411-0376471(0011111111111112211110.122051
421-0364762|100011111111111122211/0.077981
431-0.366667 |0001111111111112221110.077981
441-0336462|100011111111111112221/0.076484
451-0345395({0001111111111111222110.076484
46(-0326471100011111111111111222/0.075303
471-0221251 {0000111111111111222210.058112
48 (-0.272624 {0000111111111111222210.058112
49 (-0.179898 |100000111111111122222/0.052692
501-0.205682 {00000111111111122222/0.052692
511-0.144444 100000111111111222222]0.053687

Table 12.4: Results for the c-programming scheme

A z g9(z)
-0.959828 |01112222222111000000 | 0.4710579
0480455 {00111111111221111111]0.1298207
0287236 {00011111111111111222/0.0753033
-0.221250{00001111111111112222/0.0581120
-0.179897 {00000111111111122222/0.0526924
-0.144444100000011111111222222/0.0536871

oINS INEJUR RN S

interval [Amin, Amax|, it follows that the optimal solution is the one generated
by A* = —0.179897, namely

z* = (0,0,0,0,0,1,1,1,1,1,1,1,1,1,1,2,2,2,2,2) (12.116)
The optimal value of the objective function is then g(z*) = 0.0526924. [

I conclude with a short discussion on a dynamic programming / Lagrange
multiplier scheme. As schemes of this nature are discussed in detail in most
texts on dynamic programming I shall not go into it in depth but shall only
note its essentials and comment on certain difficulties that it may run into.

12.5 Lagrange Multiplier Scheme

The rationale for turning to this scheme is similar to the one
prompting the fractional programming/dynamic programming and the c-
programming/dynamic programming schemes, except that here the object
is to circumvent an expansion of the state variable induced by global con-
straints.
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To illustrate it assume that Problem P(s) as defined by (12.1)-(12.4) is
additionally subject to the global constraint

c(xy,...,xn) <0 (12.117)

where ¢ is some real-valued function on X(s). As shown in Chapter 11,
such a constraint will force an expansion in the state space. To avoid this
difficulty one would bring in the Lagrange multiplier method which would
entail seeking the solution of (12.1)-(12.4), (12.117), via a problem involving
the following parametric objective function:

L(s,z1,...,oN,A) :=g(s1,21,---,N) + Ae(x1,...,zN) , ANER  (12.118)

where g is the objective function of the target problem and ) is an exogenous
parameter. Note that the parametric problem is not subject to the global
constraint (12.117).

The idea would be then to recover a A such that any optimal solution for
the surrogate parametric problem given by this value of X is also optimal for
the target problem. Usually the procedure would involve an iterative solution
of the parametric problem until such a X is found. I shall not go into the
question of what conditions assure that such a A exists and how to identify
it. However, I want to call attention to the following points.

If the intention is to solve the parametric problem with dynamic program-
ming, one must ensure that the parametric objective function is separable
because otherwise one difficulty would be traded for another.

To illustrate this point assume that the objective function of the target
problem has this form

N
g(s,x1, - aN) =Y qu(n) (12.119)

n=1

and that the additional global constraint is given by

c(x1,...,xN) = 11<I}1a<XN{dn(xn)} (12.120)

Then the parametric objective function would be defined as follows:

N
L(s,x1,...,oN,A) = {an(xn)} —I—/\11<na<XN{dn(:En)} , AeR (12.121)
n=1 =n=

Since this objective function is non-separable, giving the parametric prob-
lem a dynamic programming formulation will produce an expanded state
space. But this is precisely what was sought to be prevented in the first
place! The inference therefore is that employing the Lagrange multiplier
method in the case of the parametric objective function given by (12.118)
will make sense only if g and ¢ are additive.
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More generally, the Lagrange multiplier/dynamic programming scheme,
and for that matter, any other dynamic programming scheme deploying
penalty functions, will be effective only if the objective function of the para-
metric problem will be separable. Of course, one would be able to use other
approaches (eg. fractional programming, c-programming) to deal with the
non-separable objective function of the parametric problem.

Another word of caution is in order. It concerns the idea of using the
Lagrange multiplier method with the view to dispense with the state variable
altogether. That such an idea should be contemplated is quite obvious.

To see why this is so, suppose that the state variable is induced by a sin-
gle global constraint. Then, on using the Lagrange Multiplier scheme this
constraint would be incorporated in the objective function of the resulting
parametric problem, to thereby free the target problem from the global con-
straint. Building on this, one might go a step further to conclude that should
the parametric objective function have a Markovian decomposition scheme
which is independent of the state variable originally induced by the global
constraint, then there would be no need for a state variable at all!

Whatever the appeal of such a “trick”, it should be noted that this would
normally give rise to a serious difficulty known as “duality gaps”. Namely,
no \'s will exist for which the optimal solution for the parametric problem
will be optimal for the target problem. The following example illustrates this
point.

12.5.1 Example
Consider the following (unbounded) knapsack problem:

max Y ann (12.122)

> bprn <1, >0 (12.123)

z, €{0,1,2,...,7} (12.124)

where {a,}, {b,} and r are positive integers.
The global constraint (12.123) induces in this case a state variable of the
form

n—1
Sn=T—=Y  bmTm (12.125)
m=1

whose transition function is of the form
T(n, Sp,Tn) = Sp — bpay (12.126)
We would thus set

D(n,s) = {o, 1,2,..., {EJ} (12.127)
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This means that the state space is the set S ={0,1,2,...,7}.

Now, suppose that we use the Lagrange multiplier method. As our aim
is to maximize the objective function it would be convenient to define the
parametric objective function thus,

N N
L(s,z1,...,xN,\) = Zanmn - A (Z by, — 7’) ,A>0 (12.128)
n=1 n=1

N
=M+ Y (an — Abp)zy, (12.129)

n=1

So, if the constant Ar is ignored, the parametric problem would be stated
as follows:

N
max (an — Abp)Tpn , A >0 (12.130)
(xlv '7xN) n=1
xne{O,l,Q,...,{LJ} L 1<n<N (12.131)
Qn

Observe that since the parametric objective function is additive with re-
spect to {z,} and the problem is free of global constraints, it follows that
the dynamic programming model would require no state variable at all!

To be sure, in this example the parametric problem is trivially easy, for
the optimal solution, as a function of the parameter A, would be determined
by inspection as follows:

\‘LJ y Qnp — >\bn 2 0
Tn(N) = an, , A>0,n=1,2,...,N (12.132)
0 , otherwise

But the catch is that by varying A the Lagrange multiplier method will
at best recover N distinct solutions, most of which will not be feasible with
respect to the target problem. It follows therefore that one is not assured to
obtain an optimal solution to the problem considered.

In short, success in diminishing the state space, indeed in getting rid of it
altogether, does not necessarily spell an effective solution procedure for the
problem in question. O

As a final note I wish to make it abundantly clear that these comments are
not meant to suggest that the Lagrange multiplier/dynamic programming
scheme will generally run into trouble. Not at all. Indeed, generally, subject
to its inherent limitations, this scheme will perform extremely well.
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12.6 Summary

The main point of this chapter is that in many cases a computationally
intensive dynamic programming functional equation stemming from an ex-
panded state space, can be staved off through the use of an appropriate
alternative solution strategy.

Depending on whether the problem considered involves a non-Markovian
objective function and/or is subject to a global constraint, one would be able
to opt for a solution scheme that consists of a joint effort between dynamic
programming and the suitable parametric method.

12.7 Bibliographic Notes

Collaboration schemes between dynamic programming and the Lagrange
multiplier method are discussed in most dynamic programming texts, e.g.
Bellman [1957a], White [1969], Denardo [1982, 2003]. Such schemes seem to
be particularly well suited for stochastic problems that are subject to chance
constraints, e.g. White [1969], Sniedovich [1980a].

More details on dynamic/c-programming schemes can be found in
Sniedovich [1987a, 1989a], and details on fractional programming and dy-
namic programming schemes can be found in Lawler [1976] and Ibaraki
[1987]. A tripartite dynamic/fractional/c-programming scheme is described
in Sniedovich [1989b].

Separation schemes for dynamic programming models based on multiple
objective techniques are described in Henig [1986] and Carraway et al. [1990].
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13.1 Introduction

In this chapter I take a close look at the Principle of Optimality. 1 elabo-
rate on the questions that were merely touched on in Chapter 4, namely the
principle’s meaning and validity and its place and role in dynamic program-
ming. I deferred discussion on these issues to this part of the book because
it is my view that only against the background of a complete account of the
derivation of the functional equation of dynamic programming can one hope
to do full justice to these matters.

So, having attended to all the fine details that were still in need of clar-
ification — the Weak-Markovian and monotonicity conditions and having
shed more light on the function of the concept of state, I can now take up
this task. My preeminent objective in expounding these matters is to make
clear Bellman’s understanding of dynamic programming and to explain the
style of exposition that he pursued in setting it out. I also look at the inter-
pretation that the principle is commonly accorded in the literature and at
the criticism that has been directed at it.

You will recall that in Chapter 4 I pointed out two things about the
question of how to approach the assessment of the Principle of Optimality.
First, that no appraisal of the principle’s validity can be done in isolation
from the multistage decision model in the context of which it was formulated.
Second, that to be able to bring out its precise meaning and role in dynamic
programming one has to examine it from the standpoint of the principle’s
place in the derivation of the functional equation. At this stage, we have the
necessary background to go into these questions more deeply. I begin with
the second point.

The discussion is conducted within the framework of a dynamic pro-
gramming model whose definition involves a multistage decision model
(N,S,D,T,S1,g9) and a decomposition scheme (p,{g, : n € N}) yielding
the functional equation:

fn(S) = Opt p(n,s,aj,an(T(n,s,ﬂ:))) ’ V1 S n < st € Sn (131)
z€D(n,s)

The functions {f,} are defined in the context of what we call a family of
modified problems, namely:

Problem P(n,s),n € N;s€ S, :

fn(s) == ( opt )gn(s,xn,an, S, TN) (13.2)
Tm € D(m, $p) , n<m< N (13.3)
Sn =5 (13.4)

Sm+1 =T (N, S, Tm) », n<m <N (13.5)
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We referred to Problem P(n,s) as the MODIFIED PROBLEM AT (N,S) and
we let X*(n, s) denote the set of optimal solutions for Problem P(n,s).
The decomposition scheme is required to satisfy the following condition:

gn(saxaxn-i-la s 7'1'N) = p(n7 S,l’,gn+1(T(n, S7x)7xn+17 s ,IL'N)) (136)

for any collection (n,s,x,Tp41,...,2n) such that 1 < n < N, s € 5,
x € D(n,s), (xnt1,...,2n) € X(n+ 1,T(n,s,z)), the latter denoting the
set of a feasible solution for Problem P(n+ 1,T(n,s,x)).

Turning now to the derivation process itself. As we have seen, an appeal to
the Principle of Conditional Optimization enables deducing from the family
of modified problems, the following family of CONDITIONAL PROBLEMS:

Problem P(n,s,xz),1 <n < N,s € Sy,x € D(n,s) :

fn(s,x) = ( opt )gn(s,x,xnﬂ, .o TN) (13.7)
Tn41y-HTN
Tm € D(m,Spy), n+1<m<N (13.8)
Sp =28 (13.9)
Sma1 =T (M, S, Tm) , n<m <N (13.10)
with
fn(s,x) :=gn(s,z), s€ Sy, € D(N,s) (13.11)

if NV is finite.
The important thing to note here is that, irrespective of the particular
nature of the decomposition scheme, we always obtain the following equation:

fa(s)= opt fa(s,z),V1<n<N,s€S, (13.12)
z€D(n,s)

The immediate implication is then that, in view of (13.12) being always
true, and considering that by definition any decomposition scheme satisfies
(13.6), it is only logical to regard

fu(s,z) = p(n,s,z, fnr1(T(n,s,x))) (13.13)

for 1 <n < N,s € Sy, z € D(n,s), as a sufficient condition for (13.1).

In other words, as it is clear that (13.12)-(13.13) imply (13.1), the validity
of the functional equation is clearly guaranteed by the validity of (13.13).

Now, the question naturally arising is: in what does one anchor the validity
of (13.18)? Tt need hardly be pointed out that an answer to this question
depends entirely on one’s fundamental approach to this equation. Thus, one
may seek to tie the validity of (13.13) to the properties of the composition
function p, arguing that by inspection of (13.2)-(13.10), the validity of (13.13)
is contingent on the composition function p being monotone non-decreasing
with its last argument (See Section 10.1).



360 Dynamic Programming

However, approaching (13.13) from the viewpoint of the wider conceptual
context of which this equation forms part, one would most naturally trace
its validity to

X*(n,s,z) C X*(n+1,T(n,s,x)) (13.14)
forall 1 <n < N,s € S,,z € D(n,s), or better yet to
X*(n,s,x) N X*(n+1,T(n,s,x)) # & (13.15)

forall1 <n < N,s €S,,z € D(n,s), where & denotes the empty set.

Or in other words, one would choose either (13.14) or (13.15) as a suf-
ficient condition for (13.13), both being equally compelling. The difference
between them is that while (13.14) requires any optimal solution to Problem
P(n,s,z) to be also optimal for Problem P(n + 1,T(n,s,z)), (13.15) im-
poses a weaker requirement. It makes do with there being, for each instance
of (n,s,x), at least one optimal solution for Problem P(n,s,z) that is also
optimal for Problem P(n+ 1,T(n,s,x)).

As we saw in Section 10.1, the main consequence of basing the functional
equation on the less stringent requirement is that such an equation is not
assured to recover all the optimal solutions for Problem P. However, from a
purely methodological point of view this is in essence a technical matter. The
important thing is that both (13.14) and (13.15) guarantee the optimality
of the recovered solutions, tying as they do the optimal solutions of Problem
P(n,s,x) to those of the modified problem it generates, namely Problem
Pn+1,T(n,s,x)).

Now, recall that we saw in Chapter j that (13.14) implies a stronger
relation, namely

X*(n,s,z) =X"(n+1,T(n,s,x)) (13.16)

forall1<n < N,s € S,,z € D(n,s).
Also note that from (13.6) it is clear that (13.15) entails that

X*(n+1,T(n,s,z)) € X*(n,s,x) (13.17)

forall1<n < N,s € S,,z € D(n,s).

So, as (13.16) clearly implies (13.14), the two statements can be regarded
equivalent and, for similar reasons, (13.17) and (13.15) can also be regarded
equivalent.

The point then is that any one of the above requirements can aptly serve
as a sufficient condition for the validity of the dynamic programming func-
tional equation (13.1). However, in view of (13.14) and (13.16) establishing
a ‘strong’ relation whereas (13.15) and (13.17) a ‘weak’ relation, I labeled
the first pair the Markovian Conditions and the second the Weak-Markovian
Conditions.

Let us now remind ourselves of the trait that gives these conditions their
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Markovian nature. To this end it is instructive to incorporate the state s’ =
T'(n,s,x) in the statement of the conditional problem at (n, s, z).
So let us define

Problem P(n,s,z,s'),1 <n< N,s€ S,,x € D(n,s),s' =T(n,s,x):

fa(s,z,8) = ( opt )gn(s,x,s/,xn+1,azn+2, .o TN) (13.18)
Tnt1y- TN

subject to (13.8)-(13.11), and let X*(n,s,x,s’) denote the set of optimal
solutions for Problem P(n,s,z,s’).

Since by construction Problem P(n,s,z,s'), s’ = T(n, s, x), is in fact iden-
tical to Problem P(n,s,z), it clearly follows that X*(n,s,z,T(n,s,x)) =
X*(n,s,z). This allows rewriting (13.14)-(13.15) as

X*(n,s,2,T(n,s,2)) C X*(n+1,T(n,s,z)) (13.19)
X*(n,s,z,T(n,s,x)) N X*(n+1,T(n,s,z)) # 2 (13.20)

and (13.16)-(13.17) as

X*(n,s,z,T(n,s,x)) = X*(n+1,T(n,s,z)) (13.21)
X*(n+1,T(n,s,x)) € X*(n,s,z,T(n,s,z)) (13.22)

respectively. These relations apply for all 1 <n < N,s € S,,,x € D(n,s).

The Markovian character of (13.19) and (13.21) lies then in their implying
that the set of optimal solutions to Problem P(n,s,z,s'),s’ = T(n,s,x),
is uniquely determined by the state s’ = T'(n, s, z) resulting from (n, s, z).
Thus, for any two pairs (s,x) and (s°,2°) such that = € D(n,s), z° €
D(n,s°) and T'(n,s,z) = s’ = T'(n, s°,z°), the respective conditional prob-
lems, namely Problem P(n,s,x,s’) and Problem P(n,s° z°,s"), are equiva-
lent in that both have the same set of optimal solutions.

Similarly, (13.20) and (13.22) imply that any two or more conditional
problems at stage n that generate the same state at stage n+ 1 have at least
one common optimal solution. Again, this is a typical Markovian condition,
although it is not as strong as the one articulated by (13.19) or (13.21).

In summary, the inference to be drawn from the analyses in Chapter 4 and
Chapter 10 is that any optimization problem possessing a decomposition
scheme satisfying any one of the above Markovian Conditions will yield a
valid functional equation of the form specified by (13.1).

The functional equation is thus viewed as an immediate consequence of

- The Principle of Conditional Optimization as manifested in (13.12).
- Either one of the Markovian Conditions.

With this as background let us now examine the Principle of Optimality.
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13.2 Bellman’s Principle of Optimality

It is only fitting to begin the examination of the famous statement that
Bellman entitled The Principle of Optimality by first reminding ourselves
of its wording. Prior to this I wish to point out that although I follow the
accepted practice of associating it with Bellman’s first book on dynamic
programming [1957a, p. 83|, the principle was in fact introduced by Bell-
man in 1953 and reiterated in the very same phrasing, in numerous other
publications:

PRINCIPLE OF OPTIMALITY. An optimal policy has the property that
whatever the initial state and initial decision are, the remaining decisions
must constitute an optimal policy with regard to the state resulting from
the first decision.

Now, as already indicated, it is impossible to work out the principle’s exact
import without imputing precise meaning, or in other words, mathematical
content, to the key phrases ‘initial state’, ‘initial decision’, ‘the state resulting
from’ etc. This, needless to say, requires postulating a mathematical model.
The model that I shall use for this purpose will naturally be the one that I
set out in the preceding chapters.

Thus, reading the principle in terms of this model the objects ‘initial state’
and ‘initial decision’ are seen to pertain to a generic conditional problem
associated with some assumed decomposition scheme. Any non final stage is
denoted by n, any element of S,, by s and any element of D(n,s) by z.

The policy in question is understood to be capable of generating optimal
decisions for any problem imaginable. Hence, applying this policy to Problem
P(n,s,x) yields a sequence of decisions z = (zp41,-..,2n) € X*(n,s, ),
where X*(n, s, z) denotes the set of optimal solutions for Problem P(n,s,x).

The principle’s contention is then that z must also be an optimal solution
for the modified problem generated by (n, s, z), namely the modified problem
at (n+ 1,T(n,s,x)), or as we call it, Problem P(n+ 1,T(n,s,x)).

That is, read in the context of our multistage decision model, the principle
asserts the following:

If z is an optimal solution for Problem P(n,s,x) then it must also
constitute an optimal solution for the modified problem resulting from
(n,s,z), namely Problem P(n+ 1,T(n,s,x)).

It is clear then that in this setting the principle makes the very same claim
that is made by the Markovian Condition, namely by (13.14). Or in other
words, (13.14) and the principle amount to the same idea.

This established, the question naturally arises whether as in the case of the
Markovian Condition one would be able, here as well, to formulate a weaker
version of the original. That this is indeed possible is immediately evident. All



The Principle of Optimality 363

one needs to do to this end is to read “An optimal policy” as affirming “There
exists an optimal policy”. This rendition has the effect of producing a less
demanding version of the Principle of Optimality that is totally equivalent
to the Weak-Markovian Condition (13.15). I shall therefore refer to (13.15)
also as the Weak Principle of Optimality. This principle makes the following
assertion:

Whatever the stage n < N, the state s € S, and the decision
x € D(n,s) are, at least one of the optimal solutions for Problem
P(n,s,x) is also optimal for the modified problem resulting from the
triplet (n, s, x), namely Problem P(n+1,T(n,s,x)).

What conclusions can be drawn then in view of these findings? Having
determined that the Markovian Condition and Bellman’s Principle of Op-
timality are in fact one, clearly the Principle of Optimality and its weaker
version — the Weak Principle — emerge as the backbone of dynamic pro-
gramming’s theoretical foundation. This proposition can be summed up for-
mally by means of the following result:

Corollary 13.2.1 Any decomposition scheme satisfying the Principle of
Optimality yields a valid functional equation.

Before we can proceed 1 wish to reassure the reader of the principle’s va-
lidity, considering the foundational role just attributed it. At this stage, the
argument adduced for this purpose is an interim measure. Later in this chap-
ter I come back to this question and I discuss it in greater detail. For now
it is sufficient to keep in mind that having equated the Markovian Condi-
tion with the Principle of Optimality, the simple monotonicity conditions
pertaining to the decomposition function p — which as shown in Section
10.1 can be appealed to in order to insure the validity of the Markovian
Conditions — apply to the principle as well.

As for the relation between the principle and the optimization problem
itself namely, Problem P. First consider the following;:

Definition 13.2.1 An instance of Problem P is said to OBEY the Princi-
ple of Optimality if it can be formulated as a dynamic programming problem
whose decomposition scheme satisfies the principle, namely (13.14). Simi-
larly, an instance of Problem P is said to obey the Weak Principle of Op-
timality if it can be formulated as a dynamic programming problem whose
decomposition scheme satisfies the Weak Principle, namely (13.15).

Considering then that the Principle has been shown to be the equivalent
of the Markovian Condition, the following is an immediate consequence of
Lemma 4.4.5.

Corollary 13.2.2 Any instance of Problem P obeys the Principle of Opti-
mality.
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The conclusion to be drawn on the strength of this analysis is that the
guiding idea in dynamic programming is to formulate any given instance of
Problem P so that the formulation meets the precepts of the Principle of
Optimality or its weaker version the Weak Principle.

Let us now examine how the Principle of Optimality is commonly con-
strued in the literature.

13.3 Prevailing Interpretation

The interpretation of the Principle of Optimality that I set out above dif-
fers from the interpretation that one is likely to encounter in the literature.
This disparity is due to different readings of the term ‘initial decision’. In
my interpretation this term is understood to mean “any feasible initial de-
cision” whereas the prevailing interpretation construes this to mean “any
optimal initial decision”. Thus, applying the terminology of our model to
the prevailing interpretation, Bellman’s principle would read as follows:

If (xzp,...,xN) is an optimal solution for Problem P(n,s) then
the sequence (Tp41,...,TN) must constitute an optimal solution for
the modified problem induced by (n,s,x,), namely Problem P(n +
1,T(n,s,zy,)).

This means that whereas my interpretation involves a conditional prob-
lem and the modified problem that it generates, the prevailing interpretation
involves a modified problem and the modified problem that it generates in
conjunction with its optimal decisions. Or to put it more succinctly, on the
prevailing interpretation the principle contends that

(T, zN) € X*(n,8) = (Tpt1,-.-,2N) € X (n+ 1,T(n,s,z,))
(13.23)

Now, the point to note here is that although it is possible to show that
(13.23) guarantees the validity of the functional equation (13.1), the proof
is not as direct as that based on (13.14). The reason for this is that (13.23)
does not imply that

fa(s,x) = p(n, 5,2, fui1(T(n, s,))) , Vo € D(n, s) (13.24)
but rather only that
fn(s,z) = pn,s,z, fo1(T(n,s,2))) , Ve € {z(1) : z € X*(n,s)} (13.25)

To illustrate the issue involved assume that opt = max and that z° =
(x5,...,2%) is an optimal solution for Problem P(n,s) for some 1 < n <
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N and s € S,,. The proof of (13.1) by means of (13.23) consists of two
arguments. First, invoking (13.23) we obtain

gn(8,2°) = fu(s) = p(n, s, 2, fur2(T(n, s, 77,))) (13.26)

Second, if contrary to the assertion we assume that (13.1) does not hold,
it will follow that

Fals) < pln 5,2, Fuss(T(n, 5,2))) (13.27)
for some z* € D(n,s).
Set then s* = T(n,s,z*) and let 2* = (z),,...,2%) be any optimal
solution for Problem P(n + 1,s"). Since this entails that
frr1(8™) = gny1(s™,27) (13.28)
we conclude that
gn(8,2°) = fn(s) < p(n, s, 2%, gny1(s*,2%)) = gn(s, ™, 2") (13.29)

However, since by construction the sequence 2’ = (x*,z*) constitutes a
feasible solution for Problem P(n,s), (13.29) contradicts the assertion that
z° is an optimal solution for Problem P(n,s). We therefore conclude that
(13.23) entails (13.1).

On the other hand, in terms of my interpretation, the proof of (13.1)
amounts to no more than the following: The Principle of Conditional Opti-

mization implies that

fa(s)= opt fu(s,z), V1<n<N,s€S, (13.30)
z€D(n,s)

and the Principle of Optimality implies that

fnl(s,2) = p(n, s, 2, far1(T(n, s, 7)) (13.31)
forall 1 <n < N,s € S,z € D(n,s). Hence, (13.30)-(13.31) imply
fu(s) = olit )p(n,s,aj, frtr1(T(n, s,x))) (13.32)
ze€D(n,s

forall 1 <n < N,s € S,,z € D(n,s).

My interpretation of Bellman’s principle has another important advantage
in that it allows a straightforward extension of the principle to stochastic
models with nondenumerable state spaces. The point is that the prevailing
interpretation of the principle requires a technical correction in such models.
This issue is discussed in Appendiz D.

Also, an examination of Bellman’s writings leaves no room for speculation
as to the intended meaning of the term ‘initial decision’. From the way
Bellman used to invoke the principle it is clear that he consistently took
the term ‘initial decision’ to connote ‘any feasible initial decision’. This is
patently evident, for instance, in his derivation of the functional equation in
pp- 83-84 of his 1957 book.
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13.4 Variations on a Theme

Perhaps one of the most telling things about the Principle of Optimality is
that from the start it became the focal point of the commentary on dynamic
programming. As it was immediately recognized that a satisfactory expla-
nation of the theoretic foundation of dynamic programming was bound to a
satisfactory explanation of the principle, elucidating the principle’s precise
meaning and role became part of the study of dynamic programming.

Also, alongside efforts to make clear its purport, attempts were made to
revise it. These grew out of the view, expressed either covertly or overtly, that
in Bellman’s formulation the principle was either too loosely phrased or too
vague or downright imprecise, and that it therefore required revision. Finally,
Bellman’s principle also proved a source of inspiration for the formulation of
other principles.

So, over the years a number of principles were put forward in dynamic
programming, to serve either as sufficient conditions for the dynamic pro-
gramming functional equation or to describe fundamental properties of the
optimal policy. I briefly mention two such principles to which I refer as ver-
S40MS.

13.4.1 Version # 1

This version was proposed by Denardo and Mitten [1967] as an alternative
to Bellman'’s principle. Using the terminology of our model it reads as follows:

There exists a Markovian policy which is simultaneously optimal for
all the modified problems.

Although it can serve as a sufficient condition for the optimality equation,
as in the case of the prevailing interpretation, the functional equation cannot
be deduced from it as immediately as from Bellman’s principle. In fact,
proving the validity of this version of the principle for nontruncated problems
requires postulating additional convergence properties (see Denardo [1965]).
Its principal merit is that it brings out an important fundamental Markovian
property of dynamic programming policies.

13.4.2 Version # 2

This version, it appears, aims to highlight the structural feature of optimal
policies pertaining to nonserial sequential decision processes (see Section
9.2.3). Roughly, it states the following (See Mitten [1964, p. 414]):

Any subsection of an optimal sequence of decisions must be optimal
with respect to its end-points.
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It is interesting to note that this version was rediscovered some thirty years
later in the context of a directed decision hypergraph model (See Martin,
Rardin and Campbell [1990, p. 131]), where it reads as follows:

An optimal structure in the composition graph must be formed from
optimal structures in the composed subgraphs.

Here again the Principle of Optimality is not intended to link the Prin-
ciple of Conditional Optimization to the dynamic programming functional
equation, but rather to provide a composition and decomposition principle
for the analysis of non-serial processes.

13.5 Criticism

Much of the comment evoked by the Principle of Optimality has been in
the form of criticism that focused on three key issues: the principle’s exact
meaning, its validity and its status in the theory. In the ensuing sections I
examine this criticism and I reflect on it.

13.5.1 Meaning

The main complaint about the principle’s purport has argued that it is
ambiguous. My position on this is that such arguments arise from a reading of
the principle that takes no cognizance of the fact that the principle was stated
in a certain context and that to make sense of it one must read it within this
context. Indeed, the literature is spotted with interpretations of the principle
that treat it as though it were some context-independent general statement
enunciating some universal optimality axiom. To appreciate the difficulties
one might encounter in construing the principle as a context-independent
optimality criterion, consider the following version of the principle:

... If you don’t do the best you can with what you happen to have
you’ll never do the best you might have done with what you should
have had . ..

Aris [1964, p. 27|

But, as demonstrated above, read in terms of the dynamic programming
model formulated in this book, the Principle of Optimality is tantamount to
(13.14) and as such its purport, intent, and role are crystal clear.

13.5.2 Validity

The most serious criticism directed at the Principle of Optimality has
called into question its validity. The main thrust of this criticism is that the
principle does not always hold. Given the ramifications of this objection for
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the very validity of the dynamic programming paradigm that one adopts,
we need to examine it carefully. The point is this. Suppose that one formu-
lates a dynamic programming model whose decomposition scheme defies the
Principle of Optimality. What are the implications of such an example?

Let us consider this question by means of a problem that appears to con-
tradict Bellman’s Principle of Optimality.

13.5.2.1 Example

Consider the graph depicted in Figure 13.1. The problem is to find the
shortest path(s) from node 1 to node 7, the length of a path being equal to
the length of its longest arc. For example, the length of the path specified
by the nodes (1,2,5,7) is equal to 4 because the longest arc on this path is
(1,2) and its length is equal to 4.

POt ON
@( ?@( ?@
e

Figure 13.1: Alleged counter-example

Now, suppose that the nodes are viewed as states, and that s = 1. It is
immediately clear that the path p = (1,2,4,6,7) is optimal with respect
to s = 1 because node 7 cannot be reached from node 1 via a path whose
longest arc is smaller than 4.

Hence, in keeping with the prevailing interpretation of the principle, the
sub-path p’ = (2,4,6,7) should constitute an optimal path with respect to
node s’ = 2 which is the node generated by s = 1 and the first arc on p.
But clearly p’ is not an optimal path for s’ = 2 as it is plain that the path

= (2,5,7) is shorter. The essential point is then that the Principle of
Optimality does not hold in this case. O

The point of this and similar arguments is that there are valid dynamic
programming formulations involving valid decomposition schemes, and hence
valid dynamic programming functional equations, which nevertheless do not
obey the Principle of Optimality. How then does one reconcile this fact with
the central role that the principle seems to play in a conception of dynamic
programming, or a dynamic programming methodology, such as the one
that I have advanced here? Clearly the implication is that the status of the
Principle of Optimality in such a conception is unclear.

My reply to the objection expressed through counter-examples of this type
is as follows. To begin with, the sequential decision model describing the
problem in the above example fully obeys the Weak Principle of Optimality.
But what is more, this model can easily be reformulated so as to obey the
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Principle of Optimality. Indeed, all one needs to do to this end is to extend
the state variable so that it will consist of a pair s = (k, v) where k denotes a
node and v is the length of the longest arc traversed on the path from node
1 to node k.

To state this more generally, granted Corollary 15.2.3, it is clear that any
discrete optimization problem can be formulated so that it will comply with
the Principle of Optimality. Should one insist, however, that for the sake of
completeness, formulations such as that featured in the example must also
be accounted for, then clearly such formulations would fall directly under the
weaker version of the principle, that is, the Weak Principle of Optimality.

The conclusion therefore is that a dynamic programming paradigm based
on the Principle of Optimality is as sound as can be, which brings us to an
examination of the principle’s status in the theory.

13.5.3 Status in the Theory

Having rebutted the claims against the principle’s validity and thus dis-
pelled the misgivings about a dynamic programming methodology grounded
on it, let us now examine what status would the principle have in such a
methodology. It is important to appreciate then that the principle can play
two distinct roles in a dynamic programming investigation.

It can either have the status of a mathematical truth, say a Theorem,
Lemma, etc., or that of a postulate or an assumption.

Thus, if ascribed the status of a Theorem, the principle would be taken to
describe a property that a given dynamic programming formulation can be
shown to have. For example, the following is a valid argument.

Assumption 13.5.1 The composition function p satisfies the condition
p(n,s,r,a) =a,V1<n< N,s €S,z € D(n,s),acR.

Theorem 13.5.1 Principle of Optimality:) Subject to the above assumption
X*(n,s,2) C X*(n+1,T(n,s,z)), V1<n< N, s€S,, x € D(n,s).

Of course, in this capacity the validity of the principle must be proved,
formally or otherwise. But if ascribed the role of a postulate or an assumption,
the principle would be understood in the following manner.

Assumption 13.5.2 Principle of Optimality: The decomposition scheme
satisfies the condition X*(n,s,z) C X*(n + 1,T(n,s,z)), V1 < n < N,
s € Sp, x € D(n,s).

Theorem 13.5.2 If the Principle of Optimality holds then the decomposi-
tion scheme yields a valid functional equation, namely

fn(s) = opt pn,s,z, frr1(T(n,s,z)), ¥1<n<N,seS, (13.33)
z€D(n,s)
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The implication is therefore that it is of the utmost importance to be clear
on how the principle is being treated in a given context.

It should be noted in this regard that in general it is advisable to avoid
treating the principle as an assumption. For one thing, this will prevent
situations in which one will unwittingly postulate the principle in contexts
where it would turn out to be at variance with other assumptions. Also, in
most concrete situations, it is a straightforward matter to determine whether
or not the principle holds.

To sum up then, attributing the principle the status of a postulate should
be reserved exclusively for legitimate methodological purposes.

13.6 So What Is Amiss?

At this point there remains only one question. Having seen that the validity
of the Principle of Optimality is not at issue, and hence by implication that
a dynamic programming methodology resting on the principle is equally
sound, why is it then that Bellman’s explanation of dynamic programming
has been described by some as heuristic or lacking in rigor?

Obviously one would have to speculate to work out a reply to this question.
Still, I believe that the following two explanations answer it, at least in part.

First, an incautious treatment of the Principle of Optimality, as we have
seen, is bound to give rise to difficulties. This may easily be put down,
erroneously, to a fundamental difficulty in the theory itself.

Secondly, it seems that Bellman’s descriptive, non-technical exposition of
the key tenets of dynamic programming has been mistaken for a lack of math-
ematical Tigor.

In the next two sections I take up these two points with the view to
explain Bellman’s conception of dynamic programming and his approach to
its formulation.

13.7 The Final State Model Revisited

You will recall that I argued in Chapter 4 that in virtue of being the most
rudimentary and general model imaginable, the final state model furnishes
an ideal framework for proving the validity of dynamic programming’s fun-
damental concepts. I now wish to illustrate how this can be put to good
effect in the exposition of dynamic programming.

The point of this exercise is first of all to emphasize that this is precisely
the model that Bellman used as a setting for the formulation of the basics
of dynamic programming — a point that seems to have escaped critics and
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non-critics alike. And second, to lend support to his decision to use this
model for this purpose.

Suppose then that instead of employing the multistage decision model
(N,S,D,T,S1,9) as a medium of discourse, I would have used the final
state model. Then the discussion in Chapter 4 would have taken the follow-
ing course. Proceeding from the assumption that the objective function g
depends only on the final state of the process, I would have postulated the
following:

Assumption 13.7.1 The objective function g is defined on the set U,ZXZOS X
DN~ and it has the following property: let s; be any element of S1, and let
(x1,...,2zN) be any feasible solution to Problem P(s1). Then,

9(s1,22,23,...,TN) = §(Sn, Tn, Tpt1,---,ZN) , VR EN (13.34)
where s, denotes the state generated by (S1,21,%2,...,Tp_1)-

This would have rendered a decomposition scheme unnecessary because
the objective function g would have applied to all the modified and condi-
tional problems. That is, the set of modified problems would have had this
form

Problem P(n,s),1<n<N,seS:

fu(s) := ( opt )g(s,xn,xnﬂ, .o IN) (13.35)
xp € D(k,sk) , n<k<N (13.36)

Spr1 =T(k,sp,xp) , n< k<N (13.37)

Sp =28 (13.38)

Similarly, the conditional problems would have taken this form:

Problem P(n,s,z),1 <n< N,s€ S,z € D(n,s):

fn(s,z) = opt  g(8, T, Tpi1, Tty TN) (13.39)

(‘T"+17'“7x1\7)

xp € D(k,sg) , n+1<k<N (13.40)
Spr1 =T (k,sg,xk) , n+1<k<N (13.41)
Sp =5 (13.42)
Tp =2 (13.43)

The Principle of Conditional Optimization would have then yielded
Corollary 13.7.1

fa(s)= opt fa(s,z), V1<n<N,seS, (13.44)
z€D(n,s)
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Whereupon, by inspection, we would have obtained

Corollary 13.7.2 Let (n,s,x) be any triplet (n,s,z) such that 1 < n <
N,s € Sy, and x € D(n,s). Then Problem P(n,s,z) is identical to Problem
P(n+1,T(n,s,x)), namely both have the same objective function and the
same feasible solutions.

Therefore,

Corollary 13.7.3 Principle of Optimality:
X*(n,s,z) C X*(n+1,T(n,s,x)) (13.45)
forall 1 <n < N,s € S,,z € D(n,s) which in turn would have yielded

Corollary 13.7.4 Functional Equation:

fa(s)= opt  for1(T(n,s,x)), V1<n<N,s€S, (13.46)
z€D(n,s)

This, in a word, is the essence of dynamic programming.

Although I have chosen not to use the final state model as described above,
plainly this is the simplest framework in which to introduce the Principle of
Optimality, its validity being immediately obvious here or, to quote Bellman
[1957a, p. 83]:

“...a proof by contradiction is immediate ...”

The inescapable conclusion is then that much of the adverse comment
about Bellman’s formulation of dynamic programming is due to a failure
to recognize that the discussion in Chapter 3 of Bellman’s book was based
on the premise that the underlying model is a final state model (see Bell-
man [1957a, pp. 81-82]). With this in mind let us now examine Bellman’s
approach.

13.8 Bellman’s Treatment of Dynamic Programming

The most striking feature of the style of exposition that Bellman pursued
in setting out dynamic programming, more precisely its conceptual dimen-
sion, was a simplicity of presentation. In stark contrast to my method of
presentation in this book, Bellman never engaged in a painstaking technical
analysis of the theoretical foundation of dynamic programming, but rather
condensed it into a short outline which he articulated verbally.

This style of exposition, it seems, was an expression of Bellman’s conviction
that the cluster of ideas underlying dynamic programming is profoundly
simple, immediately intelligible and of an intuitively compelling validity. This
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comes out time and again in his early articles on dynamic programming. One
imagines therefore that it did not occur to him that an explanation of this
set of simple ideas called for a laborious technical discussion.

Thus, stress is continually laid in Bellman’s early writings on the fact that
the essence of dynamic programming boils down to the triad

Multistage Decision Process
Principle of Optimality
Functional Equation

which lends itself to a concise verbal statement.

To illustrate Bellman’s conception of dynamic programming and his ap-
proach to its exposition, one could do no better than cite one of Bellman’s
own formulations, in which the totality of dynamic programming is presented
in a nutshell. It reads as follows:

A GENERAL DESCRIPTION OF DYNAMIC PROGRAMMING PROBLEMS
Having given some examples of dynamic-programming problems, let
us now see if we can, in some general way, characterize these problems.
They possess the following common features:

(a) Multi-stage processes are involved.

(b) At each stage, the state of the process is described by a small
number of parameters.

(¢) The effect of a decision at any stage is to transform this set
of parameters into a similar set.

We have purposely left the description a bit vague, since we feel that it
is the spirit of the problem rather than the letter that is significant.
A certain amount of ingenuity is always required in attacking new
questions, and no amount of axiomatics and rigid prescriptions can
ever banish it.

Add to the above the following simple

PRINCIPLE OF OPTIMALITY. An optimal policy has the prop-
erty that whatever the initial state and initial decision are, the re-
maining decisions must constitute an optimal policy with regard to
the state resulting from the first decision,

and we have the basic ingredients of the theory of dynamic program-
ming.

The rest is mathematics and experience.
Bellman [1954c, p. 285]

'Reprinted by permission. Copyright 1954 INFORMS. Bellman, R. 1954. Some ap-
plications of the theory of dynamic programming — A review. Operations Research, 2(3)
275-288. The Institute for Operations Research and the Management Sciences, 7240 Park-
way Drive, Suite 300, Hanover, Maryland 21076, USA.
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It is interesting that Bellman’s position on dynamic programming has
crystallized right from start. Thus tracing his thinking on the subject through
his numerous books and articles, one is struck by the fact that as early as
1953 his view on dynamic programming was already fully formed, and that
the principle already assumed its central position in the theory.

The principle was first introduced in a technical report (Bellman 1953, p. 5)
as a requirement, and the functional equation was deduced as a consequence
of this requirement. Then, in two papers published in 1954, the principle
was no longer treated as a requirement, but as an immediately perspicuous
mathematical truth, whose validity is guaranteed by the structure of the
assumed model, which I was at pains to stress, was a final state model. In
both cases the functional equation was presented as a consequence of the
principle:

... As stated above, the basic idea of the theory of dynamic program-
ming s that of viewing an optimal policy as one determining the
decision required at each time in terms of the current state of the
system. Following this line of thought, the basic functional equations
given below describing the quantitative aspects of the theory are uni-
formly obtained from the following intuitive Principle of Optimality

Bellman [1954a, p. 504]?

... To obtain a functional equation governing the process we use the
following obvious Principle of Optimality . ..
Bellman [1954b, p. 47]

The same framework was used again in a later paper, Bellman [1957b, p.
281].

Surely, Bellman’s persistent employment of the final state model as a math-
ematical setting for the formulation of the Principle of Optimality could not
have been an accident. Indeed, this was a deliberate choice, as amply borne
out by the fact that it was precisely the final state model that served as
a medium for the presentation of the Principle of Optimality and dynamic
programming in his first book; a book which no doubt amounts to Bellman’s
credo on the subject. The reason that the final-state model was used in this
capacity is quite simple. As shown in the preceding section, the fundamental
validity of the Principle of Optimality is immediately evident in this context
and the simplicity of the model enables a straightforward formulation of the
essential ingredients of the theory.

It must be emphasized, however, that despite it having been formulated in
the framework of the final-state model, the Principle of Optimality was nev-
ertheless construed as holding for other models as well. This is unmistakably
brought out by the assertion

2Quoted by permission from the American Mathematical Society, 201 Charles Street,
Providence, RI 0294-2294, USA.
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... The mathematical transliteration of this simple principle will yield
all the functional equations we shall encounter throughout the remain-
der of the book . ..

Bellman [1957a, p. 83]

and reinforced later in the discussion, where in the course of analyzing a
multistage stochastic game problem, Bellman states

... That this principle is valid for one-person processes where we are
attempting to mazximize a return, or minimize a ‘cost’ is clear by
contradiction. Since its validity may not be so obvious for game pro-
cesses, let us present a brief proof for the sake of completeness . ..
Bellman [1957a, p. 291]

Bellman then proceeds to invoke the principle in the derivation of the
dynamic programming functional equation in question.

It is also worth noting that Bellman was fully aware that the simplicity
of the idea articulated by the Principle of Optimality might raise doubts
about its validity. Thus, interrupting the discussion in which the derivation
of the functional equation was demonstrated for the first time in the book,
Bellman suggests the following:

... This observation, simple as it is, is the key to all our subsequent
mathematical analysis. It is worthwhile for the reader to pause here
a moment and make sure that he really agrees with this observation
which has the deceptive simplicity of a half-truth . ..

Bellman [1957a, p. §]

Another typical trait of Bellman’s style of presentation is the direct manner
in which optimization problems were translated into functional equations.
Bellman rarely went into the intermediate modelling stages outlined in this
book. Normally he would derive the functional equation almost directly from
the classical formulation of the problem. For example, given a problem of
the form

N

opt Z qn(xn) (13.47)
(1) 1
N

> ann <b, 2, >0, n=12,...,N (13.48)
n=1

Bellman would typically argue as follows.

Let f,(s) denote the optimal return from stage n on, assuming that there
are s units of resource available. Now, suppose that at that point the decision
is to allocate x units of the amount of resource in question.

Then, the Principle of Optimality implies that the best return that would
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be yielded by the remaining stages is equal to f,+1(s — apxy,), which means
that the total return given s and x would be equal to

@n(Tn) + frs1(s — anz) (13.49)

Now, naturally, the decision z is made with a view to optimize this return.
Thus,

Juls) = opt {an(z) + fai1(s — anz)} (13.50)

where the optimization is over all the feasible values of x pertaining to state
s at stage n.

It should be pointed out that the transition from (13.49) to (13.50), which
is regarded by Bellman as natural and obvious, in fact involves an implicit
appeal to what I term in this book the Principle of Conditional Optimization.
That is, if f,(s,z) is defined as the optimal return from stage n onwards —
given that at stage n the state is s and the decision is x — then clearly the
Principle of Optimality entails that

fn(sy l‘) = Qn($) + fn+1(3 - anl') (13.51)
Since the Principle of Conditional Optimization yields
fn(s) = opt fu(s,z) (13.52)

the inference is that (13.50) is true.

I also call attention to the fact that this outline clearly indicates that
Bellman understood the term ‘initial decision’ as ‘initial feasible decision’,
that is, the decision x in (13.49) is any feasible decision pertaining to state
s at stage n.

To conclude this discussion, I wish to point out that what is perhaps
most intriguing in all this is that, despite the critical comment leveled at
the Principle of Optimality and his formulation of dynamic programming
in general, Bellman never modified the phrasing of the principle, nor his
treatment of the theory nor, as can best be established, did he “publicly”
react to this criticism. Why Bellman did not comment on this criticism in his
books and articles is anybody’s guess. In any event, this is most unfortunate
because in private conversations Bellman’s response to the criticism not only
shed interesting light on his conception of dynamic programming, but also
on his thinking on the philosophy of mathematics and science. The reader is
referred to Bellman’s [1984] autobiography for an account touching on these
issues.

13.9 Summary

The Principle of Optimality gives expression to the guiding idea under-
lying dynamic programming as an optimization method. Stated in terms
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of the multistage decision model outlined in this book, the principle links
— through the mediation of the Principle of Conditional Optimization —
the optimal solutions of the conditional problems with the optimal solutions
of the modified problems that they generate. This relation is mirrored in
the functional equation of dynamic programming. In this sense the principle
enunciates the Markovian property of the optimal solutions.

I emphasized that the Principle of Optimality does not make a statement
about some general optimality criterion. This statement makes sense only in
the context of the assumed multistage decision model and its decomposition
scheme. Thus, any attempt at the principle’s interpretation, or assessment
of its validity, must be confined to this framework. I come back to this issue
in Chapter 16.

We have seen that in this framework the Principle of Optimality emerges as
the natural sufficient condition for the validity of the dynamic programming
functional equation. Moreover, having established a formal link between dy-
namic programming’s formulation of an optimization problem and the classic
prototype — Problem P— 1 established that any instance of Problem P has a
dynamic programming formulation which obeys the Principle of Optimality.
I thereby demonstrated the unquestionable rigor of a dynamic programming
paradigm based on the Principle of Optimality.

I also discussed Bellman’s approach to dynamic programming notably his
exposition of it. I believe that a discussion on this matter firmly belongs
in the broader discussion on the “art” aspects of dynamic programming
because, in my view Bellman’s formulation of dynamic programming, with
the pair Final State Model — Principle of Optimality as its cornerstone, is
indeed a work of art.

13.10 Post Script: Pontryagin’s Maximum Principle

On a number of occasions I was asked to state my position on how Pontrya-
gin’s Maximum Principle would be understood in the context of a sequential
decision process and, to be sure to include a discussion on this topic, should
I ever contemplate a second edition of the book. So here it is in a nutshell.

Stated in the context of the multistage decision problem formulated in
this book Pontryagin’s Mazximum Principle is concerned with the optimality
conditions satisfied by the decision variables. Specifically, it addresses the
question: what optimality conditions must be met by the problem

fa(s) = opt fu(s,z), neN,;se S, (13.53)
z€D(n,s)
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recalling that

fn(s) := optimal return associated with the modified problem

at (n,s). (13.54)
fn(s,x) := optimal return associated with the conditional problem
at (n,s,x). (13.55)

In other words, the question is: what conditions should the optimal value
of z in (13.53) satisfy?

If the problem defined by (13.53) is a “classical” (unconstrained) optimiza-
tion problem, then obviously the optimal value of x is required to satisfy the
classical first-order optimality condition: the derivative of f,(s,z) with re-
spect to x must be equal to zero at the optimum. Hence,

4y )0 1256

Now, if the Principle of Optimality holds, then
fn(S,.Z') :p(nvsaxafn+1(T(n737x))) (1357)

in which case (13.56) yields

& o, 5,2, fua (T, 5,2))) = 0 (13.58)

The Maximum Principle then asserts that, under the above conditions, the
optimal value of x must satisfy the first-order optimality conditions specified
by (13.58).

Consider for example the following familiar additive dynamic programming
functional equation:

fuls) = s {w(n,s,@) + faa(T(n,5,0))}, 0 €Nos €5y (13.59)
xel(n,s

In this case
p(n,s,z, fni1(T(n,s,z))) =wn,s, z) + fne1(T(n,s,z)) (13.60)

hence the first order condition is

%{w(n, $,2) + far1(T'(n,s,2))} =0 (13.61)

Applying the chain rule we obtain

2 fawln, ,2) 4 ura(T(n,5,2))} = w'(n,5,2) + s ()T (n,5,2) (1362
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where
' d
w'(n,s,x): = %w(s,x) (13.63)
d
T (n,s,x): = %T(n,s,x) (13.64)
d
foa(y) := d—yfn+1(y) , y=T(n,s,z) (13.65)
In short,

Maximum Principle:
If the problem defined by (13.59) is a “classical” optimization problem, then
the first order optimality condition is

d d d
%w(n, s,x) + %T(n, s,:n)d—yfn+1(y) =0, y=T(n,s,x) (13.66)
For instance, consider the functional equation examined in Example 5.5.3

namely

fuls) = max {5" Ve + fara(s — o)} (13.67)
for 1 <n < N,s €S, =[0,r], with
fn(s) == pN"1s, Vs € [0,r] (13.68)
So here w(n, s,z) = "~ 1y/z', D(n,s) = [0,s] and T'(n, s,r) = s — x. Hence,
d Bn—l
— = — 13.69
w5, 1) 2\/E’$>0 (13.69)
d
_ = _ 13.
de(n,s,x) 1 (13.70)
Thus, for n = N — 1 the first-order optimality condition is
5N2 + (- 1)i5N—1 =0,y=s—ux (13.71)
1 p
—_— = — 13.72
20T 27 (13.72)
1 2
- = b (13.73)
T s—x
« S
= i s € 0,r] (13.74)
hence
fn-1(s) = fn-1(s,2%) , s €[0,7] (13.75)
BN Var '+ fu(s — a¥) (13.76)

N—-1
’/1+ﬁ2+ﬁ N 1+ﬁ2 (13.77)

= N2 /s(1 + 3?) (13.78)
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This exercise is repeated for n = N — 2, and then for n = N — 3 ... until
a pattern is identified following which we continue by induction.

And so, if we compare this approach with the approach employed in Fz-
ample 5.3.3 to solve this problem, it turns out that the role of the Mazximum
Principle is to deploy the chain rule of differentiation when the right hand
side of the functional equation is solved analytically.

The point to note then is that the Maximum Principle in effect assumes the
validity of a property that is enunciated by ...the Principle of Optimality.
Or, in other words, the Mazimum Principle makes an implicit appeal to the
Principle of Optimality. Also note that it applies to cases where first-order
optimality conditions are relevant.

I should point out, though, that the above version of the Mazrimum Princi-
ple is rather simple because, in the above example, no functional constraints
are imposed on the decision variable, and the transition function 7" is very
simple indeed.

In cases where D(n,s) and T are more intricate, it might prove difficult
to obtain a simple closed-form expression for the first-order optimality con-
ditions. Also, certain convexity conditions will have to be imposed to insure
that the required optimality conditions are also sufficient for a global opti-
mum.

The Mazimum Principle has a prominent role in optimal control theory
where the literature on it is extremely rich (e.g. Pontryagin et al. 1962, Kirk
1970, Sethi and Thompson 2000, Geering 2007, Ross 2009). There is also a
rich literature on its “discrete time” version (e.g. Hwang and Fan 1967, Blot
2009).
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14.1 Introduction

The family of modified problems — forming part of the dynamic program-
ming models studied thus far — gives expression to the optimization of the
remaining part of the sequential decision process where a number of deci-
sions have already been made. Consequently, the functional equations that
we encountered to this point, relate modified problems to their immediate
SUCCESSOTS.

In this framework an immediate successor of state s € S is a state s’
that can be reached from state s in a single state transition. Thus, in the
context of the multistage model, if the process is at stage n and the state s
is observed, then an immediate successor of s is any state s’ € S such that
s’ =T(n,s,z) for some decision x € D(n, s).

Similarly, in the context of our sequential decision model, an immediate
successor of state s € S is any state s’ such that s’ = T(s,z) for some
decision x € D(s).

This orientation is clearly manifested in the structure of the two generic
functional equations associated with these two types of models:

Multistage decision model:

fa(s)= opt p(n,s,z, fnr1(T(n,s,x))), neN,seS (14.1)
z€D(n,s)

Sequential decision model:

f(s)= opt p(s,z, f(T(s,2))), s€S’ (14.2)
z€D(s)

Expressing as they do the optimal return associated with a modified prob-
lem as the optimal returns associated with its immediate successors, the
orientation of these functional equations is unmistakably “backward”. Note
that the orientation is “backward” relative to the direction stipulated by
the state transition function 7" which depicts the dynamics of the decision-
making process. And so, if the functional equation is seen as the recipe for
computing say the value of f;(s) according to (14.1), then the values of
fi+1(s), s =T(j,s,x),z € D(j,s) are computed first. Effectively then, the
functional equation is solved for j = N,N —1,...,1 — in a “backward”
order.

The roots of this “backward” orientation lie of course in the manner in
which we decompose the objective function of the decision process, and in the
property of separability. To have a clearer understanding of this point let us
take another look at the concepts of decomposition and separability. This will
shed more light on the backward decomposition scheme and it will establish
a framework for the formulation of a “forward” decomposition scheme.

However, prior to this, I have to explain why the need for a forward scheme
arises at all. To this end I consider a simple example, which illustrates that
a forward scheme complements the function of a backward scheme.
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14.1.1 Example
Consider the problem

oEt 9(x) := [a1z1 + [aza + [azzs + [aaws + [aszs))P)]7]" (14.3)

subject to

21217
ﬁ(x) = |bix1 + |bozo + |:b3x3 + [b4x4 + [b5$5]2] 2:| ] <B (14.4)

2, €{0,1,2,...} , n=1,2,... .k (14.5)

where all the parameters are positive integers.

Recall that since the obvious decomposition scheme for 3 relies on a non-
associative binary operation that is executed from right to left, we need
to reverse the indices of the decision variables and rewrite the problem as
follows:

opt h(y) := [esys + [caya + [esya + [eoyo + [ern]PIFTF]F]” (14.6)

y
subject to

21212 ’
Y(y) : = |dsys + |days + [d?,ys + [dzyz + [dlyl]z] ] ] <B (14.7)
yn€{0,1,2,...} , n=1,2,... .k (14.8)

where ¢; 1= as_j41, dj = bs_j41,5 = 1,2,...,5, and y; plays the role of
L5—j+1-

So, rearranging the terms, we obtain

opt h(x) = [[[[lexn]” + cayal” + caus]” + caya)” + esys]” (14.9)
Yy
subject to
2 2 2 ?
y) : = “Wwf+@w}+@w]+@m +dsys| < B (14.10)

To decompose the constraint v(y) < B, we define
Sna1 = T(n, 5n,yn) == [sn]*> +dpyn » n=1,2,...,5 (14.11)

with s; := 0, observing that by construction [36]2 = 7(y), hence the con-
straint can be written as [s¢]> < B.
Now, it is immediately clear that solving this problem is no easy task.
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Because, as explained in §11.10, to lend itself to a straightforward “back-
ward” decomposition, an objective function ought to allow an evaluation
from “right to left”. But here the objective function calls for an evaluated
from “left to right”.

So, the rationale for proposing the concept of “forward dynamic program-
ming” is obvious. It is important to have on hand a means for decomposing
the objective function in a forward — and not only a backward — direction,
namely from “left to right”.

14.2 Function Decomposition

Functions acting as objective functions and as constraints of optimization
problems can often be represented as composite functions. In turn a decom-
position scheme is a device describing the structure of a composite function.

Stated formally, let u be a real-valued function on Y* where Y is some
given set and let K := {1,2,...,k}. Then, u can often be expressed by means
of a binary operation @ and a real-valued function v on I x Y as follows:

w(yty - yk) =v(Ly1) ®v(2,y2) B - Dok, yk) (14.12)

The most prevalent case is that where the function wu is additive, namely
where @ = 4. Other common instances — discussed in Chapter 10 — are
®=x,d=] and [.

An important property of these four instances is that @ is associative, that
is,

(adb)®c=ad (bdc) (14.13)

This dispenses with the need to parenthesize the right hand side of (14.12).

One of the implication of this property is that the function u can be
decomposed in two different ways, that is, we can use two decomposition
schemes:

Ui (Y1,---,95) = o(ly) - ©o(fy) , jEK (14.14)

uj (Yjs--uk) =00, y) ®---dvlk,y), JEK (14.15)
where ﬂj is a real valued function on Y* and ﬂj is a real valued function on
yh=itl,

By construction,

ﬂj (yl, . ,yj) :aj—l (y17 e ,yj_l) &) Q)(j, yj) ; ] S ]C\{l} (14.17)
Wi (Yjs - ye) = v y5)® Uipr (Yjr1,---5uk) 5 J € K\{k} (14.18)
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For obvious reasons I refer to (6, u) as a forward scheme and to (b, u) a
backward scheme.

Note that if @ is non-associative, a convention for the evaluation of a
composite expression is required otherwise (14.12) is not well-defined. For
example, division (@ = =) is non-associative, hence the expression 2 +3+4
is not well-defined:

2+(3+4):§;&(2+3)+4:é (14.19)

And so, if u admits of the representation given in (14.12), we say that u
is separable and we term @ a composition function.

In short, a separable v and an associative composition function @ provide
two decomposition schemes. And a separable but non-associative u, provides
only one decomposition scheme. The scheme’s orientation would depend on
the rule invoked to evaluate the composite expression. Thus, if the expres-
sion is evaluated from right to left, then a backward scheme would be used.
Whereas, if the expression is evaluated from left to right, then a forward
scheme would be used.

There are cases where u cannot be decomposed by means of a “standard”
binary function, but it can be decomposed by means of slightly more elabo-
rate schemes, such as

g = u = (14.20)
a] (ylu"'ay]) ﬁ (j7yj7ﬂj—l (ylu"'7yj—l)) ) j € K\{l} (1421)
Wi (Yjse oo yk) =P (3, Yjs Wir1 (Wja1,-- - 9k)) » J € K\{k} (14.22)

where p and p are real valued functions on K x Y x R.
Note that the binary representations are instances where

b (jryja) =adv(jy;), j€K\{1} (14.23)
P (j,yj.a) =v(j,y;) @a, jeK\{k} (14.24)

There are cases lending themselves to only one of the above schemes. For
instance, consider this beauty:

4 5

2 3
w(y1, Y2, Y3, Y4, Ys) = [H[yl]lerz] +y3] + Y4

The construction of a forward decomposition scheme is straightforward here:

Uy (1) =[] (14.26)

Uz (y1,92) = [[yl]l + 112}2 (14.27)
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3
U3 (Y1,Y2,3) : [ LIRS +—y3} (14.28)
3 4
g (Y1,Y2, Y3, Y4) [ Y+ y2 g yg] + Ya (14.29)
Us (Y1, Y2, Y3, Y4, Ys) := w(y1, Y2, Y3, Y4, Ys) (14.30)
in which case
b (Gyja)=la+y) , j=2345 (14.31)

But, there seems to be no obvious way (other than employing the trivial
decomposition scheme) to construct a backward decomposition scheme here.
Still, by renaming the variables we reverse their “order” so that a backward
scheme is readily available. To see how this works, let z; = y;_;41. Then by
construction,

u(y1, Y2, Y3, Ya, Ys) = u(zs, 24, 23, 22, 21) (14.32)
3 4 b
[ Z5 + Z4 + 23:| + Z2:| + z1 (14.33)
5741°
:“+F+%+M+Mﬂ] (14.34)
So, we can set
us (25) = 25 (14.35)
Uy (24, 25) = 24+ 25)° (14.36)
- 3
us (Zg, 24, Z5 |:Z3 + Z4 + Z5] :| (1437)
314
Uy (22, 23, 24, 25) [ 23 + [24 + 25] ] ] (14.38)
Uy i=u (14.39)
in which case
P (j,zja) =la+z]"7T j=1,2,34 (14.40)

Recall that the separability requirement dictates that the objective func-
tion g of the multistage process be decomposed by means of a scheme

(p,{gn}) such that

G=g (14.41)

In(Sns Ty Tt 1y - N) = P(Ny Sy Ty Gt 1 (St 1, Tt 1y - - - TN)) (14.42)

observing that here we express g, in terms of g,11, hence the appellation
“backward”.



Forward Decomposition 387

To sum up, in the case of backward decomposition, the modified problems
are concerned with the remaining part of the original process, namely the
section extending from some postulated current state to the “end” of the
process. In contrast, in the case of a forward decomposition, the modified
problems are concerned with the part of the original process which extends
from the initial state to some postulated current state.

So, by dynamic programming conventions, a decomposition where the
modified problems are defined in terms of the initial segments of the de-
cision process, is carried out in the “opposite direction”. In turn, the func-
tional equation of a forward formulation relates the modified problems to
their immediate predecessors.

Thus, in the case of the multistage decision process, when we say that our
objective is to formulate a forward decomposition scheme we mean a scheme
(7,{gn :n=1,2,...,N +1}) such that

gN+1 =9 (14.43)
(51,21, ., Tp—1) = PN, Sp—1, Tn—1, gn—1(51, 1, ..., Tpn—2))  (14.44)

where as usual s, =T (n — 1, 8p-1,Tp—1)-

Observe that by construction g, is defined on S; x D"~ x S,,n > 1,
whereas ¢ is defined on Sj.

We construe §y,(s1,x1,T2,...,2,—1) as the return accumulated through
the first n — 1 stages of the process given that the initial state of the process
was s1 and that decision x; was made in stage j, 1 < j < n. Since s, is
uniquely determined by T'(n — 1, s,,—1, z,—1), it follows that s,, is implied by
81, L1, L2y, Lpp—1-

For example, if the objective function is additive, namely

N
9(s1,x1,22,...,N) = w(n, Sy, Tn) (14.45)

n=1

the obvious forward decomposition scheme is

Gn (81,01, T2, ..., Tp_1) Z w(j,sj,xzj), 1<n<N+1 (14.46)
‘7:
o, Sn—1,Tn—1,a) =w(n —1,8,-1,Tn_1) + a (14.47)

for 1 <n < N+ 1, with g1(s) =0,Vs € S;.

In words, the return accumulated over the first n — 1 stages is the sum
of (a) the return accumulated over the first n — 2 stages and (b) the return
generated at stage n — 1, namely w(n — 1, 8,1, Zp—1).

My main thrust in this chapter is to analyze the relationship between the
two decomposition paradigms. To explain why the two paradigms are, for
the most part, equivalent and why they can occasionally be inequivalent.
Or, in other words, to explain why these two paradigms can occasionally
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generate different state variables for the same problem. Thus, I shall iden-
tify the essential characteristics of those (pathologic) cases where the two
formulations are not equivalent.

I shall also address the following practical question: given a choice between
the two schemes, under what conditions is it preferable to use a forward de-
composition scheme and under what conditions is a backward scheme prefer-
able?

However, before I can take up these questions the following remarks are
in order.

- It is important to realize that the “forward vs backward” classification
must be based on an exact, general, formal definition. Because, in gen-
eral a decomposition scheme as such is neither strictly “forward” nor
strictly “backward”. Indeed, the popular terms “forward dynamic pro-
gramming” and “backward dynamic programming” are not sufficiently
precise, what is more they are used rather loosely in the literature. This
may also explain why questions regarding the relationship between these
important concepts are rarely discussed in the literature.

- A proper definition, hence a correct use, of the terms “backward” and
“forward” mandates direction referencing. In the case of our prototype
dynamic programming model, direction is determined by the transition
function T'. This means that the terms “backward” and “forward” are
well-defined even if the sequential decision process under consideration
is cyclic or non-truncated.

- It must also be appreciated that for the same reason, these two properties
are not absolute. Because, their definition is contingent on the structure
of the postulated transition function, their role can often be reversed
simply by a reformulation of the dynamic programming model yielded
by a reversal in the direction of the dynamics as specified by T. It is
therefore important that these terms be used with care.

- The terms backward and forward can describe a number of specific
generic dynamic programming constructs, the most important ones be-
ing the decomposition scheme, composition function and the functional
equation. As we shall soon see, it is the decomposition scheme that dic-
tates the forward/backward nature of the other elements of the model.
But it should be noted that some of the elements of the dynamic pro-
gramming models are not affected by the structure of the decomposition
scheme.

These remarks make plain why a proper account of “forward dynamic
programming” and “backward dynamic programming”, calls for a formal
treatment of these concepts. In our case this should be straightforward be-
cause we are in a position to anchor such a treatment in the framework of the
prototype dynamic programming models set out in Chapter 4 and Chapter
10. As we shall see, these models will provide the required setting for a pre-
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Figure 14.1: Finding the shortest path from B to F

cise analysis and description of the “backward” and “forward” schemes and
will thus enable an edifying explanation of the relationship between them.

To set the stage I begin with an example that will bring out the funda-
mental difference between “forward” and ”backward” to thus equip us with
an unambiguous definition of these schemes.

14.2.1 Example

Consider the acyclic directed graph shown in Figure 14.1. It consists of k =
9 nodes. The arcs’ lengths are deliberately omitted. The task is to determine
the shortest path from node B =2 to node E = 7. Let K :={1,2,...,k}.

Formally then our problem of interest — the TARGET PROBLEM — is: find
the shortest path from node B to node F.

Clearly, there are two obvious ways to create modified problems out of the
given target problem:

- BACKWARD DECOMPOSITION: Regarding the destination node (FE) as
fized and treating the home node (B) as a parameter, then a typical
modified problem would be the following: what is the shortest path from
node j € K to node E7?

- FORWARD DECOMPOSITION: Regarding the origin node (B) as fized, and
treating the destination node (E) as a parameter, then a typical modified
problem would be the following: what is the shortest path from node B
to node j € K7

Let us now derive the two dynamic programming functional equations that
are based on these two types of decomposition. For this purpose let

w(i, 7) := length of arc (i, j)
suc(j) := set of immediate successors of node (j)
pre(j) := set of immediate predecessors of node (7)
f(4) := length of the shortest path from node j to node F
( j) :=length of the shortest path from node B to node j

and for simplicity assume that the length of a path is equal to the sum of
the arcs’ lengths on the path.
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By construction, in the case of the backward formulation the objective is
to determine the value of f(B) whereas in that of the forward formulation
the objective is to determine the value of f(E).

Then clearly the functional equation induced by the backward decompo-
sition scheme is as follows:

fG) = min(j){w(j,n) + ()}, j €K, suc(j) # 2 (14.48)

nesuc

observing that if suc(j) = @, then node E cannot be reached from node j.
In this case we let f(j) = oo.

Note that if the network is acyclic then clearly by definition f(E) = 0
and this is also the case if the network is cyclic but the arcs’ lengths are not
negative.

And, the dynamic programming functional equation induced by the for-
ward decomposition scheme is as follows:

—

fo) = min {fn) +wlng)}, j€Kpre) o (14.49)

observing that if pre(j) = @, node j cannot be reached from node B. In this
case we let f(j) = oo.

Note that if the network is acyclic then clearly by definition f (B) =0
and this is also the case if the network is cyclic but the arcs’ lengths are not
negative.

Insofar as the problem featured in this example is concerned, the two
schemes are clearly similar, so there seems to be no obvious reason to prefer
one to the other. The only reason for preferring one to the other would arise
in situations where the raw data would be given in a particular format so as
to prove more suitable for one rather than the other.

For instance, if the arcs of the network would be specified by a list of sets
stipulating the immediate successors of the nodes, then it would be easier
to apply a backward scheme. On the other hand, if such a list would specify
the immediate predecessors of the nodes, then is would be easier to apply
forward scheme.

Otherwise, in this example, the two decomposition schemes are practically
equivalent. O

This clear, I now want to demonstrate the precise opposite. Thus, my next
example features a case where constructing a backward scheme is no more
than a trivial task but the construction of a suitable (non-trivial) forward
scheme presents a Herculean task if not a “mission impossible”.

14.2.2 Example

Consider the infinite horizon case where the objective function under con-
sideration is of the form

|
1
9(3171'171'271'371'47’ . ) = xl + \/:1;2 + \/x,?) + \/ Z'4 + Vo (1450)
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Constructing a backward decomposition scheme here is straightforward as
we simply let

|
gn(snyxnaxn-l—la .- ) =Zp + \/xn+1 +VZpg2+ V- (1451)

and

p(n,s,x,a) = x++/a (14.52)
for n =1,2,..., observing that by construction

gn(sn, Tny Tn41y--- ) = p(”% Sny Tn, gn—l—l(sn—l—la Tn+41, Tn42y--- )) (1453)

as required, and that p is strictly increasing with its last argument, hence
the scheme is Markovian.
The functional equation induced by this scheme is then as follows:

fn(s) = opt pn,s,z, fnr1(T(n,s,z))), n=1,2,... (14.54)
z€D(n,s)

= opt {a: + \/fn+1(T(n,s,x))} (14.55)
z€D(n,s)

But how would g be decomposed in a “forward” manner?

Since the process in non-truncated, it is impossible to “reverse” its direc-
tion. So, suppose that we seek to exploit the fact that by definition

g9(s1,21,22,...) = Jlrgoﬁn(sl,wl,wg, ceeyTy) (14.56)
where
I|
(81,01, T2, ..., xp) =21 + \/xg + \/ﬂ:g +1/F VTR (14.57)
forn=1,2,....

The idea would be then to express g,+1 in terms of g,. But to see the
enormity of this task, consider say g4 and g3 and try to express gy in terms

of §3Z
G3(s1, 21,22, 23) = w1 + /T2 + /73 (14.58)
Ga(s1, @1, 2,23, 74) = 71 + \/xz + /23 + Vs (14.59)

That this is indeed a “mission impossible”, becomes clear when one realizes
that the values of 1 and z2 must not be referred to explicitly.

On first encountering this dilemma students tend to suggest the following
scheme:

ga(s1, 21,22, 3, x4) = G3(s1,21,22,23) + /24 (14.60)
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which, needless to say, is invalid. To see why this is so, consider for instance
the specific case where x1 = 5,29 = 7,23 = 3,24 = 1. Here we have

54(81,2171,11}‘2,1173,1174) :§4(8175777 371) (1461)

=5+ \/7T+ 3+ V1 (14.62)

=54+ \7T+V3+1 (14.63)
=5+V7+2 (14.64)
=5+3 (14.65)
=38 (14.66)

and

g3(s1, 1, 2, 23) = G3(51,5,7,3)

=5+ 1\/7T+V3

(
(14.68)
=5+ 7+ 1.7320508 (14.69)
=5+ 2.955044 (14.70)
= 7.955044 (14.71)
hence,
g3(s1,x1,22,23) + /x4 = 8.7955044 (14.72)

Clearly, then
ga(s1, 1, T2, x3,24) = 8 # g3(s1, 1,22, 23) + 1/Tg = 8955044  (14.73)

which means that the proposed scheme fails in this case.

As indicated above, to simply “reverse the direction” is not a proposition
here because the process is nontruncated. To explain, consider the case where
the process is truncated, namely where NN is finite and

1
9(31,1131,1172,... ,IEN) =T + \/:E2 + \/ + \/ TN (1474)

In the case of the finite horizon formulation of the problem: We would
be able to apply the backward decomposition scheme used for the infinite
horizon version of the problem. Indeed, the backward scheme would remain
intact, except that now N would be finite.

Likewise, to construct a forward decomposition scheme would be equally
straightforward as we would simply reverse the direction of the process. The
new stage n = 1 would be the old stage N, the new stage n = 2 would
be the new stage N — 1, and in general the new stage n would be the old
stage N —n + 1. If we call the new decision variables z,z5,..., 2/ then
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], corresponds to xy_p+1 and if we call the new state variable s’ then s/,
corresponds to Sy _p41.

The “reversed” decomposition scheme for the objective function is then as
follows:

Gn(sh, 2, 2h, .. 2l) = \/---\/\/az’l +ah +-+al | + ), (14.75)

and
p(n,s' 2’ a) =2"+a (14.76)

In short, in the case of the finite horizon version, converting the back-
ward decomposition scheme for the objective function into a forward scheme
amounts to no more than a change in notation resulting from the reversal in
the “direction” of the process. This, however, cannot be done if the process
is nontrunctated.

And more than this, the above discussion addresses only the difficulties
presented by the objective function g. But the point is that to obtain a
full-blown forward decomposition scheme through a reversal of the decision
variables’ indices, it is necessary to also reverse the direction of the transition
function. And this, one need hardly point out, is not always possible simply
because it may not be allowed.

For instance, suppose that the constraints under consideration are as fol-
lows:

4 n

3
[' . H[alxl + a2x2]2 + agxg] + a4x4} +tx, <W (14.77)

z;j>0,j5=1,...,n (14.78)
where {a;} are some given positive parameters.
Then for the backward formulation we can let

i—1
3 4 !
§; = [ . |:[[a1x1 + a2x2]2 + agxg] + a4x4:| +-+ aj_la:j_1]

(14.79)
for j =1,2,...,n with s; = 0.
By construction, then,
sjv1 =T, s5,2) = [sj +ajz;) , j=1,....,n (14.80)
and therefore we can let
D(j,s) := [0, %] , s€8; = [0, W] (14.81)
j
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But there is no apparent formulation for the state variable of the forward
formulation — obtained from the reversal of the decision variables’ order —
other than the trivial one, namely

sj = (z1,22,...,2j-1) , J=2,...,n (14.82)

with s; = empty sequence.

Such incompatibilities between the state variable induced by the objective
function and the state variable induced by the constraints are discussed in
§11.6. O

14.2.3 Example

Consider now the classic shortest path problem assuming that all the arcs’
lengths are strictly positive, the network is acyclic, the node of origin — call
it node 1 — has no immediate predecessors and the destination node, call it
node k — has no immediate successors. Let L = {1,2,...,k}. Such a case
is shown in Figure 14.2 with B=1and F =k =9.

(2) (6)
2/L5 3 4
B(1 5 W@\@E

Figure 14.2: Shortest path problem from B to E

In contrast to the standard case where the length of a path is the sum of
the lengths of the arcs on the path, assume that here the length of a path is
computed as follows:

w(ylayQ) , n=2
1
L(y1, .- yn) = S w(yr,y2) + T . n>2  (14.83)

1+

L(y27y37 s 7yn)

where L(y1, . ..,y,) denotes the length of a path comprising the nodes (y1, y2,
.+, Yn) — in this order — and w(i, j) > 0 denotes the length of arc (i, j).
For example, consider the path consisting of the five nodes (1,2,4,6,9).
Then according to the above prescription, the length of this path can be
computed recursively (on n) as follows.
By definition

L(1,2,4,6,9) = w(1,2) + , (n="5) (14.84)
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1
1
L(2,4,6,9)

(14.85)

1+

So to obtain the value of L(1,2,4,6,9) we have to compute the value of
L(2,4,6,9). To do this we invoke the definition of L given in (14.83):

1

L(2,4,6,9) = w(2,4) + T , (n=4) (14.86)
14—
T I{E6,9)
1
=5+ ———g— (14.87)
1+ ———
L(4,6,9)
So invoking (14.83) again:
1
L(4,6,9) = w(4,6) + — > (n=3) (14.88)
1
T I6.9)
1
=3+ —T (14.89)
1+
L(6,9)
and again
L(6,9) =4, (n=2) (14.90)
where, by backward substitution we obtain
1 19
L(4,6,9) =34+ ——F——F—— = — 14.91
469 =3+ 11y = 5 (14.91)
1 139
14—
(19/5)
1 425
14 -
T 139/24)

It goes without saying that the length of a path can be computed itera-
tively, that is non-recursively, by utilizing the following representation of L
which can be derived by inspection from the definition of L in (14.83):

Ly, yn) = w(y1,y2) ® L(ya, .-, Yn) , n > 2 (14.94)
where
1
a®b:=a+ T , a,b>0 (14.95)
1+

b
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Here then is the complete non-recursive computation procedure:

L(6,9) = w(6,9) = 4 (14.96)
L(4,6,9) = w(4,6) & L(6,9) — 3@ 4 — ? (14.97)
L(2,4,6,9) = w(2,4) & L(6,9) = 5@ ? - % (14.98)
L(1,2,4,6,9) = w(2,4) ® L(6,9) = 2@ % _ % (14.99)

Since a @b is strictly increasing with b, when b is positive, it follows that &
is Markovian for positive arguments. Thus, the following backward functional
equation holds:

fG) =w(G k) [ min Aw(jn) & f(n)}, j e K\{k} (14.100)

nesuc(j)

n#k

where f(j) denotes the length of the shortest path from node j to the des-
tination node E = 9. Our task is to compute the value of f(B),B = 1.

Now, writing the functional equation in greater detail, we obtain

f(G) = w(j, k) Lné?iﬁj) w(j,n) + % ,jeK\{k} (14.101)
nk 1+ )

Remark: Note that & violates the Big M convention, namely a & M is
not always equal to M regardless of the size of M. In fact, for M = oo we
obtain a ® M = a. So, we appeal to the x convention and we define

a®x:=%, Va (14.102)

This means that we can let f(j) = % for j € K\{k} such that suc(j) = &,
and more generally, let f(j) = x for any j such that there is no path from
node j to node E.

In the specific example under consideration this is not an issue because
suc(j) # @ for all j # k. But such a convention — or a similar one — is
required in cases where there are nodes with no successors.

Note that the binary min operation, |, takes care of situations such as those
encountered when node j is an immediate predecessor of the destination
E = k and it relies on setting w(j, k) = oo if node j is not an immediate
predecessor of node k. O

But, how would we obtain a forward decomposition scheme and a forward
functional equation for this problem?

Since the operator @ deployed in (14.94) is neither associative nor commu-
tative, it seems that the only way to obtain a forward decomposition scheme
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Figure 14.3: Shortest path problem from E to B

for this problem is via a reversal of the arcs’ direction and the modification
of the objective function L given in (14.83).

So, consider the modified network shown in Figure 14.3 and the modified
objective function

w(y1,y2) , n=2

- 1
L(y17"'7yn): w(yn—lvyn)—i_ 1 ) n>2
14 =
L(y17y27"'7yn—1)

(14.103)

Convince yourself that the shortest path problem represented by this ar-
rangement is equivalent to the original problem we discussed above. In par-
ticular, convince yourself that the shortest path from node E to node B in
the framework of this problem is equivalent to the shortest path from node
B to node F in the original version of the problem.

In the context of this formulation, the forward dynamic programming func-
tional equation — the counterpart of (14.101) — is as follows:

7 1
fG)= min quw(n,j)+———"F—10 , jEK pre(j) #2 (14.104)
nepre(j) 1+

f(n)
with f(E) = 0. Our goal is to compute the value of f(B).

Needless to say, given this forward formulation, the process of deriving a
backward formulation is very similar and it will yield the formulation we
obtained at the outset. Also note that f(j) = f(j),j =12,...,8. O

That said, the following question arises: is it always the case that the
existence of a formulation implies the existence of a “counterpart”? If so, is
there a formula for such a conversion? Does such a conversion always boil
down to a simple “reversal in the direction” of the process?

The short answer is that in many cases the conversion is indeed straight-
forward. In others the conversion can require considerable ingenuity, hence
a considerable effort. And in some cases there would be no counterparts at
all. To be able to discuss this matter methodically, we need to hark back
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to the separability property. As you will recall, this property enables the
formulation of modified problems and consequently the functional equation
itself. So let us remind ourself how it all began.

14.3 Initial Problem

In §4.2 we began with the following definition of a family of initial prob-
lems:

Problem P(c),0 € Sy :

f(s):= opt g(s1,71,22,...,2N) (14.105)
L1y TN

Tn € D(n,sp), 1<n<N (14.106)

Sp1 =T (n,8p, ) , 1<n< N (14.107)

s1=35 (14.108)

We referred to Problem P(o) as THE INITIAL PROBLEM AT 0.

It is extremely important to realize that this formulation is orientation
free: it is neither “backward” nor “forward”. Because, as we have seen, the
direction implied by these terms refers to the direction of the decomposition
of the objective function g. And the direction ascribed to the decomposition
is relative to the transition function which describes the dynamics of the
decision-making process.

But, the “forward” direction implied by the rule s,+1 = T'(n,sn,zy) is
only in the sense that this rule indicates that the progression is from one
stage (n) to the next (n+1). For this reason we refer to the state observed at
stage n = 1 as the initial state and to the state observed at stage N + 1 as
the final state. As the notion of “backward” and “forward“ decomposition
is based on the notion of separable objective functions, my next task is to
examine this foundational concept formally. For convenience, assume that
Sy is a singleton, so let S; = {0} and s; = 0.

14.4 Separable Objective Functions Revisited

The basic idea is simple, indeed intuitive. The total cost or benefit gener-
ated by a feasible sequence of decisions (x1, ...,z ) as prescribed by function
g, namely g(s1,21,22,...,2nN), is usually an accumulation of values gener-
ated at the stages of the process.

Recall that the objective function g of a multistage decision model
(N,S,D, T,S,g) is said to be SEPARABLE if there exists a function p and a
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sequence of functions (g, : n € N’) such that the following condition holds:
let s1 be any initial state and let (x1,...,zy) be any feasible solution to the
initial problem at s;. Then,

g(s1,x1,22,...,xN) = g1(s1, 21, X2, ..., ZN) (14.109)
gn(8n7 Tn, Tn41y--- 733N) = p(8n7 xn,gn—i-l(sn—l—ly Tn41y--- 7$N)) (14110)

for all n € N, where s,,11 = T'(n, sp, Tn).

Observe that by construction gni+1 = gn+1(Sn+1) and recall that by defi-
nition N:={1,2,..., N} and N":={1,2,...,N + 1}.

Given that our concern here is backward and forward decomposition, it
is instructive to refer to such functions as backward-separable and to their
decomposition schemes (p, (g5, : n € N)) as backward decomposition schemes.

Obviously, the forward counterpart will be defined similarly, except that
the decomposition will “progress” forward rather than a backward.

Definition 14.4.1 The objective function g of a dynamic programming
model (N,S,D,T,S1,q) is said to be BACKWARD-SEPARABLE if there ex-
its a function p and a sequence of functions (g, : n € N') such that the
following condition holds: let (x1,...,xN) be any feasible solution to the ini-
tial problem at o. Then, (14.110) - (14.110) hold for all n € N. We refer to
(p, (gn : m € N')) as a BACKWARD DECOMPOSITION SCHEME.

Similarly, g is said to be FORWARD-SEPARABLE if there exits a function
p and a sequence of functions (Gn : n € N') such that g, is a real-valued
function on S; x D1 x S, and the following conditions hold:

g(sl,xl, Loy ,:L'N) = §N+1(81, T1,22,... ,a:N) (14.111)
§n(31, Tlye-- ,l'n—l) == ﬁ(n — 1, Sn—1,Tn—1, ﬁn_l(sl, L1y - ,:En_g)) (14.112)
for 1 <n < N, where as usual s, =T(n—1,8,-1,Zpn—1).
We refer to (p, (gn)) as a FORWARD DECOMPOSITION SCHEME. Note that
this setup implies that g is a real-valued function on Si. g

As T noted on several occasions, insofar as dynamic programming is con-
cerned, the most commonly encountered objective function is the additive
function of the form

N

9(s1,21,%2,...,TN) = Zw(n,sn,xn) (14.113)

n=1
This function is clearly both backward-separable and forward-separable.
The same is true for any function of the form

g(s1,x1,22,...,xn) =w(l,s1,2,) ® -+ & w(N,sy,zn) (14.114)

where @ is a binary associative operator. Note that in such cases the com-
position functions p and p can be defined as follows:

p(n, Sp, Ty 1) = w(N, Sy, Tp) &1, T ER (14.115)
pn—1,8p-1,2p-1,7) =rdwn —1,8,-1,Tp-1) , T €ER (14.116)
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Also note that (14.114) implies that

gn+1(s) = Re (14.117)
Gi(s)=Lg (14.118)

where Rg denotes the right identity element of @& and L g denotes its left
identity element.

Recall that the cases ® = x, @ = [, @ = | were discussed in §10.3 and
that their identity elements are as follows:

Ry=L,=0 (14.119)
Ry=L,=1 (14.120)
Ri=Lf=- (14.121)
R =L = (14.122)

To satisfy the Markovian condition, the multiplicative operator, namely
X, is restricted to operate on non-negative arguments.

If & does not possess identity elements it may be necessary to make do
without gn41 in the backward scheme and without g; in the forward scheme.

Definition 14.4.2 If the objective function g admits of the representation
stipulated in (14.114) and & is associative, then the scheme (B, w) is called
an ASSOCIATIVE BINARY DECOMPOSITION SCHEME. O

With this as background, I can now proceed to outline the derivation of
the dynamic programming functional equation induced by a forward decom-
position scheme.

14.5 Modified Problems Revisited
In the context of the present discussion:

Problem P(n,s),n € N;se€ S, :

fn(S) = opt gn(snaxnwxn—i-ly---axN) (14123)
Ty oy TN

zj € D(j,s5), n<j<N (14.124)

Sj+1 = T(j, Sj,:Ej) , n < ] < N (14.125)

Sp =8 (14.126)

is referred to as the BACKWARD MODIFIED PROBLEM AT (n, s).

The rationale for this is that Problem P(1,s1) is by construction equivalent
to Problem P(s1). It is convenient therefore to let fni1(s) := gnyi1(s),s €
SN41-
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Next, the same is done with regard to the modified problems induced by
forward decomposition schemes. That is, the modified problems induced by
the forward decomposition scheme are defined so that at least one of the
modified problems will be equivalent to the initial problem of interest. So
in line with our definition of a forward decomposition scheme consider the
following class of problems:

Definition 14.5.1 Problem P(n,s),n € {2,3,...,N},s € S,

—

fu(s) = opt  Gu(s1,x1,22,...,Tpn_1) (14.127)

L1yeeyTn—1

2 €D(j,s;), 1<j<n (14.128)
sjiv1 =T(j,s5,zj) , 1 <j<n (14.129)
s1=0 (14.130)
Sp =8 (14.131)

We refer to Problem P(n,s) as the FORWARD MODIFIED PROBLEM AT
(n,s) GIVEN THE INITIAL STATE o. It is convenient to let fi(o) := g1(0),
recalling that in this discussion the initial state of the process, o, is treated
as a given parameter, so formally S1 = {o}. O

In words, the forward modified problem at (n, s) can be read as posing the
following question: What is the optimal way to reach state s at stage n from
the initial state s; = o at stage 1 in accordance with the modified objective
function g,?

Let X (n,s) and X*(n,s) denote the set of feasible/optimal solutions to
Problem ﬁ(n, s) respectively.

The idea is then to view the initial problem at s; = o as a member of the
new family of forward modified problems.

Specifically, in view of (14.111), the idea is to solve Problem P(N+1, sy41)
for some sy+1 € Sy+1. But the question is: what final state sy11 should be
used for this purpose?

The following result addresses this important methodological question
whose implications are not only theoretical but also practical.

Theorem 14.5.1 Assume that N is finite, let (z1,...,xN) be any optimal
solution to Problem P(o) and let s* € Sni1 be the final state generated
by applying (z1,...,zN) to s1 = 0. Then any optimal solution to Problem
P(N +1,s*) is also optimal with respect to Problem P(c).

PRrROOF. By construction gy+1 = g = g1, and any feasible solution to
Problem P(N+1, s*) is also feasible for Problem P(c). Hence, if (z1, ..., zn)
is an optimal solution to Problem P(o) it must also be optimal with respect
to Problem ﬁ(N—l— 1, s*). Thus, any optimal solution to Problem ﬁ(N+ 1,s%)
must also be optimal with respect to Problem P(o). O
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Admittedly, this theorem does not provide practical instruction on how to
pin down this final state. Still, it is important because of the foundational
significance of the assertion that it makes. It gives the assurance that the
set of modified problems pertaining to the forward decomposition scheme
provides a sound basis for the derivation of the dynamic programming func-
tional equation.

The difficulty arising from the fact that we may not know a priori which
final state should be used for the generation of an optimal solution for the
initial problem of interest is usually just a minor technical irritant. The fact
is that, for a large class of problems, this difficulty does not arise at all
because:

Corollary 14.5.1 If Sy is a singleton, say Sy+1 = {§}, then Problem

—

P(N +1,35) is equivalent to Problem P(o). O

If NV is finite, it is possible to forcibly incorporate in the process a unique
final state through the use of DUMMY VARIABLES. So, however humble this
result may appear at first sight, its implications are in fact far reaching.

14.5.1 Example

Consider the case where the state variable is determined by the following
knapsack-type constraints:

N

> bpan < v (14.132)
n=1
zn €40,1,2,...} (14.133)

where all the coefficients are positive integers.
Suppose that the state variable is defined in the usual fashion, namely let

n—1
Sni=v— bix;, n=23,... N+1 (14.134)
j=1

with s1 = v.

Then it follows that as a rule Sy41 is not a singleton. In view of this, a
dummy (slack) variable 241 would be introduced and the global constraint
modified as follows:

N+1
> b =v (14.135)
n=1

with by = 1.

In this case the set of final states will be a singleton, namely Syio =
{0}. One need hardly point out that it is imperative to make sure that
the incorporation of this dummy variable in the model does not change the
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nature of the optimal solutions to the original problem. For instance, if the
objective function is linear, all that needs to be done is to set the coefficient
of this variable in the objective function to zero. O

Let us now proceed to the second stage in the derivation of the functional
equation yielded by the forward decomposition scheme.

14.6 Backward Conditional Problems Revisited

Recall that the conditional problems formulated in §4.2 were defined by
fixing the values of the decision variables associated with the modified prob-
lems. In other words, in the case of the backward decomposition scheme this
class of problems was defined as follows:

Problem P(n,s,d),n € N;s € S,,,d € D(n,s):

fa(s,d):= opt  gn(Sn,TnsTnits- -, TN) (14.136)

Tn41y-9TN

2;€D(,s;), n+1<j<N (14.137)
sjit1=T(j,s5,zj) , n<j<N (14.138)
Sp =8 (14.139)
2y =d (14.140)

We referred to Problem P(n,s,d) as the CONDITIONAL PROBLEM AT
(n,s,d) and we let X*(n, s,d) denote the set of optimal solutions to Problem
P(n,s,d).

In the case of the forward decomposition scheme, the conditional problems
take a slightly more complicated form because for a given s € S,, there can be
many pairs (s',z) such that ' € S;,_1,z € D(n—1,5') and s = T'(n—1, ', x).
In other words, T'(n, s, -) might not have a proper inverse. Therefore, for the

purposes of our analysis it is conveneient to use the following pseudo-inverse
of T:

T Y(n,s):={(s,2): 8 €Sy_1,2€Dn—1,8) ,s=T(n—1,5,z)}
(14.141)

forn=2,...,N+1and seS,.

By definition then, T~!(n, s) is the set of all (state,decision) pairs at stage
n — 1 that generate state s at stage n. With this in mind consider the
following:

Definition 14.6.1 Problem P(n,s,s',d),1 <n < N+ 1,s € Sy, (s',d) €
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T=(n,s):
fu(s,s',d) == opt Gn(s1,@1,22,...,Tn_1) (14.142)
L1y Tn—1

2 €D(js;)  1<j<n—1 (14.143)

sjiy1 =T(j,s5,2;) , 1<j<n-—1 (14.144)

Spo1 =8 (14.145)

Tt =d (14.146)

Sp =5 (14.147)

s1=o0 (14.148)

We refer to Problem f’(n,s,s’,d) as the FORWARD CONDITIONAL PROB-
LEM AT (n,s,s’,d). Let X*(s,s',d) denote the set of optimal solutions to
Problem P(n,s,s',d). For convenience, let f(1,0) = Gi(o).

By inspection,
Theorem 14.6.1

ﬁl(s) = opt ﬁl(s,sl,aj) , l<n<N+1s€eS, (14.149)
(s, )€T"(n,s)
In words, the best way to reach state s at stage n is to first reach some
state s’ in stage n — 1 such that s = T'(n—1,s',z) for some d € D(n—1,5').
Such a (s',x) pair is determined by (14.149).

14.7 Markovian Condition Revisited
Recall that in §4.2 the Markovian condition
X*(n,s,z) = X*(n+1,T(n,s,x)) (14.150)

for all 1 < n < N,s € S,,z € D(n,s), was introduced to establish the
validity of backward dynamic programming functional equations. In the case
of the forward decomposition scheme this condition takes the following form:

Definition 14.7.1 The fowrward decomposition scheme (P, (g, : n € N'))
is said to be MARKOVIAN iff

X*(n,s,s',x) = X*(n—1,5") (14.151)

for all (s,s',x) such that s € Sy, and (s',x) € T1(n,s).
The scheme is said to be WEAK-MARKOVIAN iff

X*(n,s,¢,2)NX*(n—1,5) # @ (14.152)
for all (s,s',x) such that s € S,, and (s',x) € T~Y(n, s). O

We are now ready to consider the functional equation induced by the
forward decomposition scheme.
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14.8 Forward Functional Equation

The generic functional equation derived by means of the backward decom-
position scheme is as follows:

fn(s) = opt pn,s,z, for1(T(n,s,2))), 1<n<N,seS, (14.153)
z€D(n,s)

Its validity is assured by the Weak Markovian condition. For the forward

decomposition scheme we have:

Theorem 14.8.1 If the forward decompostion scheme is Weak-Markovian
then

fn(s) = opt pin—1,8 z, fri(s') (14.154)
(s',2)ET =1 (n,s)

—

foralll<n < N+1,s €S,, with f(1,s) := gi(s),s € S7.

If the forward Markovian decomposition scheme admits of a binary repre-
sentation, then this functional equation will take the more familiar form

fn(s) = opt { fr1(s) ®w(n, s, x)} (14.155)
(s, x)ET~1(n+1,s)

forl<n < N+1,s€585,. And if the model is stageless, then

fls) = opt { f(s) & w(s',x)} (14.156)

(s’,2)eT —1(s)
for all s € S such T~1(s) # @, observing that in this case
T7(s):={(s',2): s’ € S,s =T(s,x)}. (14.157)

The ability to count on the forward functional equation clearly allows for a
greater flexibility in the formulation of problems. The question is then what
are the practical implications of this fact?

14.9 Impact on the State Space

The question that immediately springs to mind is whether the availability
of forward formulations can be instrumental in reducing the state space of a
dynamic programming model. For, as we know by now, securing a small state
space is a crucial consideration in the formulation of dynamic programing
models.

Consider then the following argument that is often used to suggest that
“forward dynamic programming” can sometimes reduce significantly the size
of the state space:
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In practice, generating the sets of feasible states {S,,} is often nex-
pedient. So, the functional equation is solved instead for sets {S,}
such that

S, C8,,VneN (14.158)

But, the trouble is that in some cases this can be extremely wasteful
because S, can be much larger than 5,.

14.9.1 Example

Consider again the case of the knapsack problem and assume that the
state variable in the model is defined by (14.134). Clearly,

Spy1={s—mb,:5€S,,m=0,1,...,]s/b,]} , n=2,3,...,N (14.159)

with S7 = {U}

If a backward functional equation is used to solve the problem and im-
plemented verbatim, then the solution procedure will commence at stage
n = N and will require the set Sy. The problem is that to generate this set
all the sets S;,7 = 1,2,..., N — 1 must be generated first, which is almost
as demanding (computationally) as solving the functional equation under
consideration.

So in practice we often do the following. Instead of using the exact sets,
the functional equation is solved for the “outer approximation” of these sets
given by

S.=1{0,1,2,...,0} , n=2,....N (14.160)

with with §1 =5 = {’U}

But it is immediately clear that this lax approach can be extremely waste-
ful. For instance, consider the simple case where N = 4 and the knapsack
constraint is as follows:

876511 + 7654xs + 98763 + 489724 < 100,000 (14.161)
In this case the approximating sets will be
§n:{0,1,2,...,100000} ,m=2,...,N (14.162)

with S = S; = {100,000}.
This means that the functional equation will be solved

51| + |Sa| + [S3] 4 |S4] = 1+ 3 x 100,001 = 300, 004 (14.163)

times, the odd 1 representing the singleton S; = {v}. It is easy to ascertain
that

[S1] + |S2| + [S3] 4 [S4] < 34,000 (14.164)
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Clearly, no more needs to be said about the drawbacks of this lax approach
in this case.

On the other hand — so the argument goes — if a forward functional
equation is used, then given that in this case the exact sets can be generated
in an impromptu fashion as the functional equation is being solved, there is
no need to use the outer approximations at all.

Remark: Considerations of this kind can also be taken into account with
respect to “backward” functional equations, albeit not always in such a
straightforward manner. O

It should also be noted that a similar argument can be invoked to explain
the use of the backward formulation in cases where the final state is unique,
and the initial state is not fixed a priori.

14.10 Anomaly

A comparison between the forward-formulation and the backward formu-
lation gives rise to an intriguing question.

Given the preceding discussions, it seems rather clear that a dynamic pro-
gramming functional equation based on a forward formulation should at
times be more complicated than the functional equation based on a back-
ward formulation, and vice versa.

What is intriguing, though, is that this occurs in cases where the respective
formulations are of a problem that to all intents and purposes seems to be
utterly “symmetric”. That is, the problem has a unique initial state, a unique
final state and an associative binary decomposition scheme.

One would have thought that in such cases the forward and backward
formulations would be very similar. In particular, that they would have the
same state variable.

And what, on the face of it, is even more intriguing is that in certain cases
a forward formulation is readily available, yet no “equivalent” backward
formulation seems to be available. The following discussion takes up these
questions.

14.10.1 Example

Consider the small network depicted in Figure 14.4 and the following prob-
lem associated with it:

- The task is to traverse from node 1 to node 7.
- As an arc is traversed, revenue (displayed on the arc) is being generated.
- The objective is to maximize the total revenue (sum of the arc revenues).
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Figure 14.4: Longest path problem

- What is the optimal path?

For example, the revenue generated by the path (1,2,5,7) is equal to
(14 (—2)+9) = $8. So, the objective is to identify the path from node 1 to
node 7 that generates the maximum revenue.

I consider two versions of this generic problem. In the first version no cash-
flow restrictions are imposed on the problem. This means that at any stage of
the process the accumulated revenue is allowed to be negative. In the second
version, the problem is cash-flow sensitive meaning that the accumulated
revenue is not allowed to be negative at any stage of the process.

Let r(i,j) denote the revenue generated by arc (i,7), let pre(j) denote
the set of immediate predecessors of node j and let suc(j) denote the set of
immediate successors of node j. Assume that there are n nodes, {1,2,...,n},
and that the process starts at node 1 and terminates at node n. For simplicity
assume that the network is acyclic. Let K :={1,2,...,k}.

14.10.2 Version #1: Cash-Flow-Free

This version of the problem is the classic longest path problem. The for-
ward and backward dynamic programming functional equations are thus as
follows:

Backward Forward
16) = max {rGim) + f} | ) = max {7n)+r(n.)}
j € K\{k} j € K\{1}
f(k)=0 fy=o0

Unsurprisingly, the two formulations have the same state space S, namely
in both cases the states are nodes of the network and S = K.
Solving the functional equation for the problem depicted in Figure 14.4

we obtain the following results:

i1 2 4 5 6 7
fG) 119 12 7 9 3 0
(G)]o 1 -1 3 -1 8 11
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Thus, the maximum revenue is equal to f(1) = f(7) = 11 and the optimal
path is z = (1, 3,6, 7).

14.10.3 Version #2: Cash-Flow Constraint

This version of the problem prohibits negative intermediate revenues. This
means that it is imperative at node j to have the value of the revenue accrued
so far in order to determine the arcs to be traverse next.

This suggests the use of a state variable of the form s = (j,v) where j
denotes the current node and v denotes the revenue accumulated so far. The
cash-flow restriction is expressed by the requirement that v is not allowed
to be negative at any point. Thus, if the process is at state s = (j,v) then
traversing from node j to node m along arc (j,m) is allowed only if v +
r(j,m) > 0 or equivalently if v > —r(j, m).

If it is assumed that the process begins at zero revenue, then the initial
state of the process would be s; = (1,0). Let V(j) denote the set of feasible
values of v pertaining to node j, observing that V(1) = {0} and

V() = {v +7r(m,j) :veVim),m e pre(j),v > —r(m,j)} (14.165)

for j € K\{1}.

Since it is assumed that the network is acyclic, the sets V(1),...,V(n)
are finite and can be easily computed. Observe that by construction the
transition function is as follows:

T((j,v),m) :== (m,v + (7, m)) , JEK,veV(j),m e suc(j) (14.166)

That said, the backward and forward functional equations for the version
under consideration are as follows:

Backward functional equation:

Let
f(4,v) == maximum total revenue generated at the end of the process
given that the process commences at node j and $v is available
in cash.

Then the backward functional equation will be as follows:

fGv) = max {r(,m) + f(m,v+r(j,m))} (14.167)
v—l—r(j,m)]ZO

for j € K\{k},v € V(j) with f(n,v) =0,Vv € V(k).
Forward functional equation:

Let

f (J,v) ;== maximum total revenue that can be accumulated while traveling
from node 1 to node j given that $v has been accumulated
en route from node 1 to node j.
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This leads to the following forward functional equation

fGov) = max {Flm,v—r(m,j) +r(m,j)} (14.168)
mepre(j)
vt (m,j) >0

—

for j € K\{1},v € V(j), with f(1,0) = 0.
So far so good except that . ..although this functional equation is perfectly

valid, the definition of f (J,v) is not all that sensible. Because: the maximum
revenue accumulated along the route from node 1 to node j is made condi-
tional on the (not necessarily optimal) value v? In other words, what is the
point of seeking the non-optimal values of v at node j7 The inference is then
that it is far more sensible to base the forward functional equation on the

following far simpler, indeed straightforward family of modified problems:

f () := maximum revenue that can be accumulated while traveling
from node 1 to node j.

Then clearly,

i) = max {*(m) +r(m,j)} L j e K\1 (14.169)
f(m)-i—r(m,j)zo
with f(1) = 0.

This functional equation is manifestly more attractive than (14.168) and
(14.167) because it does not call for the nuisance parameter v. The state
space in this case is simply S = N = {1,...,n}. Observe that the same state
space was used in the derivation of the functional equation for the much
simpler Cash-Flow-Free version of the problem!

Applying this functional equation to the problem depicted in Figure 14.4
yields the following results. The two —oo values are associated with cases
where node j cannot be reached from node 1.

j |12 3 4 5 6 7
f(j)‘01—003—oo710

Thus, the maximum revenue that can be generated along a path from node
1 to node n = 7 subject to the cash-flow restrictions is equal to f(7) = 10.
The optimal path is z = (1,2,4,6,7).

Given the ease with which a valid forward functional equation based on
S =N=/{1,...,n} denoting the state space and s° = 1 denoting the initial
state is obtained, one would have thought that deriving a valid backward
functional equation based on these constructs would be a straightforward
matter as well. And yet, this is not so, in spite of the objective function being
additive, hence the binary decomposition scheme, & = 4+, being associative
and commutative.

The question is then: how is it that a problem with such an objective func-
tion, where the binary composite operator is associative and commutative,
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allows the formulation of a simple forward composition scheme but not an
“equivalent” backward decomposition scheme?

Remark:
Before I can take up this matter, I should note that although writing f (m)
below the max in (14.169) may seem unconventional, this formulation is
perfectly legitimate because this f (m) is the same f (m) displayed in the
curly brackets on the right-hand side of the equation. Furthermore, since
the network is acyclic, in the framework of the forward paradigm, the values
of {f(m),m € pre(j)} are regarded as given at node j. O
To answer the above question we need to examine the problem in a more
formal setting. In particular, we need to examine more carefully whether the
problem is indeed as “symmetric” as it appears at first.
Consider then this formal statement of the Cash-Flow constrained version

of the problem:

Problem P :

k—1
2= max (25, Zj4+1) (14.170)

j=1

J

> r(@iwi) 20, j=1,2,... k-1 (14.171)

i=1
21 =B (14.172)
oy =E (14.173)
xjp1 €suc(j), j=1,2,...,k—1 (14.174)

where

- B = origin node.

- F = destination node.

- suc(j) = set of immediate successors of node j.

- r(i,j) = revenue generated by arc(i, 7).

- x; = j-th node on the path.

Observe that the k below the max is a gentle reminder that the number
of nodes on a feasible path is not fixed in advance, it is a decision variable.

The point of this observation is to indicate that in this case it should be

instructive to spell out the family of (k — 1) global constraints embedded in
(14.171). Note then that for the case where k = 4 the picture is this:

r(x1,x2) >0
r(x1, x2)+r(xe, x3) >0
r(z1, x2)+r(xe, x3)+r(rs, x4) >0

This done it becomes abundantly clear that the problem in question is
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not ”"symmetric” at all, because the global constraints in this case are not
“symmetric”. Indeed they expand forward. This being the case, it only stands
to reason that when handled by dynamic programming these constraints
would be treated accordingly. That is, they would give rise to a “forward”
decomposition scheme rather than a “backward” scheme.

I might add that as an extra bonus, the state variables induced by these
constraints can be aggregated into a single variable, namely

= r(x, ziv1) , J=2,3,...,k (14.175)
i=1
with m; = 0.
The above system of constraints can now be re-stated as follows:

>0, 5=1,234 (14.176)

Note that a crucial point in this analysis is that the preference is for large
values of m. That is, if node ¢ can be reached from node 1 in two ways,
yielding say $7' and $7” such that 7”7 > 7/, then the route that yields $7”
is preferable.

So in the framework of the forward formulation, the modified problem at
node 1 is as follows: what path from node 1 to node ¢, subject to the cash-flow
constraint, is the most beneficial? We do not have to consider less beneficial
paths from node 1 to node 3. O

The conclusion to be drawn at this point is then that the “anomaly” illus-
trated by the above example has a simple, indeed a self-evident explanation:
there are cases where the “forward” decomposition scheme is more suitable
than the “backward” scheme, and there are cases where the “backward”
decomposition scheme is more suitable than the “forward” scheme.

14.10.4 Example

Suppose that we modify the Cash-Flow requirement in the preceding ex-
ample and we apply it to future — rather than to past — partial accumula-
tions at the destination node. That is, assume that a path (z1,...,xx) from
the origin, namely from node 1, to the destination, namely node 7, must
satisfy the following Cash-Flow requirement:

k—1
> r(wiwipa) =0, n=1,2,... k-2 (14.177)

i=n
For instance, if m = 4 then the Cash-Flow requirement is as follows:
r(xs3,x4) >0
T(xg,x3)+r(x3,x4) >0
r(z1, x2)+r(xe, x3)+r(rs, x4) >0
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Figure 14.5: Longest path problem

Now, for j =1,2,...,7 let
f(4) := return generated by an optimal path from node j to node 7

with f(7) =

Then the Cash-Flow requirement at node j dictates that the transition
from node j to node n is allowed only if r(j,n) + f(n) > 0, or equivalently
r(7,m) > —f(j). Thus, the backward functional equation is as follows:

)= max (G + ()} =6,5,4,3,2,1 (14.178)
nesuc(y
T(Jvn)Z—f(“)

Our objective is to determine the value of f(1).

Note that writing f(n) below the max operator is not problematic because
it occurs elsewhere on the right hand side of the equation anyhow.

For the instance specified by Figure 14.5 this functional equation yields
the optimal path x = (1,2,4,6,7) whose length is equal to 16. The details
are as follows:

j |1 2 3 4 5 6 7
f(j)|16 17 13 15 —c0 3 0

Note that the optimal solution to the cash-flow-free problem is the path
y = (1,2,5,7) whose length is equal to 20. This path does not satisfy the
Cash-Flow requirement because r(y3,y4) = r(5,7) = —1 < 0.

As an exercise in dynamic programming modeling, the reader is encour-
aged to attempt to formulate a “forward” functional equation for this prob-
lem subject to the Cash-Flow requirement on future partial accumulations
at the destination (without reversing the directions of the arcs). Hint: this
is a somewhat tricky task! O

The conclusion to be drawn from this example is that there are cases where
decomposing the objective function “backwards” seems most compelling so
naturally one would be inclined to decompose it in this fashion. And, as
we show in the next section, there are pathologic cases where “forward”
decomposition should not even be contemplated.
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14.11 Pathologic Cases

The most obvious pathologic case impeding the formulation of a forward
decomposition arises in situations where the transition function 7" is multi-
valued, namely where T'(n, s, z) is a set of states rather than a single state.
As indicated in Chapter 9, such models are called non-serial models.

Since this topic is not discussed in this book, I shall not go into the specifics
of what types of non-serial models are unsuitable for forward decomposi-
tion. I shall only touch on this issue primarily because the most well-known
stochastic or probabilistic applications of dynamic programming are non-
serial dynamic programming models.

In such models a decision at stage n of the process generates a number of
states, each observed with a given probability at the next stage, n+1. For the
purposes of this discussion it is sufficient to examine the simple case where
the number of stages, IV, is finite, the state space S is finite, the decision
sets {D(n,s)} are finite and

T(n,s,z)={t(n,s,z,q): ¢ € Qn} < Sp+1 (14.179)

where @), is a given discrete set that depends on stage n, and t(n,s,z,q)
denotes the state (in stage n + 1) resulting from the application of decision
x at stage n given that state s and input ¢ are observed at stage n.

We regard ¢ as the realization of a random variable ¢, whose probability
mass function is known, call it p,. So, p,(q) denotes the probability that
Gn = q,q € Q. In this framework,

Sn+1 = t(n7 $,, q) (14180)

denotes the next state of the process, at stage n + 1, given that at stage n
we observe state s, select decision x € D(n,s) and the realization of ¢, is
g. Observe that this means that the state variables (s, : n > 1) are also
realizations of random variables (5, : n > 1) respectively, whose probability
mass functions are determined by ¢, the decision-making policy used, and
the probability mass functions (p, : n > 1). In particular,

Prob([3,41 = 8|8, = s,z = 2] = Z n(q) (14.181)

q€EQn
s/zt(n,s,:p,q)

where Probls,11 = §'|5, = s,z, = x| denotes the conditional probability
that §,,1 = s’ given that §, = s and z,, = x.
Now, let

fn(s) := optimal expected value of the total return accumulated from
stage n onward, given that state s is observed at stage n.
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It is immediately obvious that if the objective function is additive, that is
if

N
9(s1, 21,01, -, SN, TN, qy) = D w(N, S, T, G) (14.182)

n=1
then the backward dynamic programming functional equation is as follows:

Theorem 14.11.1

fa(s) = opt an(q) [w(n,s,x,q) + fat1(t(n,s,x,q))] p (14.183)
z€D(n,s) 7€Q

for1<n < N,s€S,, with fy+1(s) :=0,Vs € Sy.

But, what about a “forward” counterpart for this functional equation?

Of course, by reversing the direction of the process we can “automatically”
obtain a forward functional equation that is essentially identical to (14.183).
But is it possible to derive a “genuine” forward counter-part that does not
arise from a simple reversal in the direction of the process.

The answer is yes but ... qualified by caveats and reservations.

The difficulty here is that in order to compute, at some given stage say
n, the expected value of the reward accumulated from the initial state to
a given state, we need to know the probability distribution function of the
state variable (now a random variable) §,_;. But this distribution depends
not only on the distributions (p1,...,p,—1) but also on the decision-making
policy that determines the decisions x1,...,Z,_2. And this is unknown!

The way out of this impasse is to reformulate the multistage decision
model, by rephrasing the state variable as a probability mass function on
the state space associated with the current state variable s. That is, let the
new state space, call it II be the set of all the probability mass functions on
S and similarly let II,, be the set of all probability mass functions on .S,
n=12...,N+1.

Based on this rephrased state variable, we can now formulate suitable
decisions, transitions and returns to complete the modeling task and derive
a forward dynamic programming functional equation. The end product is a
forward dynamic programming functional equation along these lines:

Foii(m) = opt {W(n,n",6) + Fn(r')} (14.184)
(7,0)eQ(n+1,7)

for 1 <n < N,m €Il with Fi(7) = 0,7 € II;.
This equation looks good until you realize what the objects II,,, W and
Q actually designate. As noted above, II,, denotes the set of all possible
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probability mass functions on S,, which, needless to say, is hardly welcome
news! But more disconcerting is the fact that:

Qn+1,7):={(x",0) : 7" € ,,,6 € A(n),7 = P(n,n",8)} (14.185)
where

- A,, denotes the set of all policies (decision-making rules) that are feasible
at stage n, namely

A(n) :={6:d(n,s) € D(n,s),Vs € S,} (14.186)

- P(n,n',0) is the probability mass function on S,41 induced by 7, §,
and py,, namely P(n,n’,d)(s) is the probability that state s is observed
at stage n + 1 given that the probability mass function on S, is 7’ and
that the policy d is used at stage n. More formally,

P(n, 7, 8)( Z Z Pn(q) , 8 € Spt1 (14.187)

s’'eS, qeQn
s:t(n7sl76(sl)7q)

And to top it all off, W (n,n’,d) denotes the expected value of the return
at stage n induced by 7’ and d, namely

W (n,n',d) Z Z pn(q w(n, s,0(s),q) (14.188)

SES, GEQ.

In short, other than demonstrating that a forward formulation can be
obtained, not much else was accomplished here due to the messy details
associated with this model and its complexity. Indeed, the accepted wisdom
in dynamic programming circles is: thou shalt not attempt forward functional
equations for stochastic dynamic programming models.

Similarly, other but not all diverging non-serial dynamic programming
models are not amenable to forward decomposition. And, some but not
all, converging non-serial dynamic programming models are not amenable
to backward decomposition.

14.12 Summary and Conclusions

Forward decomposition schemes play an important role in dynamic pro-
gramming. As we saw in this chapter, the distinction between forward and
backward formulations of dynamic programming functional equations is not
merely a question of style.

While it is true that in many, perhaps most, cases the a choice between the
two schemes is essentially a question of convenience, there are cases where



Forward Decomposition 417

the two formulations are markedly different from one another in the sense
that one is decidedly superior to the other for the case in question.

Hence, the notion that the difference between these two types of decom-
position simply amounts to “a reversal in the direction of the process” is not
entirely correct. It is based on a limited experience with “simple” shortest
path problems in the context of which the two formulations are indeed essen-
tially identical. But not all problems in this Universe are “simple” shortest
path problems!

As we saw, from a modeling point of view, the two key factors here are:

- The structure of the composition operator used to decompose the objec-
tive function: is it associative? If not, is it evaluated from “right to left”
or “left to right”?

- The dynamics of the state of the process: is the transition function a
set-valued function? More generally, is the process serial or non-serial?
Is it converging or diverging?

And last but not least is the crucial issue of the implications of the man-
ner in which the objective function is decomposed vs the manner in which
the constraints are decomposed for the construction of the state transition
function.

14.13 Bibliographic Notes

The distinction between forward and backward dynamic programming
models is discussed — at least in a cursory fashion — in most introduc-
tory textbooks on dynamic programming (e.g. Nemhauser [1966], Dreyfus
and Law [1977], Denardo [2003]).

There are numerous articles on the use of forward formulations, e.g. Sein-
feld and Lapidus [1968], Waterman and Byers [1985], Alden and Yano [1986],
Nandalal and Bogardi [2007], Pinedo [2008].

For implementations of hybrid backward-forward dynamic programming
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Dijkstra’s two-tree algorithm (e.g. Evans and Minieka [1992]).

The investigation into the anomaly discussed in §14.10 was prompted by
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15.1 Introduction

In this chapter I examine a somewhat neglected solution method for dy-
namic programming functional equations. It is known in the dynamic pro-
gramming literature as Reaching. 1 call it here the Push method because
this term, I submit, reflects more faithfully the method’s mode of operation.

The term that I use to designate the “conventional” solution method —
discussed in Chapter 5 and elsewhere in the book — is Pull.

As we shall see, one of the most celebrated algorithms in Operations Re-
search and Computer Science, namely Dijkstra’s Algorithm for the shortest
path problem, can be described as a typical implementation of the Push
method.

But before I can go into the formal description and analysis of the Push
method, I need to outline in broad terms the context in which this method
is discussed.

Consider then the following typical backward and forward dynamic pro-
gramming functional equations

Backward equation:

f(s)= mlelg?s){r(s,x) @ f(T(s,x))}, se€S’ (15.1)

Forward equation:

f9) =, min, () or( ), ses (152)

From an algorithmic point of view, these equations can be regarded as
“recipes” for determining the left hand side value, f(s), out of the f(-) values
on the right hand side of the respective equation.

So, zooming in on these equations, you “can almost hear” the backward
equation calling for the values of {f(s') : ' = T(s,z),z € D(s)}, and the
forward equation for the values of {f(s') : (s',x) € T~1(s),x € D(s')}.

The question, of course, is by what means would these values be deter-
mined. To reveal then the inner working of the recipe that seeks to accom-
plish this task, consider any state, say § € S, and the respective backward
and forward functional equations for this state:

Backward equation at §:

F(3) = min {r(5.2) & F(T(5.2)} (15.3)

Forward equation at s:

f(8)= min  {f(s)@r(s'2))} (15.4)
(s,2)ET—1(3)

The conventional Pull method seems to argue as follows: at the point
that the value of f(§) is ready to be computed, we would have computed
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already the values of f(s) for s € S’ that are required on the right hand
side of the respective equations. Thus, all that remains is to execute the
expression on the right hand side of the respective equation by “pulling”
from storage/memory the required values of f(s).

So, the conventional Pull method is a recipe for obtaining the value of
f(8) by computing the expression on the right hand side of the equation.
This is done once for each s € S. In this respect we can regard the recipe
for the right hand side of functional equation as a single (meta) operation.

This means that implementing this method requires a careful synchro-
nization of the order in which the f(s) values are computed to ensure that
the values needed on the right hand side of the equation have already been
computed, or can be computed, before the value of f(3) is computed.

There are, however, situations where this is either impossible or highly
undesirable. For example, if the underlying state transition model is CYCLIC
then such a synchronization is impossible.

Be that as it may, the PUSH method offers an alternative approach to the
solution of dynamic programming functional equations.

So, in this chapter I examine this method and what I submit is its most
celebrated exponent, namely Dijkstra’s Algorithm for the shortest path prob-
lem. And to set the stage for this discussion, it will be instructive to re-write
the two generic functional equations as follows:

Backward equation:
F[s] = mDi?){r(s,a:) ® F[T(s,x)]}, seS (15.5)
rxeD(s

Forward equation:
Fls)]= min {F[]®r(s,z)},seS (15.6)
(s',2)eT—1(s)
where S is a discrete finite set and F' is an array indexed by the elements
of S. The basic assumption is that such an array exists but its content is
empty. The task is to compute F'(s) for all s € S.

In the backward case, F'[s] denotes the length of the shortest distance from
node s to the destination node, whereas in the forward case F[s] denotes the
length of the shortest path from the origin node to node s.

I shall focus then on the case where S denotes the set of nodes on a graph,
r(i,7) denotes the length of arc (i,j) and F[s] is a real number associated
with node s € S. In this particular framework D(s) denotes the set of im-
mediate successors of node s, T'(s,x) = = and the functional equations can
be re-written as follows:

Backward equation:

F[s] = lélin( ){r(s,x) ®Flz]}, ses (15.7)
reSuc(s

Forward equation:

F[s] = wegﬁg(s){F[x] ®r(x,s))}, ses (15.8)
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where Suc(s) denotes the set of immediate successors of node s and Pred(s)
denotes the set of immediate predecessors of node s.

As usual, in most applications @ = 4+, but I shall consider other cases as
well.

With this in mind let us now go back to the PULL method and examine
it more closely.

15.2 The Pull Method

As indicated above, the Pull method regards the dynamic programming
functional equation as a recipe for computing the left hand side of the equa-
tion. So, to execute this recipe the method sets off a sequence of simple Pull
operations:

Backward Pull at s: F[s] gl(ir)l {r(s,z) ® F[T(s,x)]} (15.9)
S
Forward Pull at s: F[s]«— min {F[T(s,z)]®r(s,2)} (15.10)
(s, @)€T~*(s)

where <« denotes assignment.
In the case of the shortest path problem these operations are as follows:

Backward Pull at s:  F|[s] < rénn( : {r(s,z) ® Flz]} (15.11)
resSuc(s

Forward Pull at s:  F[s] < glil}l( ){F[x] & r(z,s)} (15.12)
rer’red(s

Obviously, to carry out these operations the values of F[-| on the right
hand side of the assignments must be known.

15.2.1 Example

Consider node s = 5 on the graph depicted in Figure 15.1. The Pull
operations are as follows:

Backward Pull at s = 5: F[5] < Smi(l;) {r(5,z) ® Flz]} (15.13)
Forward Pull at s =5: F[5] «— Eﬂ%@{F[”J] ®r(z,b)} (15.14)
rEFPre

Thus, the backward Pull operation at s = 5 requires the values of F[7],
F[8] and F[9], whereas the forward Pull operation at s = 5 requires the
values of F[1], F[2] and F[3].

Since the nodes are labeled in an increasing order, F' can be computed
in an orderly manner by the relevant Pull operations. In the case of the
backward operation, we begin at s = 9 and then conduct the operations for
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Figure 15.1: A simple acyclic shortest path problem

s =28,7,...,1 — in this order. In the case of the forward Pull, we begin at
s = 1 and then conduct the operations for s = 2,3,...,9 — in this order.
Consider the case where @& = 4. Since the identity element of + is equal
to 0, in the case of the backward Pull operation we set F[9] = 0 and in the
case of the forward operation we set F[1] = 0.
The remaining values of F' computed impromptu by the Pull operations
are shown in Figure 15.2 next to the respective nodes.

s ADT, LA
7 1 2\/4\(4 3.0 o 1 2\/3\(4 3\6
@( 4 5 6 X@@( 4 5 6 9
3.5 5M3 1 3.3 5M3 1/
W,y NG, e
© ©
Backward Pull Forward Pull

Figure 15.2: Summary of Pull operations

To illustrate, for s = 5 the backward Pull operations yields
F[5 i 5,x)+ F
5 < min_{r(5.2) + P}

= mi 5 F
Lo {r(5,z) + Flz]}

=min {r(5,7) + F[7], r(5,8) + F[8] , r(5,9) + F[9]}
=min {4+3,3+ 1,6 +0} =min {7,4,6} =4

The forward Pull operation yields

F[5] « meglrie%@ {r(5,z) + F[z]}

= mi 5 F
Lnin {r(5,2) + F[z]}
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=min {F[1]+r(1,5), F[2]+r(2,5), F[3] +r(3,5)}
=min {0+4,1+2,3 +5} =min {4,3,8} =3

Note that in the backward case F'[s] is the length of the shortest path
from node s to node node 9, whereas in the forward case F[s] is the length

of the shortest path from node 1 to node s. So it is hardly surprising that
backward F[1] is equal to the forward F'[9]. O

In cases where the Pull operation is incorporated in a successive approz-
imation procedure, it may prove necessary to conduct a number of Pull
operations at the same state s. This means that the order in which these
operations are conducted can be critical.

15.2.2 Example

Consider the cyclic shortest path problem depicted in Figure 15.3 and
assume that the objective is to find the shortest path from node 1 to node
9.

e

8 4
Jodllp o
1 2 4 3
3 5 3 1
@,

Figure 15.3: A simple cyclic shortest path problem

jof

Q

Since the depicted process is cyclic, the direct method cannot be used in
this case. Instead, we need to apply the successive approximation method
tailored for a backward functional equation.

Thus, we proceed as follows; given that all the arcs are non-negative, the
length of the shortest path from node 9 to itself is equal to zero, we pick the
approximation F' where F[9] = 0 and F[s] = oo] for all the other nodes.

We then proceed to execute the Pull operations at the nodes in reverse
order. That is starting at node 8, we proceed to node 7, then to node 6
and so on, completing the first update at node 1. The results are shown in
Figure 15.4 where the updated values of F'[s] are shown next to the respective
nodes. Note that the second approximation is a significant improvement on
the initial approximation.

We then apply this procedure again, conducting the backward Pull oper-
ation from node 8 to node 1, to obtain the third approximation. The results
are shown in Figure 15.5. Note the improvement in the value of F[4].

We repeat this procedure to obtain the fourth approximation. As there
was no change in the approximation we stop.
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Initial approximation Second approximation

Figure 15.4: First iteration of the successive approximation method

Third approximation Fourth approximation

Figure 15.5: Second and third iteration

To establish the method’s performance in the reverse order, simply repeat
the entire exercise, by conducting the backward Pull operations from node
1 to node 8. The results are shown in Figure 15.6.

Remark: Although in this case the process is cyclic, it can be easily
determined, by inspection, that most of the directed arcs have a for-
ward orientation, that is, that arc(i,j) is typically such that j > 4. So,
it is obvious that here it makes sense to conduct the Pull operations
from node 8 to node 1. But, in large cyclic problems determining in
what order to conduct the Pull operations may prove difficult. Note
then that the Pull method per se does not provide instruction on this
matter as it does not deal with the practical question of the order of
operations. U

And before turning to the discussion of the Pull method’s rival, the Push
method, I want to point out that whereas the Pull method is clearly a direct
implementation of the functional equation: it so to speak “animates” the
equation’s recipe for computing the values of F'[], the Push method, takes
a considerably more elaborate approach to the solution of the equation. For
although the Push is similarly inspired by the structure of the dynamic pro-
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Figure 15.6: First iteration of the successive approximation method
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gramming functional equation, the procedure that it lays out for computing
the values of F'[-] consists of more than a simple “verbatim” implementation
of the recipe.

15.3 The Push Method

The thinking underlying this approach can be summed up as follows: sup-
pose that we have an approximation F' for the exact value of f and the value
of F'[s] has just been improved for some state s. Surely, this information can
be used to update (improve) the F'[-| values of states that are linked to s via
the transition function 7', hence via the functional equation.

So, the update is carried out as follows:

Backward Push at s:
F[s'] « min {F[s'],7(s,x) ® F[s]} , ¥(s',x) € T7'(s) (15.15)

Forward Push at s:
F[s'] < min {F[s'], F[s] ®r(s,x)} , Vo € D(s),s' =T(s,z) (15.16)

Thus, in the case of the shortest path problem, the Push operations are
as follows:

Backward Push at s:

F[s'] < min {F[s'],r(s',s) ® F[s]} , Vs’ € Pred(s) (15.17)
Forward Push at s:
F[s'] < min {F[s'], F[s] ®r(s,s)} , Vs’ € Suc(s) (15.18)

Note that whereas a Pull operation at s updates/computes the value of
F[s], a Push operation at s updates the F'[-] values of its immediate succes-
sors (forward Push) or immediate predecessors (backward Push). For this
reason, a Push operation is conducted at s only after an improvement in the
value of F'[s| has been achieved.

The next example illustrates the mechanics of the Push method. Subse-
quent examples will explain its rationale and scope of operation.

15.3.1 Example

Consider again the acyclic shortest path problem depicted in Figure 15.7,
assuming that the objective is to find the shortest path from node 1 to node
9.

We solve the problem using a successive approximation procedure based
on the forward Push operation. The initial approximation is an array F' with
F[1] =0 and F[s] = 00,j =2,...,9.
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Figure 15.7: A simple acyclic shortest path problem

Figure 15.9 summarizes the results of seven Push operations at s =
1,2,...,7, respectively — in this order. The final Push operation, at s = 8§,
is shown in Figure 15.8.

7
FOGRND O U
o .1 2\/3\(4 3.9
o

s hO2

Figure 15.8: Final Push operation at s = 8
Since Suc(8) = {9}, this operation will update only one F[-] value, namely
the value of F[9]. Indeed, it improves (decreases) the current value of F'[9],
which is equal to 9, to 7 by considering the path from node 1 to node 8,
whose length is equal to 6, and the arc from node 8 to node 9, whose length

is equal to d(8,9) = 1.
Formally,

F[9] < min {F[9], F[8] + d(8,9)} =min {9,6 + 1} =7
A more exciting update is the Push operation at s = 5:
F[s'] « min {F[s'], F[5] + d(5,s)} , s € Suc(5) ={7,8,9}
that yields
F[7] < min {F[7], F[5] + d(5,7)} = min{13,3 + 4} =7
F[8] « min {F'[8], F[5] + d(5,8)} = min{co,3 + 3} =6
F[9] < min {F[9], F[5] + d(5,7)} = min{co,3 + 6} =9

The length of the shortest path from node 1 to node 9 is then equal to
F[9] = 7 and the shortest path is (1,2,5,8,9). O
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Figure 15.9: Successive approximation via forward Push
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The next example illustrates a situation where Push operations are used
not only to update the approximation of f, but also to generate the state
space S. In this framework the entire procedure can be regarded as an IM-
PLICIT ENUMERATION procedure.

15.3.2 Example

Consider the following simple unbounded knapsack problem:

z¥ = ,, max w4{120x1 + 999 + 83x3 + Hbxa} (15.19)
\ 6321 + 5629 + 4523 + 4024 < 137 (15.20)
x1,x9, 3,4 € {0,1,2,...} (15.21)
Set
v = (120,99,83,55) ; w = (63,56,45,40) ; W = 137. (15.22)

Let f(s) denote the maximum value of the objective function when the
right hand side value W is equal to s instead of 137 and the < constraint is
changed to an = constraint, namely define

f(s):== max {120z + 9922 + 83x3 + 5524} (15.23)
6321 + 5629 + 4523 + 4024 = s (15.24)
x1,T2,T3,T4 € {0,1,2,...} (15.25)

and regard s as a parameter taking values in the set S :={0,1,2,...,137}.
For convenience we let f(s) = —oco if the problem associated with s has no
feasible solutions.

Note that z* = max {f(s) : s € S} so that once we have the values of
f(s) for all s € S, it is easy to determine the value of z*. The reason that
we define f this way is explained below.

In any case, the dynamic programming functional equation for f is as
follows:

f(s) = max {f(s —wj) +v;}, s €5 (15.26)
w;<s
with f(s) = 0.

We shall solve this functional equation by the successive approximation
procedure employing a sequence of forward Push operations (updates):

F[s'] « max {F[s'], F[s] +v;} , s =s+w; <W,j=1,2,3,4 (15.27)

where F' is an array consisting of W 4 1 elements, indexed by the state
variable s € S.

The mechanics of this generic operation can be spelled out more explicitly
as follows:
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Forward Push at s € S :
For j =1,2,3,4 Do:

s'=s+w;
If  <W Do:

F[s'] « max {F[s], F[s] + v;} (15.28)

End Do
End Do

Since opt = max, we initialize F[s] as follows:

0 ~0
Fls] — > ° (15.29)
—o0 , s§=1,...,137

All the states for which an improvement in the F'[-] value is achieved are
recorded. The procedure terminates then when the list of recorded states is
empty. The next Push operation is conducted at the smallest state on the
list. The initial list is the singleton £ = {0}.

Tteration #1.
L = {0} so we conduct a Push operation at s = 0. This yields

P[0+ w;] < max {F[0 + w;], F0] +v;} , j=1,2,3,4

namely,
F[63] «— max {F[63],0 + 120} = max {—o0, 120} = 120
F[56] — max {F[56],0 + 99} = max {—c0,99} = 99
F[45] < max {F'[45],0 4+ 83} = max {—o00, 83} = 83
F40] « max {F'[40],0 + 55} = max {—o0, 55} = 55

So we adjust £ and set £ = {40, 45,56, 63}.

Tteration #2.
L = {40, 45,56,63} so we conduct a Push operation at s = 40. This yields

F[40 + wj] < max {F[40 + w;], F[40] +v;} , j =1,2,3,4

namely

’11

[103] < max {F[103],55 + 120} = max {—oc, 175} = 175
F[96] « max {F[96],55 + 99} = max {—o0,154} = 154
F[85] « max {F[85],55 + 83} = max {—o0,138} = 138
F[80] «— max {F'[80],55 + 55} = max {—o0, 110} = 110

We adjust £ and set £ = {45, 56,63, 80, 85,96, 103}.
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Tteration #3.
L = {45,56,63,80,85,96,103} so we conduct a Push operation at s = 45.
This yields

F[45 + wj] «— max {F[45 + w;], F[45] + v;} , j =1,2,3,4

namely

’11

108] «— max {F[108],83 + 120} = max {—o00,203} = 203
101] < max {F'[101],83 + 99} = max {—o0c, 182} = 182
90] < max {F'[90],83 + 83} = max {—o0, 166} = 166
85] < max {F'[85],83 4+ 55} = max {138,138} = 138

’11

[
[
F
P
We adjust £ and set £ = {56, 63,80, 85,90, 96,101, 103, 108}.

Iteration #4.
L = {56,63,80,85,90,96,101, 103,108} so we conduct a Push operation at
s = 56. This yields

F[56 4+ w;] <+ max {F[56 + w;], F[56] +v;} , j =1,2,3,4

namely
F[119] < max {F[119],99 + 120} = max {—o00,219} = 219
F[112] < max {F[112],99 + 99} = max {—o0, 198} = 198
B

o

[
[
[101] « max {F[101],99 + 83} = max {182,182} = 182
[

F[96] — max {F[96],99 + 55} = max {154,154} = 154

We adjust £ and set £ = {63,80, 85,90, 96,101,103, 108,112,119}.

Tteration #5.
L = {63,80,85,90,96,101, 103,108,112, 119} so we conduct a Push opera-
tion at s = 63. This yields

F[63 4+ wj] «+— max {F[63 + w;], F[63] +v;} , j =1,2,3,4

namely

o

[126] < max {F[126],120 + 120} = max {— o0, 240} = 240
[119] « max {F[119],120 4+ 99} = max {219,219} = 219
[108] [108],
[103] [103],

o Y

108] « max {F[108],120 + 83} = max {203,203} = 203
103] « max {F[103],120 + 55} = max {175,175} = 175

’11

We adjust £ and set £ = {80,85,90,96,101,103,108, 112,119, 126}.

Tteration #6.
L = {80,85,90,96,101,103,108,112,119,126} so we conduct a Push opera-
tion at s = 80. This yields

F[80 + wj] < max {F[80 + wj], F[80] +v;} , j =2,3,4
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namely

F[136] « max {F[136],110 + 99} = max {—00,209} = 209
F[125] < max {F[125],110 4 83} = max {—o0,193} = 193
F[120] < max {F[120],110 4 55} = max {—o0, 165} = 165

We adjust £ and set £ = {85,90, 96,101, 103,108, 112,119, 120, 125, 126, 136}.

Tteration #7.
L = {85,90,96,101,103,108,112,119, 120,125,126} so we conduct a Push
operation at s = 85. This yields

F[85 + w;] «+ max {F[85 + wj], F(85] + v;} , j = 3,4
namely

F[130] « max {F[130],138 + 83} = max {—o0, 221} = 221
F[125] « max {F[125],138 + 55} = max {193,193} = 193

We adjust £ and set £ = {90, 96,101,103, 108,112,119, 120, 125, 126, 130, 136}.

Tteration #8.
£ = {90,96,101,103,108,112,119, 120, 125,126, 130,136} so we conduct a
Push operation at s = 90. This yields

F190 4+ wj] «+— max {F[90 + w;], F[90] + v;} , j = 3,4
namely

F[135] < max {F'[135],166 + 83} = max {—o00,249} = 249
F[130] « max {F[130],166 + 55} = max {221,221} = 221

We adjust £ and set £ = {96,101, 103,108, 112,119, 120, 125, 126, 130, 135, 136}.

Tteration #9.
£ = {96,101, 103,108,112,119, 120, 125,126, 130, 135, 136} so we conduct a
Push operation at s = 96. This yields

F196 + wj] «+ max {F[96 + w;], F[90] + v;} , j =4
namely
F[136] < max {F[136],154 4+ 55} = max {209,209} = 209

We adjust £ and set £ = {101,103, 108,112,119, 120, 125, 126, 130, 135, 136}.

Tteration #10.
£ = {101,103,108,112,119,120, 125,126, 130,135,136} so we conduct a
Push operation at s = 101. Since s +w; > W for all j = 1,2,3,4, no
Push operation is performed.

We adjust £ and set £ = {103,108,112, 119,120, 125, 126, 130, 135,136}.
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s | Fls] s | Fls]

0 0 103 | 175
40 55 108 | 203
45 83 112 198
56 99 119 | 219
63| 120 120 | 165
80| 110 125 | 193
85| 138 126 | 240
90 | 166 130 | 221
96 | 154 135 | 249
101 | 182 136 | 209

Table 15.1: Results generated by the Push Method

This will be the case for all the remaining elements of £, so we ... halt the
Push operations, thus terminating the successive approximation procedure.
The results are summarized in Table 15.1. The values of F[s] for states that
are not listed in this table are equal to —oo, indicating that the problem
defined by (15.23)-(15.25) is not feasible.

Observe that the state space S consists of 138 states but only 20 val-
ues of f(-) were computed. The point is that most of the states in S =
{0,1,2,...,137} are not feasible in the sense that they cannot be reached
from the initial state s = 0 by a sequence of feasible decisions.

To recover an optimal solution to the problem of interest, note that the
maximum value of f(s) over S is attained for s = 135 and is equal to 249.
This means that z* = 249.

The optimal solution generated by the dynamic programming functional
equation for s = 135 is z = (0,0, 3,0). O

In the next section I examine a class of problems, for which the Push
Method proves a particularly suitable solution method.

15.4 Monotone Accumulated Return Processes

There are many cases where the partial returns generated by a sequen-
tial decision process are monotone: the accumulated return is either non-
increasing or non-decreasing as the decisions are made.

The most famous case is a shortest path problem where the arc lengths
are positive. In such a case the length of a sub-path is non-decreasing as arcs
are appended to it.

More generally, in the case of multistage decision models we say that the
accumulated return process is MONOTONE INCREASING if for any n € N and
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Sn € S, we have

gn(sm Ty, xn-ﬁ-la s 7xN) > gn-i-l(sn—i-ly mn-i—la xn+27 s 7‘TN) (1530)
for all (zy,...,zn) € X(n,sy,), observing that this can also be written as
PNy Spy Ty ™) > 1 T = gnt1(Snt1s Tntls Tnt2,s -« - TN) (15.31)

Furthermore, if p admits of a binary representation, then this boils down
to

W(N, SpyTn) BT > 7, T = gni1(Snt1, Tntl, Tnt2, - - - TN) (15.32)

For instance, this will be the case if @ = + and the stage return function
w yields strictly positive values; or if & = x and the stage return function
yields values strictly greater than 1.

Similarly, we say that the accumulated return process is MONOTONE NON-
DECREASING if for any n € N and s,, € S,, we have

gn(sny Ty Tn+1y--- 7xN) > gn-i—l(sn-l—l: Tn+1) Tn4+2;- - - wTN) (1533)
for all (xy,,...,zn) € X(n,sy), observing that this can also be written as
p(na Sny T, T) 21, r= gn+1(8n+17 Ln4+1; Ln42; - - axN) (1534)

Furthermore, if p admits of a binary representation, then this boils down
to

W, Spy Tn) OT =7, T = Gnt1(Snt1s Tntls Tng2s -, TN) (15.35)

For instance, this will be the case if @ = + and the stage return function w
yields non-negative values.

Thus, MONOTONE DECREASING and MONOTONE NON-INCREASING accu-
mulation schemes are defined in a similar fashion. For instance, if & = +
and the stage return function w yields strictly negatives values then the ac-
cumulated return process is monotone decreasing. This will also be the case
if & = x and w yields values in [0, 1].

Remark:
Note the distinction between

- The binary operator & being monotone with respect to its two argu-
ments.

- The accumulated return process induced by ¢ being monotone.

For example, the binary operator + is strictly increasing with respect to its
two arguments regardless of whether the arguments take positive/negative
values. But the nature of the accumulated return process induced by + is
crucially dependent on whether the arguments are positive or negative.
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As another example, consider the binary min operator, |. This operator is
non-decreasing with respect to its two arguments, namely

b>V = alb > alt/, VaeR (15.37)

a>d = alb > dlb,VbeR (15.36)

On the other hand, the accumulated return process induced by | is mono-
tone non-increasing, namely

Va,b € R (15.38)

< a,
< b, Va,beR (15.39)

alb

It is important to keep the distinction between the two notions of mono-
tonicity in mind. One has to do with changes in the result of a & b as we
vary one of the arguments of @, the other has to do with the relationship
between the value of the result of a ® b and the values of the arguments a
and b. O

Now, consider the following forward dynamic programming functional
equation

f(S) N (s/,x)neli.lpfl(S){f(S/) © w(S,’x)} ) $ € 5 (15'40)

If @ induces a non-decreasing accumulated return process, then clearly
f(s) < f(s) = f(s) < f(sh@w(s,z), Vz € D(s) (15.41)

and therefore the functional equation under consideration can be written as
follows:

f(s)= min  {f(s)ow(,x)},ses (15.42)
(s',z)€T " (s)
F(s)<f(s)

This means that if the number of states is finite, namely if |S| < oo, then
the Push method can be used to solve the dynamic programming functional
equation in a non-decreasing order relative to the values of f(-). All we have
to do to accomplish this task is to apply the Push operation according to
the order determined by the f(-) values, commencing at the initial state of
the process.

Similarly, consider the functional equation

fe) =, g, U ou) €S (15.43)

If @ induces a non-increasing accumulated return process, then clearly

f(s) > f(s) = f(s)> f(sh@w(s',z), Vz € D(s) (15.44)



Push! 437

and therefore the functional equation under consideration can be written as
follows:

f(s)= max {f(s)ow(,z)}, ses (15.45)
(s, 2)€T1(s)
f(s)2f(s)

This means that if the number of states is finite, namely if |S| < oo, then
the Push method can be used to solve the dynamic programming functional
equation in a non-increasing order relative to the values of f(-). All we have
to do to accomplish this task is to apply the Push operation according to
the order determined by the f(-) values, commencing at the initial state of
the process.

The following definition summarizes the discussion on the desired rela-
tionship between the optimization criterion opt and the monotonicity of the
accumulated return process generated by the binary composition operator
@.

Definition 15.4.1 The accumulated return process induced by & is said
to be MONOTONE with respect to opt and the decomposition scheme under
consideration if it satisfies the relevant condition listed below, where a and b
represent RELEVANT values of the returns.

- opt = min:
- Forward decomposition: a®b>a
- Backward decomposition: a &b > b

- opt = max:
- Forward decomposition: a®b<a
- Backward decomposition: a ® b < b O

Take special note of the clause “RELEVANT values of the returns”. The
point is that in some cases the required conditions are satisfied only for
certain values of the arguments a and b. For instance, as noted above, if
@ = +, and opt = min, then the relevant values of the returns should be
non-negative, whereas if @& = +, and opt = max, then the relevant values of
the returns should be non-positive.

The following example features a longest path problem with & = |, recall-
ing that a|b = min{a, b}, thus the accumulated return process induced by @®
is monotone with respect to opt = max regardless of the values the returns
take.

15.4.1 Example

Consider the graph depicted in Figure 15.10 and the following problem
associated with it:

Find the path from node 1 to node 9 whose shortest arc is the longest
possible.
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Figure 15.10: Longest shortest arc problem

That is, the length of a path in this case is the length of the worst (shortest)
arc on the path. For instance, the length of the path (1,3,5,8,9) is equal to
1 because the shortest arc on this path is (8,9) whose length is equal to 1.
These problems are called “longest/shortest arc problems”. They represent
important practical worst-case (bottleneck) problems.

Formally, the problem can be embedded in the following family of prob-
lems:

Problem P(s),s € S :={1,2,...,9}:

f(s) == max min {d(z1,22),d(22,23),...,d(zk-1,2k)} (15.46)
7'];;-7 k

Tr1 = 81 = 1 (15.47)

T =S (15.48)

xj € Suc(s;) , j=2,3,...,k (15.49)

Sj+1 = Tj , j:1,2,...,k’ (1550)

By definition, f(s) is the length of the longest possible shortest arc on a
path from node 1 to node s. The objective is to find an optimal solution to
Problem P(9).

The forward dynamic programming functional equation is as follows:
f(s)= max {f(z)d(z,s)}, s€S (15.51)
xE€Pred(s)

Note that because Pred(1) is empty and @& = |[, it is convenient to set
(1) = .

Now, since | induces a monotone non-increasing accumulated return pro-
cess, the functional equation can be written as follows:

f(s)= max {f(x)|d(x,s)}, s€S (15.52)
x€Pred(s)
f(s)<f(=)

The forward Push operation at node s is as follows:

Flz] < max {F[z], F[s]|d(s,x)} , = € Suc(s) (15.53)
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If at this point an estimate F'[z] for f(x) is not available for node x on the
right hand side of the assignment, the identity element of max, namely —oo
is invoked, in which case the updated value of F[x]| on the left hand side of
the assignment will be equal to d(s, z), the length of arc (s,x).

To generate the values of f(s) in a non-increasing order, a sequence of Push
operation is set off, starting at the origin node s; = 1, where f(1) = co. The
expectation is that some of the values of the f(-) values will not be computed
because they are smaller than f(9).

In view of this, our book-keeping operation is organized as follows: in each
iteration a distinction is drawn between three types of nodes:

- A PROCESSED node is a node where a Push operation has already oc-
curred.

- An ACTIVE node is a node whose F'[-] value has already been modified
by a Push operation, but has not yet been processed.

- An INACTIVE node is a node that has not yet been affected by a Push
operation.

In the framework of this convention, the Push operation at node s can be
restated as follows:

max {F[x]’F[S] Ld(3737)} , x is active , @ € Suc(s) <15'54)

{d(s,x) , x is inactive
Flz] —

Initially there are no processed nodes and there is only one active node:
the origin node, s = 1. The next Push operation is conducted at an active
node whose F[-] value is the largest. After the operation the node’s status
changes from active to processed. Then the next node is selected for a Push
operation according to the same criterion, and so on. The Push operation
terminates when the destination node is selected for processing.

If the objective is to determine the f(-) values for all the nodes, then
termination occurs when there are no active nodes. Nodes that are still
inactive after termination are not reachable from the origin node.

To distinguish between the processed and active nodes on a graph, the
former are shaded. The active node at which the Push operation is conducted
is shaded black. The F[-] values of processed and active nodes are displayed
on the graph next to the respective nodes.

The results generated by the Push operations are displayed in Figure 15.11.
Observe that after the first Push operation (at node 1) there is one processed
node, namely node 1, and there are three active nodes, namely the three
immediate successors of node 1.

Note that only five Push operations were required to determine the value
of f(9). The optimal path is x = (1,3,5,7,9) and its length is equal to
f9) =3. O

In the next section I give a concise formulation to a method that in-
corporates Push operations in successive approximation procedures that are
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Figure 15.11: Results of the Push procedure
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designed for forward dynamic programming functional equations with mono-
tone accumulated return processes.

15.5 Dijkstra’s Algorithm

Consider the following generic forward dynamic programming functional
equation:

fs)= —opt {f(s)@r(s a)}, seS\{o} (15.55)
(s,x)ET—1(s)
with f(o) = Lg, recalling that o denotes the initial state of the processes,
Lg denotes the left identity argument of & and

T7s):={(s',2): 6 € S,T(s,x) =5}, s€ S (15.56)

It is convenient to let Suc(s) denote the set of immediate successors of
state s, so define

Suc(s) :={T(s,z):x € D(s)}, s€ S (15.57)

In this section I outline the conditions under which the following procedure
would be used to solve functional equations of this type.

Algorithm
- Initialization:

-Set L={0}, P =@ and Flo| = Lg.
- Tteration:

- Conduct a FORWARD PUSH OPERATION at the BEST state in L.
- UPDATE L and P.

- Termination:
- Stop if £ is empty, otherwise go to Iteration. O

The Initialization and Termination steps require no comment. So all I
elaborate on is the two steps of the iteration routine, namely the Push op-
eration at the best element of £ and the updating of £ and P.

Roughly, £ denotes the set of active states and P denotes the set of pro-
cessed states. Once a state is processed, its F'[-| value is not updated again.
The next Push operation is conducted at a state in £ whose approximated
f(-) value is best over all states in £. The algorithm terminates when the
list of active states is empty.

The lists of active and processed states is updated after each Push oper-
ation: the state at which the operation was conducted is removed from £
and appended to P. If they are inactive, the hitherto unprocessed immedi-
ate successors of the best state become active and are appended to £ (if not
already appended).
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Since processed states are added to the list P in each iteration and the
total number of states is finite, at some point P contains all the given states.
At this point £ is empty and the process terminates.

The fine details are as follows.
Details:
- PUSH OPERATION.
The BEST state in £ is the element of £ whose F'[-] value is best. That is,
if opt = min we select the element of £ whose F[-] value is the smallest.

if opt = max we select the element of £ whose F[-] value is the largest.
Let s* denote the best state in £, so formally

s* = argopt Fs] (15.58)
sel

Note that the choice is not necessarily unique.

Given s*, the usual forward Push operation is conducted at s*:
, F[s*] @ r(s*,x) , SS¢LUP
Fls'] «
opt {F[s'], F[s*]@r(s*,z)} , €L

for all x € D(s*), where s’ = T'(s*, x).

(15.59)

- UPDATING P and L.
This consists of two things, namely
(a) Appending s* to P:

P PU{s*} (15.60)

(b) Appending the hitherto unprocessed successors of s* to £ and
removing s* from L:

L — (LU Suc(s*))\ P O (15.61)

The following observations describe the immediate implications of the
manner in which the sets £ and P are updated and the forward Push oper-
ation is conducted.

1. In each iteration a new state is appended to P. Since at the end of each
iteration LN'P = &, it follows that the algorithm terminates in no more
than |S| iterations.

2. If the accumulated return process induced by @ is monotone, then the
best states are generated in the order of their F'[-] values.

Specifically, let s®) denote the best state selected in the i-th iteration.

oo

s ( 3)
opt = min : F[s()} [()} [()}

opt = max : F[

v
v

F s F s . (15.62)
F s F|s .

IN
IN

(15.63)
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The following example illustrates the algorithm in action in the context of
a simple shortest path problem.

15.5.1 Example

Consider the standard shortest path problem depicted in Figure 15.12.
Formally we can set ® = 4+, 0 = 1 and S = {1,2,3,4,5} and opt = min.
Note that r(i,j) denotes the length of arc (4, 7).

7 ; s ri,)] 1 2 3 4 5 6
/\ 1 |- 5 3 10 9 -
1 2 4 8 2 - -1 - = =

PN
l

[

| o

[
|

=

[

Figure 15.12: Simple cyclic shortest path problem

Initialization:
Welet £L={c}={1}, P=2,and F[l|] =L, =0.

Tteration #1:

There is only one element in £ so obviously, it is selected as the first best
state. And so, we set s(!) =1 and conduct the forward Push operation there.
The set of immediate successors of this state is Suc(l) = {2,3,4,5}, so we
update the F'[-] values of the states in this set. This yields

F[2] — F1]+r(1,2)= 5 , (2¢ LUP)
F[3] — F[1]+r(1,3)= 3 , (3¢ LUP)
F[4] — F[1]+r(1,4) =10 , (4¢ LUP)
F[5) — F[1]+r(1,5)=9 , (¢ LUP)
So now

P=ouU{l}={1}
£ ({1}U{2,3,4,51)\ {1} = {2,3,4,5)

Since L is not empty we conduct the next Push operation.

Tteration #2:

Since opt = min, the best state in £ is 3. So, we set s = 3 and conduct
the forward Push operation there. The set of immediate successors of this
state is Suc(3) = {4}, so we update the value F[4]. This yields

F[4] — min {F[4] , F[3] +7(3,4)} = min{10,7} =7 , (4€ L)
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So now

P —{1}U{3} ={1,3}
L— ({2,3,4,5} u{4}) \ {1,3} ={2,4,5}

Since L is not empty we conduct the next Push operation.

Tteration #3:
The best state in £ is 2. So, we set s©) = 2 and conduct the forward Push op-
eration there. The set of immediate successors of this state is Suc(2) = {3},
so, we proceed to update the value F[3]. However, since this is a processed
state, no update of the value of F[3] is required. Meaning that no Push
operation occurs here so that this state is not appended to L.

The updated values of P and L are then as follows:

P—A{13}u{2} ={1,2,3}
L—({2,4,5; U{3})\ {1,2,3} = {4,5}
Since L is not empty we conduct the next Push operation.

Iteration #4:

The best state in £ is 4. So we set s(¥) = 4 and conduct the forward Push
operation there. The set of immediate successors of this state is Suc(4) =
{2,5}, so we proceed to update the values of F[2] and F[5]. But as s = 2 is
a processed state, no update of the value of F'[2] is required. So, the Push
operation yields

F[5] < min {F[5] , F[4] +7(4,5)} = min{10,7+1} =8 , (b€ L)
The updated values of P and L are as follows:

P —{1,2,3} U{4} ={1,2,3,4}

L— ({45 u{5})\{1,2,3,4} = {5}
Since L is not empty we conduct the next Push operation.

Tteration #5:
The best state in £ is 5. So we set s = 5 and conduct the forward Push
operation there. The set of immediate successors of this states is Suc(5) = &,
meaning that a Push operation is not required.
The updated values of P and L are as follows:
P —{1,2,3,4} U{b6} ={1,2,3,4,5}
L— ({ptuo)\{1,2,3,4,5} =0
Since L is empty we stop.
In summary, on termination we have
P =1{1,2,3,4,5}

s |1 2 3 4 5 6
Fls]l]o 5 3 7 8 -
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Note that 6 ¢ P, implying that node 6 is not reachable from node 1. Figure
15.13 depicts the sequence of Push operations generated by the algorithm.
O

The algorithm outlined above solves the functional equation for all s € S.
However, often all we need to know is the value of f(§) for a given § € S.
So, to save on computation it may prove worthwhile to alter the termination
condition in such cases and to halt the Push operations when the state § is
deemed best, namely when § = argopt{F'[s] : s € L}.

And another point to consider. As indicated by the next example, if the
accumulated return process induced by € is not monotone with respect to
opt then, there is no assurance that the algorithm solves the functional
equation for all s € S.

15.5.2 Example

Consider the instance of the standard shortest path problem depicted in
Figure 15.14. The object is to find the shortest path from node 1 to node
4, where the length of a path is equal to the sum of the arcs’ lengths on
the path. Formally we can set opt = min, @ = +, and ¢ = 1. Note that
r(5,4) = —4, hence the accumulated return generated by @ is not monotone
with respect to opt.

Next, Dijkstra’s Algorithm is applied in a manner where the Push oper-
ation terminates when the destination node s = 4 is selected for the next
Push operation.

Initialization:
We let £L={c}={1}, P=02,and F[l] =L, =0.

Tteration #1:

There is only one element in £ hence, it is the first best state. Thus, we set
s =1 and conduct the forward Push operation there. The set of immediate
successors of this state is Suc(1l) = {2,3,5,6}, so we update the F(-) values
of the states in this set. This yields

F[2] — F1]+r(1,2)= 5 , (2¢ LUP)

F[3] — F[1]+r(1,3)= 3 , (3¢ LUP)

F[5] «— F[1]+r(1,5)=10 , (5¢ LUP)

F[6] — F[1]+r(1,6)= 9 , (6¢ LUP)
So now

P=oU{l} ={1}
L— ({1} u{2,3,5,6}) \ {1} ={2,3,5,6}

Since L is not empty we conduct the next Push operation.

Iteration #2:
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End of the second iteration

|1 2 3 45 6
10 5379
P:{173}

L ={2,4,5}

s@ =3

F[s]

End of the third iteration

s |1 23456
F[s]|0 5 3 7 9
P ={1,2,3}
L= 14,5}

s =2

End of the fourth iteration

s |1 23456
F[s]|0 5 3 7 8
={1,2,3,4}
£ = {5}
sW =4

End of the fifth iteration
|1 23 45 6
Fls][0 5 3 7 8
P =1{1,2,3,4,5}
L=O
56

) =5

Figure 15.13: Progression of Push operations
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Figure 15.14: Simple shortest path problem
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Figure 15.15: Results after the two Push operations (s=1,3)

Since opt = min, the best state in £ is 3. Thus, we set s(2) = 3 and conduct
the forward Push operation there. The set of immediate successors of this
state is Suc(3) = {4, 5}, so we update the values of F'[4] and F[5]. This yields

Fl4 — F[3]+r(3,4)}=34+1=4 , (4¢LUP)
F[5] « min {F[5] , F[3]+7(3,5)} =min{10,7} =7 , (4€ L)

So now

P— {1} U{3} ={1,3}
L— ({2,4,5,6} U{4,5})\{1,3} = {2,4,5,6}

Since L is not empty we conduct the next Push operation.

Tteration #3:
The best state in L is the destination node s = 4, so we terminate the
algorithm.

The results generated by the algorithm are summarized graphically in
Figure 15.15.

By inspection, the optimal path from node 1 to node 4 is (1, 3,5,4), hence
f(4) =344 —4 = 3. Clearly then, f(4) < F[4] = 4. In short, the algorithm
fails to determine the correct value of f(4).
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This is hardly surprising because, in this case not all the arcs’ lengths
are non-negative. Consequently, the accumulated return scheme induced by
@ = + is not monotone with respect to opt = min. ]

Consider then the following theorem. It sets out simple sufficient conditions
assuring that Dijkstra’s Algorithm will generate a solution to the dynamic
programming functional equation under consideration. It is important to
note that these conditions do not rule out cyclic state transitions. It therefore
applies to cyclic shortest path problems as well.

Theorem 15.5.1 Consider the functional equation (15.55) and assume that
the state space S is finite, namely |S| < oo, and that the accumulated return
process induced by @ is monotone with opt. Then,

- The algorithm terminates in a finite number of iterations.
Let {s(i) :1=1,2,...,m} denote the sequence of “best” states generated
by Dijkstra’s Algorithm, namely let s%) denote the state in L identified
as best in the i-th iteration of the algorithm.

- The sequence {F[s"]} is either monotone non-increasing or non-
decreasing depending on whether opt = max or opt = min, respectively.

CF[sD] =f(s®) | Vi=1,2,...,m.

CIfs ¢ {s%) i =1,2,...,m}, then s is not reachable from the initial state
s =g, ([l

Note that in the worst case, a naive implementation of Dijkstra’s Algo-
rithm executes n(n—1)/2 additions and n(n—1) comparisons, thus its (time)
complexity is O(n?). It should be noted, though, that special data structures
can be used to significantly speed up the arg min operation conducted to se-
lect the “best” state.

15.6 Summary

The Push method offers a procedure that is particularly well-suited for the
solution of forward dynamic programming functional equations. This is so,
because the procedure carrying out the solution of the functional equation
is incorporated in the process that generates the states determined by the
transition function.

From a dynamic programming perspective this method is a typical succes-
sive approximation method. Hence, an important aspect of its implementa-
tion is the order in which the states are generated.

In this framework, Dijkstra’s Algorithm is a Push type procedure that
employs a greedy “best-first” rule for the processing of the states. So when
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this algorithm is employed to solve large problems, it is essential to use
suitable data structures to facilitate an efficient selection of the “next best”
state.

15.7 Bibliographic Notes

Details concerning technical and implementation issues pertaining to the
Push (= Reaching) method can be found in Denardo and Fox [1979], Denardo
[1982, 2003], Kellerer et al. [2004], Kim et al [2005], Sniedovich [2006], Jensen
and Bard [2008].

The Computer Science literature on Dijkstra’s Algorithm (Dijkstra [1959])
is extensive, and includes standard textbooks (e.g. Cormen et al. [1990]).
Interestingly, this literature regards Dijkstra’s Algorithm as a Greedy algo-
rithm rather than a dynamic programming algorithm.

The relationship between dynamic programming algorithms and Dijkstra’s
Algorithm is discussed in Denardo [1982, 2003] and Sniedovich [2006].

Needless to say, a quick search of the WWW will find numerous online
animations of Dijkstra’s Algorithm (e.g. the online modules at
www.ifors.ms.unimelb.edu.au/tutorial /dijkstra/).
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In this concluding chapter I round out my discussion of the question “What
is dynamic programming?” by looking at dynamic programming not from
the perspective from which I have investigated it thus far namely as an op-
timization method but, from a perspective which reveals it to be a basic
solution strategy with a far broader scope of operation. To this end I formu-
late an abstract dynamic programing model which enables showing that, in
essence, dynamic programming is a profoundly simple, and immensely log-
ical, approach to problem solving. An approach that is applicable not only
to optimization problems, but also to problems that are neither phrased nor
regarded as optimization problems, or what I call here ‘non-optimization’
problems.

By concentrating on dynamic programming’s treatment of non-
optimization problems I hope to bring out more clearly the mechanics of
its solution strategy. My thesis is then that examining dynamic program-
ming as a general solution strategy is instructive pedagogically in that it
provides deeper insight into its mode of operation; and it is constructive
and fruitful methodologically because it furnishes an indication about the
directions in which dynamic programming can be extended.

So, my program for this chapter is as follows. I begin with a brief review of
dynamic programming’s treatment of optimization problems, as delineated
in Chapters 3-4. This analysis brings out its fundamental strategy, and it
serves as a basis for the formulation of an abstract dynamic programming
model. I then illustrate how this model is used to handle a number of rep-
resentative non-optimization problems, and I conclude with some general
remarks on dynamic programming.

16.1 Review

Recall that our point of departure in Chapter 1 was the proposition that
dynamic programming’s mode of operation is driven by the following Meta-
recipe:

- Embed your problem in a family of related problems.

- Derive a relationship between the solutions to these problems.
- Solve this relationship.

- Recover a solution to your problem from this relationship.

In Chapters 3-4 this Meta-recipe was given concrete content when it was
put to work in the context a multistage decision model (N, S, D, T, S1,q)
thus bringing to light the relationship between these four objects:
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Problem P
Problem P(s)
Problem P(n,s)

Problem P(n,s,x)

So, let us remind ourselves of the formal definitions of these problems, and
of the key moves leading to the derivation of the functional equation.

Problem P :
p=opt glz), e XCX' =Xy x - x Xy (16.1)
reX

where ¢ is a real-valued function on X. Let X* denote the set of optimal
solutions to this problem.

Problem P(s),s € S; :

p(s) == ( opt )g(s,xl,xz, CHTN) (16.2)
51=15 (16.3)

Tn € D(n,sp), 1<n<N (16.4)

Sp+1 = (Tl Snaxn) 1<n< N (165)

Let X*(s) denote the set of optimal solutions to Problem P(s).

Problem P(n,s),1 <n < N,s€ S, :

fu(s):= opt  gn(S,Tn,Tni1,---,TN) (16.6)
Sp =5 (16.7)

Tm € D(M,spy) , n<m< N (16.8)

Sma1 =T (M, Sm, Tm) , n <m <N (16.9)

Let X*(n,s) denote the set of optimal solutions to Problem P(n,s).

Problem P(n,s,z),1 <n < N,s€ S,,x € D(n,s) :

fa(s,z):=  opt  gn(S,T,Tpi1,...,TN) (16.10)
(Tng1yesN)

Sp =5 (16.11)

Tm € D(Mysy) , n+1<m<N (16.12)

Sma1 =T (M, Sy Tm) , n <m <N (16.13)

Let X*(n,s,z) denote the set of optimal solutions to Problem P(n,s,x).

We refer to Problem P(s) as the initial problem at s, to Problem P(n,s) as
the modified problem at (n,s), and to Problem P(n,s,x) as the conditional
problem at (n, s, x).

For simplicity the underlying assumption was that all the initial, modified
and conditional problems are well-behaved in that all have optimal solutions.
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The derivation of the functional equation was carried out in two steps.
First, an appeal to the Principle of Conditional Optimization, assured that
irrespective of the structure of the decomposition scheme, it is always the
case that

fa(s)= opt fu(s,z), V1<n<N,s€S, (16.14)
z€D(n,s)

Second, an appeal to the Markovian Condition where

X*(n,s,z) = X*(n+1,T(n,s,x)) (16.15)
holds for all 1 <n < N,s € S,,,z € D(n,s), assured that

fals,2) = p(n, 5,2, fura(T(n, s, 2))) (16.16)
forall 1 <n < N,s € S,,z € D(n,s).

Thus, substituting the right-hand side of (16.16) for f,(s,«) in the right-
hand side of (16.14), we obtained this functional equation:

fa(s) = opt p(n,s,z, fnr1(T(n,s,2))), 1<n< N,seS, (16.17)
z€D(n,s)

This functional equation, I argued, relates the optimal solutions of Problem
P(n, s) to the optimal solutions of the modified problems generated by the
latter, indicating that:

X*(n,s) ={(x,2) : 2 € D°(n,s),z€ X*(n+1,T(n,s,x))} (16.18)
forall1 <n < N,s € S, where
D*(n,5) = {x € D(n,5) : p(n, 5,7, fog1 (T, 5,2)) = fuls))  (16.19)

In other words, (16.18) asserts that an optimal solution to Problem P(n, s)
consists of two components: a decision € D°(n,s) and a sequence of de-
cisions z = (zp41,...,2N), which constitutes an optimal solution to the
modified problem at (n+ 1,7 (n, s, z)), namely Problem P(n+1,T(n,s,x)).

In short, what this analysis brought out was that dynamic programming
makes the following proposition: embed Problem P in a family of parametric
problems, namely {Problem P(n,s),1 <n < N,s € S}, in such a way that,
for each stage-state pair (n,s) the solution to Problem P(n,s) would be
obtained from the solutions found for the modified problems induced by it,
namely from Problem P(n+ 1,T(n,s,x)), x € D(n,s).

Let us now take a closer look at this proposition.
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16.2 Non-Optimization Problems

If we abstract the above proposition from the specific context in which it
is made, it is immediately clear that it can be read as prescribing a basic
approach to problem solving which can be summed up as follows:

Find a solution to a given problem by creating a family of related
problems out of it. Express the relationship between these problems
so that a solution to any problem in this family is expressed in terms
of the solutions to other members of this family.

Note that absent from this proposition are terms such as sub-problem and
decomposition. This is deliberate to prevent any suggestion of hierarchy be-
tween the problems.

The point is then that in this phrasing this proposition applies broadly.
Its application is not limited to problems that are expressly classified as
“optimization problems”. For instance, consider the following elementary
problem:

Task A: Compute the sum of the cubes of the first 100 positive integers.

Clearly, one should be able to recover a solution to this problem from the
solution to the problem:

Task B: Compute the sum of the cubes of the first 99 positive integers.
To be able to do this formally, let us define

Problem Q:
Compute the sum of the cubes of the first K positive integers.

Next, define

Problem Q(k),k=1,... K:
Compute the sum of the cubes of the first k positive integers.
To relate these two problems, let z° denote the solution to Problem @Q and

let z(k) denote the solution to Problem P(k),k = 1,2,3,..., K. Then, by
definition

K
2=y m? (16.20)
m=1
k
2(k):=> m?, ke{l1,2,3,. .. K} (16.21)
m=1
By inspection then,
2° = 2z(K) (16.22)
zk+1)=z2(k)+(k+1)3, VE=1,2,3,... K (16.23)

2(1) =1 (16.24)
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In brief, one would be able to solve Problem @ by means of the following
procedure:

Program Sum Cubes(K)

Let z =0

For k = 1,...,K do:
z=z+5k

Return z

Before I can proceed I ought to make clear my distinction between opti-
mization and non-optimization problems.

By saying that a problem is a non-optimization problem I clearly do not
mean to suggest that it cannot be formulated as an optimization problem.

Obviously, any problem of the form: “compute the value of g(y°)” where y°
is a given element of some set Y and ¢ is a given function of y (not necessarily
real-valued), will allow the following formulation as an optimization problem:
“273}5 h(g(y))” where X := {y°} and h is any real-valued function on the

image of g such that h(g(y°)) is well-defined, for instance the case where
h(g(y)) =0, for all y € X.

Thus, to phrase Problem () as an optimization problem, we would be able
to use the following formulation:

2°:= max xy (16.25)

s.t. =k, k=1,23,... K (16.26)

My point is then that by dubbing a given problem a ‘non-optimization
problem’ I mean that the task set by it does not involve an ostensible
optimization-type operation or relation.

I hasten to add that this is not intended as a formal definition of the
term ‘non-optimization problem’, but as a characterization that seems to be
accepted universally. In any event, this characterization is sufficiently clear
for the purposes of this discussion so that it need not be pursued any further.

To go back to the procedure described in (16.22)-(16.24).

A cursory examination of this procedure suffices to identify the key tenets
of the strategy that, as we have seen, is deployed by dynamic programming.
These are:

- The target problem, namely Problem (@, is treated as a member of a
family of affiliated parametric problems, namely, as a member of the set
{Problem Q(k) :k € {1,2,3, ..., K}}. Specifically, Problem @ is identical
to Problem Q(K).

- The solution to the target problem is expressed in terms of the solutions
of (a) certain parametric problem(s), namely, the solution to Problem Q
is identical to the solution to Problem Q(K).
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- The solutions to the parametric problems themselves are related to one
another, namely, z(k + 1) = z(k) + (k + 1)3.

- The relation between the problems operates in the domain of the param-
eter of the parametric problems, namely in {1,2,3,..., K}.

Having just seen that dynamic programming’s central proposition clearly
applies outside the realm of optimization, my next task is to identify a math-
ematical model that makes this possible. That is, the task is to formulate
a model that will allow explaining how and why this proposition applies to
problems generally, and not only to optimization problems.

16.3 An Abstract Dynamic Programming Model

Whereas the model associated thus far with dynamic programming’s mode
of operation is based on the premise that it is aimed specifically for the treat-
ment of optimization problems, no such assumption is made regarding the
model that I formulate below. No component of this model is designed to
meet the requirements of properties that are typical of optimization prob-
lems. Indeed, every effort is made to frame the model’s constituent elements
so as to render it capable of handling problems as such, that is, problems
that are not a priori affiliated with any specific realm of application, for
instance optimization.

The point to note then is that the model is considered ‘abstract’ because
it is not biased to any particular domain of application.

The model consists of two components:

- A problem transition model.
- A functional equation.

The problem transition model is an analog of the familiar state transition
model except that instead of states it consists of problems and .. .it does not
involve decisions — only transitions.

In the same vein, the functional equation does not involve the opt opera-
tion.

Now to the details.

Definition 16.3.1 A PROBLEM TRANSITION MODEL is a pair (P, 7T ) where
P is a set called the PROBLEM SPACE whose elements are called MODIFIED
PROBLEMS, and 7 is a map from P to the power set of P, called the TRAN-
SITION FUNCTION.

The elements of set T (p) are called the SUPPORTERS of p. Let P" denote
the set of all p € P such that T (p) = &. We shall refer to such problems as
UNSUPPORTED MODIFIED PROBLEMS. Let P’ := P\P".
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We assume that for each p € P there is a set Z(p) called the SOLUTION
set of p. We shall refer to the elements of Z(p) as SOLUTIONS of p.

So when I say that dynamic programming’s solution strategy is applicable
generally I mean that this strategy prescribes to solve a problem by formu-
lating for it a suitable problem transition model and a functional equation
that will yield a solution to this problem.

Hence:

Definition 16.3.2 A DYNAMIC PROGRAMMING MODEL is a collection
(P, T,m, L) such that (P,T) is a problem transition model, 7 is an element
of P and L is a map such that

Zp)=L£{W,2("): v €T(p)}) , VpeP’ (16.27)

In particular,

Z(m) =L({@,2(p)):p € T(r)}) (16.28)
We refer to w as the TARGET PROBLEM and to L as the LINKER.

Thus, given a problem, call it Problem @, the idea is to:

- Construct a problem transition model (P, 7).

- Identify a problem 7 € P that is equivalent to Problem Q.

- Formulate a linker £ so that (P,7,w, L) is a dynamic programming
model.

- Solve the functional equation for p = m to obtain the solution set for
Problem Q.

Of course, not all the model’s components always have a manifest role in
any given problem situation. Still each object represents a necessary feature
of this solution strategy so, it is considered a constituent part of the model.

Let us now take a closer look at the model.

- PROBLEM SPACE, P.
The object p € P is a parameter whose role is to serve as a connecting
link between the problem sought to be solved — the target problem —
and the related problems created out of it which are referred to as the
modified problems. The target problem itself is equivalent to one of these
problems, which is denoted 7.

- TRANSITION FUNCTION, 7.
This object acts as a relator. It relates the modified problems to one
another. For each p € P it identifies the problems whose solutions can
be used in the construction of the solution to p. The elements of 7 (p)
are therefore called supporters of p.
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- LINKER, L.
This is a map linking the solution sets of the modified problems via a
functional equation. That is, the elements of the model are formulated in
such a way that the functional equation specified by (16.27) holds. Since
this equation applies only to p € P’, the implication is that solutions to
p € P" are either readily available or can be constructed — somehow —
independently of the the dynamic programming schemes.

I now proceed to elucidate the role that each element of the model has in
this solution strategy, and to explain how they are related to one another. I
do this in the context of the following simple, indeed trivial, non-optimization
problem.

Problem:

A pair of newborn Australian rabbits — male and female — are swept
away to a desert island. What will the rabbit population of the island
be a year later?

This problem will be referred to henceforth as the A-Rabbits Problem, and
the landing of the first pair of rabbits on the island as the Beginning.

16.3.1 Target Problem

Because our model is intended to have the broadest range of applications
possible, Problem @ is intentionally unspecified. It must be emphasized,
however, that this in no way gives license to a slack problem definition once
the model is applied to a given problem situation. A precise formulation of
the problem considered and a clear definition of what constitutes a solution
to this problem are imperative.

In our case, an accurate definition of the problem means taking into ac-
count the reproduction details of the “Australian rabbit”, which are as fol-
lows:

Each month, a doe has a litter of two, male and female. A newborn
female rabbit is fertile after two months and in turn has a litter of
two, again male and female. The process is assumed to continue in
this manner indefinitely.

So formally the target problem would be phrased as follows:

Problem Q:
Determine the Australian rabbit population on the island one year
after the Beginning.

The solution to this problem, z°, must then be a positive integer stipulating
the total number of rabbits on the island 12 months after the Beginning.
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16.3.2 Problem Space

The problem variable, p € P, is a parameter by means of which the target
problem is linked to the set of problems derived from it — the modified
problems; and by means of which one establishes links among the modified
problems themselves and among their respective solution sets.

Recalling the analysis in Chapter 11, to identify the Problem Space in
the context of a given problem, we need to determine the nature of the
relationship between the target problem and the modified problems.

Because this relationship is governed by the fact that the role of the mod-
ified problems is to serve as a means to recover the solution to the target
problem, the nature of this relationship is established on grounds of the task
set by the target problem.

Translating the above comments to our case entails the following. The
objective of our target problem is to determine the rabbit population of
the island 12 months after the Beginning. To compute this figure we would
seek to determine the population profile 11 months after the Beginning —
population profile meaning: number of adult rabbits (two months old and
older), number of young rabbits (one month old), and number of newborn
rabbits. But, to compute this figure, we would need the population profile
10 months after the Beginning, and so on.

Clearly then, given this relationship between the target problem and its
derivative (modified) problems, a modified problem would in this case be a
quadruplet: one component will stipulate time (months after the Beginning)
and each of the remaining three will stipulate the size of an age group in that
month. For example, p = (1,2,0,0) indicates a situation where one month
after the Beginning the population profile consists of two adults, zero young
and zero newborn rabbits.

There are, however, other possible formulations for the problem. For in-
stance, it is possible to capitalize on the following two facts regarding the
“Australian rabbit” population on the island:

The number of newborn rabbits n months after the Beginning is equal
to the entire rabbit population n — 2 months after the Beginning,

and

The total number of young and adult rabbits n months after the
Beginning is equal to the entire rabbit population n — 1 months after
the Beginning.

It therefore follows that

The total number of rabbits on the island n months (n > 2) after the
Beginning is equal to the sum of the rabbit populations on the island
in the previous two months.

Hence, the solution to the A-Rabbit Problem would be computed from the
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solutions to the above related problems, which are instances of the following
generic problem:

Determine the total rabbit population n months after the Beginning,
n=0,1,2,...,12.

The inference is then that we can use the set P := {0,1,2,3...,12} as a
problem space. In this case, a state p € P is a nonnegative integer stipulating
time (number of months after the Beginning).

16.3.3 Modified Problems

The main features of the modified problems have already been noted in
the discussion of the Problem Space. So, all that remains to be pointed out,
is that the modified problems are formulated in a manner ensuring that
one would be able to construct the solution set of the target problem from
the solution sets of those modified problems that are its supporters, namely
7T ().

In the case of the A-Rabbits Problem the modified problems would be
defined as follows:

Problem Q(p),p € P:
Determine the rabbit population on the island p months after the Be-
ginning.

Thus, the solution to Problem Q(p), namely z(p), is a positive integer
stipulating the total number of rabbits on the island p months after the
Beginning.

16.3.4 Unsupported Problems

These are modified problems that are characterized by solution sets that,
in some sense, are immediate. Note, however, that our abstract model allows
situations where no unsupported problems exist, namely where P” is empty.

That is, it is not a requirement of the model that a solution for at least
one of the modified problems be easily at hand. By analogy, successive ap-
prozimation methods are deployed in situation where P’ is empty.

By providing for unsupported problems, the model is descriptive rather
than prescriptive. It simply reflects the fact that, cases involving modified
problems with immediate solution sets do exist, for instance, cases where P is
finite and 7 is acyclic. Indeed, in such cases the iterative solution procedure
is initiated at the unsupported problems.

In the case of the A-Rabbits Problem, the modified problems pertaining to
p =0 and p =1 are trivial, namely it is easily determined, by “inspection”,
that z(0) = z(1) = 2. We can therefore set 7(0) = 7 (1) = @ implying that
P" ={0,1} and P’ = P\P" ={2,3,...,12}.
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16.3.5 Transition Function

Consider a typical modified problem, p € P’. In parallel to its role with
regard to optimization problems, the transition function in this model also
links p to those problems in P whose solution sets figure in the construction
of the solution set of Problem Q(p). More accurately, for each p € P” the
transition function 7 identifies those modified problems whose solution sets
will be explicit terms in the expression denoting the solution set z(p). For
this reason, the elements of 7 (p), are termed supporters of p.

Situations exist where the sets {7 (p) : p € P’} are typically singletons.
In such cases it is more convenient to treat 7 (p) as an element of P rather
than a subset thereof. Thus, although formally our model requires 7 (p) to
be a subset of P, whenever it is a singleton it is treated as an element of P
rather than a subset thereof.

In the case of the A-Rabbits Problem, we saw that for p € P/ =
{2,3,...,12} one can readily obtain z(p) from z(p — 1) and z(p — 2). We
can therefore set in this case 7 (p) :={(p—1),(p —2)},p € P".

16.3.6 Linker

This object connects the solution sets of the modified problems to one an-
other, the result being a functional equation. Formally, £ is a map satisfying
(16.27), or equivalently

xp)=Lp, |J {200} ] ,peP’ (16.29)
p'€T(p)

This relation asserts the following: for each supported problem p € P’, the
solution set of Problem Q(p), namely z(p), can be expressed in terms of the
solution sets pertaining to the supporters of p, namely {z(p'): p’ € T(p)}.

Note that in (16.27) and (16.29) p’ is appended to z(p’) so as to enable £
to associate the solution sets with their respective supporters. This is called
for because z(p') does not always uniquely identify p’. In cases where this in
not called for, the functional equation has a simpler form:

xp)=L{p, |J 20| .peP (16.30)
p'€7(p)

For example, in the case of the A-Rabbits Problem, we can define L as
follows:

Llp, | 20)|= > =0) ,pe{23,...,12} (16.31)

p'€7 (p) p'€7 (p)
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Thus, the functional equation takes this form:

2p)= > 20), pe{23,...,12} (16.32)
€7 (p)
=zp—-1)+z2(p—-2), pei{2,3,...,12} (16.33)

Solving this equation for p = 2,3,...,12 — in this order — we obtain the
following sequence of solutions for the modified problems:

p |01 234 5 6 7 8 9 10 11 12
z2(p)]2 2 4 6 10 16 26 42 68 110 178 288 466

Thus, z° = z(12) = 466.
As the reader may no doubt have noticed, the functional equation (16.33)
constitutes a simple application of the famous Fibonacci sequence

Qp = Qp_1+ Qp_o , n>1 (16.34)

with ag :=aq := 1.

I call attention to the fact that, although our abstract model does not
expressly apply to decision problems, it can easily be adapted to allows the
underlying strategy to handle problems involving DECISION VARIABLES. All
one needs to do to this end is to incorporate in the model a set, D, that would
be defined the DECISION SPACE, and a collection of sets {D(p) : p € P} such
that D(p) C D, Vp € P, where D(p) would be conceived of as the set of
feasible decisions pertaining to the problem p.

In this case the transition function will typically accept two arguments,
namely p € P and x € D(p), so that the functional equation will take the
form

xp)=L|p, |J {@p,z0)} |, vweP’ (16.35)
z€D(p)
p' €7 (p,x)

if T (p, z) is typically a subset of P, or

:p)=L{p. |J {@T@2),2(T@x)} |, peP’ (16.36)
z€D(p)

if 7(p,x) is typically an element of P.

The immediate implication is then that all the dynamic programming
models discussed thus far in this book are in fact special cases of the abstract
model outlined above.

As for the solution of the functional equations emanating from this model,
the discussion on solution methods (Chapter 5-6) applies here as well.
Roughly, there would be two ways in which to approach the equation.
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This would be determined by whether or not the transition function gener-
ates cycles. In acyclic cases where P is finite, the functional equation would
typically be solved by direct methods. Otherwise, it would be solved with
successive approximation methods or truncation methods.

Having formulated the model that, I submit, provides an account of the
essence of dynamic programming’s approach to problem solving, I shall now
proceed to examine it in action.

16.4 Examples

In this section I illustrate the working of the solution strategy, encapsu-
lated in the above abstract model, by studying its handling of a number of
problems — all non-optimization problems — from vastly different areas.
I have purposely chosen extremely simple problems to be able make in, as
effective a fashion as possible, the following points.

First, I want to reinforce my main thesis that dynamic programming’s
strategy is profoundly simple, but at the same time extremely sensible.

Second, by demonstrating that dynamic programming’s mode of operation
may well be equated with “common sense”, I want to highlight its rudimen-
tary nature.

Third, by bringing these qualities to the fore, I want to underscore that it
is precisely by dint of these qualities that dynamic programming’s approach
is so widely applicable.

Finally, I want to point out that by virtue of these characteristics, the
dynamic programming strategy is in fact being used, routinely, by Homo
Sapiens with no training in dynamic programming . ..

And before turning to the examples, I quickly run through the basic in-
gredients of our abstract dynamic programming model:

- Problem space, P.

- A target problem, m € P.

- Transition function, 7.

- Set of unsupported problems, P”.
- Linker, L.

I illustrate, in each example, how these constructs are formulated and how
the resulting functional equation is obtained. It is important to keep in mind
though, that there are generally several ways of formulating a problem with
these constructs.

To highlight the embedding process associated with the deployment dy-
namic programming, I shall refer to the target problem in two different
ways: as Problem @ and as Problem Q) (). The representations of these two
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problems can be different, but both pertain to the same problem. Also, I
shall refer to the modified problem p € P as Problem Q(p).

The first example is taken from the area of computer programming. It
concerns what is known in this discipline as a counter. This concept is of
fundamental importance in Von Neumann type computer programming lan-
guages such as Algol, Basic, C', Cobol, Fortran, Java, Pascal, PL/1, etc.

In view of the highly sequential approach to problem solving of these lan-
guages, a problem (computing task) is typically broken down into smaller
sub-problems, so that counters are used to construct the solution to the tar-
get problem from the solutions to the smaller sub-problems. As we shall soon
see, in terms of our model, these counters are the solutions to the modified
problems.

16.4.1 Example

Consider the computer programming problem specified by the following
input/output requirement:

Input: A finite sequence of real numbers, (y1,y2, ..., Yk)-
Output: The scalar
22 i=max {y2:1<n<k}—min {y2:1<n <k} (16.37)

A Von Neumann type language would typically decompose this problem
into two subproblems, namely:

Problem Quax : Compute the value of 22, = max {y2 :1<n <k}
and

Problem Quin : Compute the value of 23, = min {y2 : 1 < n < k}

It would then obtain the value of 2° as follows: z° = 2y .. —27;,. The main

thrust would be then to solve Problem Qma.x and Problem Qumin. So, let us
examine how such problems are normally solved by focusing on the former,
observing that the treatment of the latter will essentially be identical.

The solution strategy is simple. Capitalizing on the fact that the max
operation is associative, define:

o 2
Zp 1= 1g1£§n{ym} (16.38)

from which it immediately follows that
Zpi1 = Max {zn,ygﬂ}, 1<n<k (16.39)
and

2k = Zmax (16.40)

Thus, implementing (16.39) results in a procedure along these lines:
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Program max_squares (k,y,z2)
Dimension y(k)

Let 2=0
For n=1 to k do:
Begin
2z = max(z,y2)
End
Return z

The central operation of this procedure, referred to in computer science as
a “loop”, of course, boils down to dynamic programming’s solution strategy.

The target problem, namely Problem QQmax, is solved by means of a fam-
ily of modified problems defined by (16.38). Formally, we can set P :=
{1,2,...,k} and define:

Problem Q(p), pe P :
Compute the value of z(p) := max {yg :1<n< p}

Then, clearly the target problem is identical to Problem Q(w),m := k.
Also, observe that z(1) is clearly equal to y?. Thus, we can set P” = {1}
and P’ ={2,3,...,k}. Furthermore, by inspection,

2(p) = max{z(p — 1), 2} (16.41)
so that the transition function ¢t would be defined thus
T(p)=p—1,peP’ (16.42)

and the linker £ as follows:

L(p,2(T(p)) == 2(T(p)) + v, , pEP’ (16.43)
with
L(1,¢) = y% , for any value of £. O (16.44)

Our second example is an illustration of the convolution operation. The
discussion assumes that the reader has some knowledge of conditional prob-
abilities.

16.4.2 Example

Let (v, : 1 <n < k) be a sequence of stochastically independent and iden-
tically distributed discrete random variables, and let f denote their common
probability mass function. Also, let v, denote the value that v,, takes. Now,
consider the following task:
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Problem Q:

Compute the probability function of the random variable
k
V=> (16.45)
n=1

The solution in this case is a real-valued function F' on R such that F'(V')
is equal to the probability that V is equal to V.

Now, in line with dynamic programming’s strategy, we would argue as
follows. If we define,

Vip:i=Y 0y, m=1,23,... (16.46)

then clearly,

V=V (16.47)

and

Vi1 = Vin +0m , Ym=1,2,... k (16.48)

So, in view of (16.44)-(16.45), we regard Problem @ as an instance of the
parametric problem

Problem Q(p), p=1,2,... k: _
Compute the probability mass function of V,,

namely, Problem @ is identical to Problem Q(k).

And so, let F}, denote the probability mass function of 17},. The fact that
Problem @ is identical to Problem Q(k) implies that F' is identical to F}.
Now, capitalizing on the basic properties of conditional probabilities, we im-
mediately deduce from (16.48) that

Prob V41 =V | =v| =Prob [V, =V | , V.ueR (16.49)
which in turn implies that

Prob [‘7p+1 —V |3, = v] =" Prob [f/p —V - v] Prob[3, =v]  (16.50)
veW

where W denotes the values of v such that f(v) > 0. The conclusion is
therefore that

Bpi(V)= > f)x B(V—v), VI<p<kVeR (16.51)
veW
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noting that by definition £} = f.

This, of course, is a typical dynamic programming functional equation.
Observe that the solutions to the modified problems, and to the target prob-
lem, are functions in this case. Couching the problem under consideration
in terms of the model that we outlined above, we have:

P={1,2... .k} (16.52)

m=k (16.53)
Tp)=p—1,peP ={2,3,...,k} (16.54)

P’ ={1} (16.55)
L(p,2(T(p))) = f+2(T(p)), pcP’ (16.56)

where f % g denotes the convolution of f and g, namely it is a real-valued
function on R such that

(fx9)(V) =Y p)g(V-v), VeER (16.57)

veW

The functional equation would thus have this form:
z(p)=fx2(p—1), pe{2,3,4,....k} (16.58)

observing that by definition z(1) = f.

It is interesting to note that the rules of conditional probabilities govern
the above analysis in a manner akin to the way the Principle of Condi-
tional Optimization governs the derivation of the functional equation of an
optimization problem. [

It has long been recognized that dynamic programming’s solution strategy
is particularly well-suited for optimization problems in the areas of graph
theory and networks. What is not as clearly recognized is that this strategy
is equally well-suited for non-optimization problems in these areas. Indeed,
it is not recognized that many of the strategies routinely used to solve these
problems are in actual fact dynamic programing strategies. The following is
a case in point.

16.4.3 Example

Recall that the transitive closure of a graph is a square boolean matrix
whose (i, j)-th entry is equal to 1 if, and only if, there is a path from node
i to node j. It will be convenient to use the following terminology: node j
is said to be a successor of node i if, and only if, there exists a path from
node i to node j. If the graph has an arc (4,7), then node j is said to be
an immediate successorof node i. Suppose then that our object of interest
is a square boolean matrix M such that M]i, j] is equal to 1 if, and only if,
node j is an immediate successor of node i. We refer to M as the precedence
matriz. The following is a fundamental problem in graph theory:
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Task:
Compute the transitive closure of a graph from its precedence matriz,

M.

It goes without saying that, one would be able to restate this problem
as an optimization problem and then use the so to speak, conventional dy-
namic programming approach to solve it. The point I am making, though, is
that in its present formulation the problem is directly amenable to dynamic
programming’s solution strategqy, without having to undergo a formulation
tnvolving optimization. To see this, note that the following observation is
trivially true:

Node j is a successor of node i if, and only if,
either
node j is an immediate successor of node i,

and /or

node i has an immediate successor k such that node j is a
successor of node k

The solution strategy suggested by this observation is as follows: let m
denote the number of nodes comprising the graph, and define

Problem Q(i,j), i,7=1,2,...,m:
Is node j a successor of node i ?

Then, the solutions to this family of problems are specified by the matrix
stipulating the transitive closure of the graph, say C. The immediate impli-
cation of the above observation is that C' must have the following property:

Cli,j] = Mli, j] Vv (M]i, k] AC[k,j] for some k=1,2,3,...,m (16.59)

where A and V denote the boolean AND and (inclusive) OR operations,
respectively.

This is, of course, a typical recursive relation characteristic of the strategy
deployed by dynamic programming. In matrix notation it can be restated as
follows:

C=MV (MV.AC) (16.60)

where the composite operation V.A is defined as follows: let A and B be
square boolean matrices of the same dimension. Then, B V. A A yields a
square boolean matrix whose (7, j)th entry is equal to 1 if, and only if, there
is at least one k such that both B[i, k] and A[k, j] are equal to 1.

Now, as this strategy is intended to apply to cyclic graphs as well, pro-
visions must be made for situations where it would be impossible to solve
(16.60) for C in a direct recursive manner. Suffice it to say then that in such
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cases one would employ the successive approximation method, which offers
the following scheme: Set,

cW = M (16.61)
and then compute
crt) = oWy M v.ACM)n=1,23,... (16.62)

The procedure terminates when C("*1) is equal to C'™). Note that this
will occur in no more than m iterations, where m is equal to the dimension
of 1. Furthermore, it is clear that the equation has a unique solution. Thus,
if the procedure terminates at the n-th iteration it follows that C' = C'(™).
To accelerate the convergence, one can use the following scheme instead. Set

ch =M (16.63)
and compute
crtl) .— ¢ v (¢ v . A C™) n=1,2,.. (16.64)

until ¢+ is equal to C'™),

The following analysis illustrates how the transitive closure figures in a
typical non-optimization graph theory problem. The target problem is as
follows:

Target Problem:
Can one fly from city A to city B with a stopover in city C?

The implicit assumption here is that, a direct flights table, call it DFT,
is available for the region. This is a boolean matrix whose (i, j)th entry is
equal to 1 if, and only if, there is a direct flight from city ¢ to city j.

Now, it is immediately clear that the problem under consideration is re-
lated to the following problems:

(a) Can one fly from city A to city C'?
(b) Can one fly from city C to city B?

so that its solution would be constructed from the solutions to these two
problems. That is, the answer to the target problem would be ‘yes’ if, and
only if, the answer to both these questions is ‘yes’.

As for the strategy to obtain this solution, it is obvious that the connecting
link between the two (modified) problems as well as between them and the
target problem is a pair of cities. That is, that they are instances of the
following generic problem:

(c) Can one fly from city i to city 57
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Thus, the Problem Space, P, is the collection of all ordered pairs of distinct
cities (the matrix DFT is not assumed to be symmetric). So, supposing
that there are N cities, and that they are denoted by 1,2,..., N, then P
is the collection of all pairs (i,j) where i and j are distinct elements of
{1,2,..., N}, namely P := {(i,5) : 4,5 € {1,2,3,...,N}, i # j}.

Hence, the modified problems have this form:

Problem Q(p), p = (i,j) € P:
Can one fly from city i to city j¢

In this framework to solve the target problem we need the solutions to two
problems, namely p = (A,C) and p = (C, B) and furthermore the target
problem is not an element of P. This technicality will be taken up shortly.
For the time being it is convenient to keep P in its current form.

As for the transition function 7, this function can take a number of forms
depending on the definition of Linker, £. The question is how to link the
modified problems in this case. The answer is as follows: Let p = (i,7) be
a pair of cities such that DFTYi, j| = 1. Then, clearly z(i,j) = yes because
there is a direct flight from ¢ to j. This means that all the problems p = (3, j)
such that DFT(i, j] =1 are easily solved. Hence, we set

P":={(i,§) : DFT]i,jl=1,i,j =1,2,...,N} (16.65)
T(i,j): =2, (i,j) € P” (16.66)

Given that the decisive factor in the solution of Problem Q(i,j) is the
solution of Problem Q(k, j) for all cities & which can be reached from city ¢
in a direct flight, it follows that the transition function can be defined thus:

T(i,§) == {(k,j) : DFT]i,k] = 1,k € {1,2,..., N} (16.67)

for k & {i,j}},(i,7) ¢ P”, observing that 7 is independent of its second
argument.

Next, recall that the solution to Problem Q(i, j) is equal to “yes” if, and
only if, there exists a city k such that the solutions to both Problem P(i, k)
and Problem Q(k,j) are equal to “yes”; otherwise the answer is equal to
“no”. Linker is therefore defined as follows:

yes , z(k,j) =yes for some
clp, | {0,200} ] = (k,j§) € T(i,7) (16.68)
P'ET(p) no , otherwise

where p = (4, 7).
Thus, if we replace yes and no by 1 and 0, respectively, the functional
equation takes the following concise form:

2=DFT vV (DFT V.A z) (16.69)



474 Dynamic Programming

Finally, the mechanics of constructing the solution to the target problem
from the solutions to Problem Q(A,C') and Problem Q(C, B) are as follows.
We expand the problem set by including in P the item 7 := (A, C, B) and
set T(m) = {(4,C),(C,B)}. We then extend the definition of Linker ac-
cordingly, namely

L= |J AW 20} = 0 (16.70)

no otherwise
p'€T () ’

{yes , 2(p') =yes ,Vp' € T(p)

16.4.4 Example

A fundamental problem is graph theory is to determine whether a given
graph is cyclic, and if so, to identify the cycles. From the definition of tran-
sitive closure it follows that node n is on a cycle if and only C'[n,n] = 1. So
to identify the nodes comprising a cycle, we simply identify identical rows of
C whose diagonal elements are equal to 1. The nodes corresponding to these
rows are on the same cycle.

For instance, consider the cyclic directed graph shown in Figure 16.1. By
inspection, all the nodes except node 4 are on cycles. There are two cycles:
one consisting of the nodes 1,2 and 3 and one of the nodes 5,6 and 7.

Figure 16.1: Acyclic graph

This is confirmed by the transitive closure matrix C' shown in Table 16.1
with the associated precedence matrix M.

Table 16.1: Precedence matrix M and its transitive closure C

M1 2 3 4 5 6 7 cl|1 2 3 4 5 6 7
1 1 1f1 11 1 1 11
2 1 1 1 211111111
3|1 1 1 3111111 11
4 1 1 4 1 1 1
5 1 5 111
6 1 6 1 11
7 1 7 1 11

By inspection, all the nodes except node 4 are on cycles. Furthermore,
there are two cycles: one consisting of the nodes 1,2 and 3 and one of the
nodes 5,6 and 7. Note that although row 4 of C' is identical to row 5,6 and
7, node 4 is not on a cycle. This is confirmed by the fact that C[4,4] # 1. O
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Our next example features an interesting integer-programming problem.

16.4.5 Example

Let cand {a,, : 1 <n < N} be given positive integers such that c is greater
than or equal to @ :== min{a,, : 1 <n < N}, and consider the following:

Problem Q: N
Find an integer vector x = (zy,...,2y) such that Z anxy, =c.  (16.71)

n=1

How would dynamic programming’s solution strategy approach this prob-
lem?

Proceeding from the observation that Problem @ is clearly an instance of
the following generic parametric problem

Problem Q(p), pe P :={0,1,2,...,c}: N
Find an integer vector x = (zy,...,2y) such that Z anxty, =p. (16.72)

n=1

the idea is to determine whether for a given p € P (16.72) has an integer
solution. Thus, z(p) is an element of the set {yes,no} defined as follows:

(16.73)

() {yes , if Problem Q(p) has an integer solution
2(p) =

no , otherwise

To derive the dynamic programming functional equation for this problem,
observe that since s, {a,} and {x,} are all positive integers, it follows that

- Problem Q(0) has the unique solution (0,...,0); and

- Problem Q(p), p € P\{0}, has an integer solution if, and only if, for some
n, 1 <n < N, Problem Q(p — a,) has an integer solution.

Depending on the specific values of ¢ and the coefficients {a,,}, there can
be many modified problems whose solutions are immediate. For example, for
any p € P such that p = ka,, for some integer k and n € {1,2,..., N}, the
solution to Problem Q(p) is obviously yes.

But to keep things simple we set P” = {0,1,2,...,a} and P’ = {a +
1,...,c}, noting that z(0) = yes and z(p) = no,Vp € P"\{0}.

The relationship between the solutions to the other modified problems
would be stated thus:

z(p) = , peP’ (16.74)

yes , yes€{z(p—ay):1<n<N}
no , otherwise

This equation, which is clearly typical of dynamic programming, would be
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solved iteratively for s = a+1,a+2,...,c— in this order. Formally, we can
set

P={0,1,2,...,c} ( )

P" ={0,1,2,...,a} ( )
P"={0,....a} (16.77)
m=c (16.78)
T(p,x)=p—az, pe P,z € D(p) (16.79)
Dp)={ne{1,2,...,N}:a,<p}, peP’ ( )

yes , yes€ U z2(7(p,x))
Llp, U T2} = z€D(p) (16.81)

z€D(p) no , otherwise

Thus, using 1 and 0 instead of yes and no, we can write the functional
equation as follows:

z(p) =V/{z(p—an) :an <p,ne{l,2,...,N}} (16.82)

forpe {a+1,a+2,...,c}, where for B C {0,1}, the operation V/B yields 1
if, and only if, B contains 1, otherwise it yields 0. Although V/B is equivalent
to max{b € B}, I prefer to use the former to emphasize that this is inherently
a logic operation rather than an arithmetic operation. [J

Having demonstrated how versatile and widely applicable dynamic pro-
gramming’s approach to problem solving is, the inevitable question is
whether it is possible to single out a specific problem to provide a paradigm
demonstration of this approach. No doubt, an answer to this question would,
in the end be highly subjective.

Still, in my view the following problem offers such an example.

16.5 The Towers of Hanoi Problem

This problem is one of the most famous non-numerical mathematical
games. [t involves the following situation. Imagine three pegs labelled R,
C, L, for Right, Center and Left. N discs of different sizes are placed on
peg L in a manner that no large disc is placed on top of a smaller one. The
task is to relocate the discs to peg R, ensuring that they will retain the
order that they had on peg L. Obviously, peg C can be used as a temporary
facility. The rules of the game permit moving one disc at a time, and they
dictate that at no time can a larger disc be placed on a smaller one. Figure
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Initial arrangement
L C R

Required arrangement

Figure 16.2: Towers of Hanoi problem with 3 pieces

16.2 depicts the original arrangement and the required arrangement of the
discs for a problem consisting of N = 3 discs.

One can approach this problem from a number of angles. For example,
should the problem be viewed as an optimization problem, the objective
would be to determine the optimal policy for transferring the discs from peg
L to peg R in a manner that would minimize the total number of moves. Or
one may settle for determining the minimum number of moves required for
this operation — without identifying the optimal policy itself. Be that as it
may, the following is a fundamental problem in this analysis:

Task:
Find a feasible — not necessarily optimal — solution for the Towers
of Hanoi problem.

Thus, several dynamic programming models can be constructed for this
problem. For example, one can reason along these lines:

As the current configuration determines the range of feasible config-
urations that can be constructed in one move, let the state space
S be the collection of all pairs (sr, sl) where sr and sl are possible
configurations of discs on peg R, and peg L, respectively. Discs that
are not in these sets must by necessity be on peg C. Thus, any such
pair gives a complete picture of the situation. The initial state then is
specified by sr = {1,2,3,..., N}, sl = & set, whereas the final state is
specified by sr = @ and sl = {1,2,3,..., N}. The problem therefore
amounts to bringing the state from its initial value to the prescribed
final value. It thus constitutes a typical final state problem.

Next, one would define for each feasible state s = (sr,sl) the as-
sociated set of feasible decisions (moves), D(s). Given the game’s
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strict rules concerning the moves allowed, the formulation of the sets
{D(s)} is rather simple. Then one would define the transition func-
tion ¢, which is also a rather simple task, and so on.

This line of reasoning is of course valid and if followed through will lead
to a valid dynamic programming model. The point is though that the result
will be a rather cumbersome dynamic programming model.

How then would one obtain a simple dynamic programming model?

The first thing to observe is that the number of discs, as well as the des-
ignated target and original pegs, can be viewed as parameters. This means
that we can consider the following Problem Space:

P:={(n,0,T):0,T € {L,C,R},0O £#T,ne1,2,... N} (16.83)

In other words, all we need to know about the current configuration (prob-
lem) is:

1. Number of discs to be moved, call it n.
2. The peg on which the discs are located, call it O (for “origin”)
3. The peg to which the discs are to be moved, call it T (for “target”).

For example, p = (5,C, L) describes a problem that requires moving 5
discs from the Center peg to the Left peg.

Notice that this choice of Problem Space will allow viewing the target
problem as an instance of the following family of problems:

Problem Q(p), p = (n,0,T) € P:
Find a solution for the Towers of Hanoi problem where n discs are to
be moved from peg O to peg T.

That is, since the target problem is equivalent to Problem Q(N, L, R), we
can set m := (N, L, R) to represent the target problem. The problem is trivial
if n = 1, the solution being

2(1,0,T) = “ move a disc from peg O to peg T"” (16.84)

We may therefore set P” = {(n,0,T) € P : n = 1} to be the set of
unsupported problems and P’ = {(n,0,T) € P :n > 1}.

For convenience we adopt the following notation: for a typical state say
(n,0,T), let =(O,T) denote the third peg, namely let =(O,T) denote the
complement of {O, T} with respect to {L,C, R}. For example, —=(L, R) = C.

The second point to observe is that, the task of moving n discs from peg
O to peg T can be broken down into three related sub-tasks:

Subtask #1: move n — 1 discs from peg O to peg =(O,T).
Subtask #2: move one disc from peg O to peg T.
Subtask #3: move n — 1 discs from peg —(O,T) to peg T.
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Initial arrangement

-
-
-

Required arrangement

Figure 16.3: Towers of Hanoi problem with 3 pieces
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These sub-tasks are illustrated in Figure 16.3 for the case where n = 3,
O = L and T = R. For your convenience the discs are labeled.
The functional equation obtained in this case would therefore be as follows:

2(n,0,T) =2(n—-1,0,-(0,T)) 0 2(1,0,T) 0o z(n — 1,-(0,T),T) (16.85)

where o denotes concatenation. Note that (1,0,T) is a terminal state for
which we have

2(1,0,T) := “move a disc from peg O to peg 17 (16.86)

Thus, to construct the solution for Problem Q(3,L,R), we first apply
(16.86) with s = (n =3,0 = L,T = R) and obtain:

2(3,L,R) =2(2,L,C)o 2(1,L,R) o 2(2,C,R) (16.87)
Next, we apply (16.73) to s = (n =2,0 = L,T = C), which yields

2(2,L,C)=2(1,L,R) 0 2(1,L,C) o 2(1,R, C) (16.88)
and then we apply it to s = (n = 2,0 = C,T = R) to obtain

2(2,C,R) = 2(1,C, L) o 2(1,C,R) o 2(1,L,R) (16.89)
Substituting these values of Z(2,L,C) and Z(2,C, R) in (16.87) yields

2(3,L,R) =2(1,L,R) o 2(1,L,C)o 2(1,R,C)o 2(1,L,R)o 2(1,C,L)

o 2(1,C,R) o 2(1,L,R) (16.90)

Hence, substituting the seven values of z(1,0,T) in (16.90) with the cor-
responding expressions given by (16.86) and listing the moves on separate
lines, we obtain the following verbally phrased solution:

Movwe a disc from peg L to peg R
Move a disc from peg L to peg C
Move a disc from peg R to peg C
Move a disc from peg L to peg R
Movwe a disc from peg C to peg L
Movwe a disc from peg C to peg R
Move a disc from peg L to peg R

This solution is depicted in Figure 16.4.
To complete the picture I shall now formulate the problem in terms of our
abstract dynamic programming model.

Target Problem:

Problem Q:

Find a feasible solution for the Towers of Hanoi problem that requires
relocating N discs from peg L to peg R.
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-
-
el b -

Figure 16.4: Solution to the Towers of Hanoi problem with 3 pieces
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Problem Space:
P:={(n,0,T):0, T € {L,C,R},O#T,ne{1,2,3,...,N}} (16.91)

Modified Problems: Problem Q(n,0,T), (n,O,T) € P:
Find a feasible solution for the Towers of Hanoi problem that requires
relocating n discs from peg O to peg T'.

Unsupported Problems:
P":={(n,0,T) €P:n=1} (16.92)

Transition Function:

T(p) = {(n —1,0,~(0,T)),(1,0,T), (n — 1,~(0,T),T)} (16.93)
for p=(n,0,T) € P’.

Linker:

L p, U {(plvz(p,))} = Z(TL -1,0, _'(OvT)) © Z(I,O,T)
P'e7(p)
oz(n—1, ﬁ(O,T),T) (16.94)

for p=(n,0,T) € P’.

Functional Equation:
z2(n,0,T) =2(n—1,0,-(0,T)) 02(1,0,T) 0o z2(n — 1,-(0,T),T) (16.95)

The point to note about the feasible solution yielded by this functional
equation is that it is, in fact, an optimal solution to the problem considered
in that it minimizes the number of moves required to accomplish the task.

The reader may wish to track down the latent min operation in this func-
tional equation! O

Remark:

The above functional equation has a simple closed-form solution meaning
that solving it iteratively is unnecessary. More on this fascinating problem
can be found in Sniedovich (2002b), including the case where the number
of moves is to be mazimized — without cycling. Note that the number of
moves for the min problem is 2" — 1, whereas the number of moves for the
max problem is 3" — 1.

16.6 Optimization-Free Dynamic Programming

My main objective in demonstrating dynamic programming’s handling
of non-optimization problems was to corroborate my thesis that dynamic
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programming’s approach to problem solving is valid outside the area of op-
timization and that it is in fact employed widely, if inadvertently, in various
disciplines.

I wish to make it clear, though, that this thesis is by no means a revelation.
That dynamic programming is applicable outside the realm of optimization
has been noted, for instance by Karp [1982], and by Verdo and Poor [1987].
Indeed, Bellman himself was always aware of this, as he tells us in his auto-
biography (Bellman 1984, p. 203):

...In 1955, Chandrasekhar published his book on radiative transfer.
I was curious to see what it contained. From my work at Los Alamos,
I knew the equations of radiative transfer were the same as the equa-
tions of neutron diffusion. Progress in one area meant progress in the
other. My attention was immediately caught by chapters on the prin-
ciples of invariants. I grasped the idea of Ambarzumian immediately,
with the extensions of Chandrasekhar. My first thought was “that is
dynamic programming without optimization. ...

Furthermore, Bellman pointed out quite clearly that, both philosophically
and mathematically, the roots of dynamic programming, to be precise, the
roots of the Principle of Optimiality and the functional equation, lie in dis-
ciplines that are in no way concerned with optimization (Bellman 1957a, p.
115):

...As we have recently shown in connection with some joint work
(R. Bellman and R. Kalaba, “On the Principle of Invariant Imbed-
ding and Propagation Through Inhomogeneous Media,” Proc. Nat.
Acad. Sci. (1956)), the “principle of optimality” is actually a partic-
ular application of what we have called the “principle of invariant
imbedding.” A special form of the invariance principle was used by
Ambarzumian “On the Scattering of Light by a Diffuse Medium,”
C.R. Doklady, Sci. U.R.S.S, 38 (1943), p. 257 and extensively devel-
oped by S. Chandrasekhar Radiative Transfer, Oxford, 1950. An early
use of the method is due to G. Stokes (Mathematical and Physical Pa-
pers, Vol. IV, “On the intensity of light reflected from or transmitted
through a pile of plates,” pp 145-156).

The functional equation technique used throughout is intimately re-
lated to the “Point of Regeneration” method used in the study of
branching processes, cf. R. Bellman and T.E. Harris, “On Age De-
pendent Binary Branching Processes,” Ann. Math., Vol. 55, (1952),
pp. 280-295.

Actually, we have made no systematic effort to trace the origin and
use of invariance principles, and the above references represent only
a few of many that could be cited. One, however, which cannot be
ignored is J. Hadamard, “Le principle de Huygens,” Bull. Soc. Math.
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France, 52 (1924), pp. 610-640, where there is an interesting discus-
sion on causality, functional equations and Huygens’ principle ...

And yet, dynamic programming was developed by Bellman as an opti-
mization method and to this day it is perceived as a method designed for
the solution of optimization problems.

It is my view, though, that there are good reasons to believe that dynamic
programming’s capabilities as a general problem solving strategy will even-
tually be recognized more widely, simply because the need for strategies of
this kind is very real indeed. For instance, it has been acknowledged for some
time now in the disciplines of artificial intelligence and expert systems, that
the particular tasks that one is required to accomplish in these areas call
for the development of general problem solving methodologies. Although dy-
namic programming had been incorporated into such methodologies in these
areas, the role assigned it in them is its conventional role as an optimization
method (see for example, Rayward-Smith et al. [1988]). But this is not what
I am arguing for. I am not arguing for the incorporation of dynamic pro-
gramming into larger General Problem Solvers. I am proposing that dynamic
programming itself has the capability to perform as a general problem solver.

The great attraction of adapting dynamic programming into areas not
requiring optimization is that this will allow benefiting from the potent so-
lution strategy made available by dynamic programming, without having to
be as concerned about the effects of dimensionality. For indications are that
however much the Curse of Dimensionality will remain a factor to reckon
with in areas not involving optimization, it will nevertheless lose much of its
sting.

16.7 Concluding Remarks

I have shown that stripping the specialized mathematical idiom from dy-
namic programming’s approach to optimization problems lays bare its guid-
ing tdea to problem solving.

This idea, I argued is immensely sensible, simple and effective — and
therefore valid — not only in the sphere of optimization but also outside it.
I attempted to embody this basic idea in the abstract dynamic programming
model that I formulated in Section 14.3.

That said, I want to make it clear, that I do not wish to give the im-
pression that the proposed abstract model provides an airtight, rigorous
formulation of dynamic programming in its capacity as a general approach
to problem solving. Obviously, compared with my description of dynamic
programming’s treatment of an optimization problem — where I framed a
precise mathematical definition of the underlying multistage decision model,
set down sufficient conditions that in turn assured the validity of the func-



What Then Is Dynamic Programming? 485

tional equation, and so on — my description of dynamic programming in
terms of the abstract model is marked by a degree of vagueness particularly
with regard to the derivation of the functional equation and the grounds for
its validity.

But this situation seems to be inevitable, considering that the model’s
principal aim is to capture the gist of dynamic programming’s approach to
problem solving. A certain amount of vagueness seems to be inevitable in
every attempt to a capture the essence, that is the central idea, of a theory,
a method, or an approach.

Perhaps the best way to clarify this point is by way of an analogy with
the Principle of Optimality.

I have gone to great lengths to point out, in Chapter 13, that in the
context of an accurately defined multistage decision model the principle has
a clearly defined role. It can function either as a sufficient condition for the
validity of the functional equation; or as a theorem articulating a property
of optimal policies. In either case it has a precise and rigorous mathematical
formulation.

At this stage, I may add, that the Principle can also be seen as the Guiding
Idea of the theory. That is, by condensing into a concise statement the main
point of dynamic programming as an optimization method, the principle
gives voice to the objective that it seeks to accomplished. But in this capacity
the principle cannot have the rigor or precision that it has in its capacity as
either a sufficient condition or a fundamental property. For here, as Bellman
[1984, p. 174] points out, its function — like that of any good principle —
is to “...guide the intuition. ...”

This remark connects with my previous remarks concerning the chances
of dynamic programming being recognized as a General Problem Solving
Method. It seem that for this to happen, one would have to emulate Bell-
man’s formulation of dynamic programming as an optimization method. In
particular, one would have to formulate a concise and elegantly phrased prin-
ciple, describing dynamic programming’s guiding idea as a General Problem
Solver. This principle will have to play a dual-role similar to the one played
so effectively by the Principle of Optimality in the context of optimization.
But this, it seems, is a formidable challenge!

A first step in this direction would be to workout a non-technical, narrative
description of dynamic programming as a general problem solving method-
ology. I plan to address this task in my next book on dynamic programming.

13

Stay tuned!
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A.1 Overview

The purpose of this appendix is to provide a glossary of the definitions, con-
cepts and basic results of functional analysis that are referred to in Chapter
6. The object under consideration is the generic functional equation © = Au
where u € U represents an unknown function and A is a map from U into
itself.

In this general class I distinguish between two types of equations. In one
the map A causes a contraction in u, while in the other the contraction is in
the argument of u. I refer to these two types of contraction as contraction
in the functional space and contraction in the domain space, respectively. In
the context of dynamic programming functional equations u represent the
(optimal) return (objective) function and its argument is the state variable.
Hence, in this context the distinction is between a contraction in the return
space and contraction in the state space.

A.2 DMetric Spaces

Definition A.2.1 A METRIC SPACE is a pair (U,©), where U is a non-
empty set and © is a real-valued function on U x U satisfying the following
conditions:

(a) O(u,v) >0, Vu,v e U.
(b) ©(u,v) =0 if, and only if, v = u.
(c) ©(u,v) = O(v,u), Yu,v € U (Aziom of symmetry).

489
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(d) ©(u,v) < O(u,w) + O(w,v), Yu,v,w € U (Triangle Aziom,). O

Lemma A.2.1 Let U denote the set of all bounded real-valued functions on
some set S, and define

O(u,v) := ilelg lu(z) —v(2)| , uw,v €U (A1)

where |a| denotes the absolute value of a. Then, (U, ©) is a metric space.

PROOF. Since all the elements of U are bounded, © is well defined on U?
and (a) — (c) are trivially true. That the Triangle Axiom holds is assured by
the relation |a + b| < |a| + |b|, which is valid for any pair of real numbers
(a,b). O

Definition A.2.2 A sequence {u,} in a metric space (U, ©) is said to be a
FUNDAMENTAL, or CAUCHY, sequence if for every e > 0 there is an integer
M such that O (ug,un,) < € for all k,m > M. d

Definition A.2.3 A metric space (U, ©) is said to be COMPLETE if every
Cauchy sequence in this space converges to some element in U. O

Lemma A.2.2 The metric space defined in Lemma A.2.1 is complete.

PROOF. Let (U, 0) be the metric space defined in Lemma A.2.1, and let
{um} be any Cauchy sequence in this space. By definition, for any € > 0
there is a positive integer M such that

sup Jug(z) —um(2)| <€, Vk,m > M (A.2)
z2€Z

so that,
luk(z) —um(2)| <€, Vze€ Z,k,m>M (A.3)

Hence, the sequence {u,} meets the Cauchy criterion for uniform conver-
gence of real-valued functions (See Rudin [1964, Theorem 7.8, p. 134]). This
means that this sequence must converge to some real-valued function u € U.
It follows therefore that (U, ©) is a complete metric space. O

Definition A.2.4 Let (U,0) be a metric space and let A be a map on U
into itself. That is, assume that Au € U, VYu € U, where Au denotes the value
assigned to u by A. The MODULUS of A is the smallest number a satisfying
the condition

O(Au, Av) < aO(u,v) , Yu,v € U O (A.4)
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A.2.1 Example

Let Z be an interval [a,b], 0 < a < b < oo and let U be the set of all
bounded real-valued functions on Z. Consider now the metric © defined by
(A.1) and the map A defined as follows:

(Au)(z) := sup {2? + Pu(z —2)} , 2€ ZucU (A.5)
0<z<Lz
where 3 is some constant. Then,

O(Au, Av) =sup | sup {z?+ pu(z — )} — sup {22+ fv(z —z)}| (A.6)

z€Z |0<z<lz 0<z<z

so that an appeal to Lemma A.2.5 yields
O(Au, Av) < sup{ sup |[{2*+ Bu(z — z)} — {2* + Bv(z —2)}|} (A7)

z€Z 0<z<z

=sup sup |flu(z —z) —v(z — )] (A.8)
z2€Z 0<zx<z

= sup |Blu(z) — v(2)]] (A.9)
a<z<b

= sup |Blu(z) — v(2)]| (A.10)
z€Z

= sup |5|[u(z) — v(2)]| (A.11)
2€Z

= |Blsup[u(z) — v(2)]| (A.12)

z2€Z
= |80 (u,v) (A.13)
Thus, the modulus of A is not greater than a = |3|. O

Lemma A.2.3 Let (U,©) be a metric space and let A be a map on U into
itself whose modulus is in the range 0 < « < 1. Also, let {uy} be any
sequence in U whose limit u' is an element of U. Then, the sequence { Aup,}
converges to Au', and if u,y, = Aupy_1,Ym > 1 then v’ = Au'.

PROOF. Let (U, ©) be a metric space, A a map on U into itself and, {u,,}
a sequence in U satisfying all the above conditions. We need to show that
the sequence {Au,,} converges to Au/, with u/ denoting the limit of {u,,}.
Observe then that (A.4) entails that

O (A, Au') < a®(upm,u') , ¥Ym=1,2,3,... (A.14)
so that 0 < a < 1 ensures that
O(Aup, Au') < O(um,u') , Ym=1,2,3,... (A.15)

Since {u,} converges to v/, it follows that the right-hand side of (A.15)
converges to zero as m increases to infinity, hence the sequence {Au,, } must
converge to Au/.

Next, if w1 = Aup,, ¥m > 1, it follows that the two sequences {u,,} and
{Au,,} converge to the same point in U, hence v/ = Au’. O
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A.3 Contraction in the Functional Space

Definition A.3.1 Let (U,0©) be a metric space and A a map on U into
itself. Then, A is said to be a CONTRACTION MAPPING if there exists an «,
0 < a <1, satisfying (A.4). O

Lemma A.3.1 Let (U, ©) be a metric space, A a contraction mapping on it,
and ug any element of U. Consider the sequence {u,, : m = 0,1,2,3,...},
where Upmy1 = Aupy, m = 0,1,2,3,.... Then, this sequence is a Cauchy
sequence.

PROOF. Assume that the above conditions are met. Let {u,,} be any se-

quence such that ug € U and w1 = Auy,, m = 1,2,3,.... Since A is a
contraction mapping, it follows that
O(Atum41, At) < O (U1, Um) , Ym=0,1,2,3... (A.16)

for some 0 < o < 1.
Next, because by construction u,,+1 = Auy,, then

O(ug,u1) = O(Auy, Aug) < aO(u,up) (A.17)

O(u3, uz) = O(Aug, Aup) < a®(ug,ur) < a0 (u1,up) (A.18)
By induction therefore,
O (Umt1,Um) < a™O(uy,ug) , m=1,2,3,... (A.19)

Now, successive appeals to the Triangle Axiom yields
O (g, ) < Z O (Un, Up+1) , Yk >m (A.20)
so that (A.19), in conjunction with (A.20), imply that

O (uk, ) Z a"O(ug,ug) , Yk >m (A.21)

< Z a"O(uy,up) (A.22)

Finally, as 0 < a < 1, it follows that

O (uk, um,) < [%} O(u1,up) , Yk >m (A.23)
The fact that 0 < « < 1 implies that, for any € > 0 there is an M such
that the right-hand side of (A.23) is smaller than e for any pair (k, m) such
that k,m > M. Hence, {u,,} is a Cauchy sequence. O
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Theorem A.3.1 FixeD POINT.
Let (U,©) be a complete metric space, A a contraction mapping on it and

ug any element of U. Consider the sequence {up,}, where upmy1 = A,
m=20,1,2,3,.... Then,

1. The sequence {u,,} converges to some u' € U.
2. u' is the unique solution in U to the equation u = Au.

PROOF. In view of Lemma A.3.1, any sequence satisfying the above con-
ditions is a Cauchy sequence. Considering that the metric space here is com-
plete, any sequence satisfying these conditions converges to some v € U.
Hence, part (1) is true.

Next, as the modulus of A is in the range 0 < o < 1, and by construction
Uma1 = Aty,, it follows from Lemma A.2.3 that ' = Au’. To show that
the equation ©u = Au has a unique solution in U, assume that there is a pair
(u,v) € U? such that v = Au and v = Av. We have to show that u = v.

Since A is a contraction mapping, then

O(u,v) = O(Au, Av) < aO®(u,v) , 0<a <1 (A.24)
Next, because 0 < a < 1, it follows that ©(u,v) = 0, hence u = v. O
In summary then, the consequence of a contraction in the functional space
is as follows: Let {u,,} and {v,,} be any two sequences such that wu,, =

Aty and v, = Av,,_1,m > 1. In cases where the contraction is in the
functional space we have

O (U, V) = O (Aup—1, AUp—1)
< a0 (Upm—1,Vm—1)
= aO (Atpm—2, AVp—2)
<a?0 (Um—2, Vm—2)

and by induction

O (U, Um) < @O (ug,v9) , m=1,2,3,... (A.29)
If follows then that if 0 < o < 1, then
lim © (up, vm) =0 (A.30)

Thus, if {u,,} converges to some u” € U, then clearly {v,,} must also
converge to u”, regardless of what the initial approximations uy and vg are.
Furthermore, v’ = Au”.

Definition A.3.2 A functional equation v = Au,u € U is said to be a
TYPE-ONE EQUATION if there exits a © such that (U, ©) is a complete metric
space and A is contraction mapping on U. ]

Theorem A.3.1 outlines a scheme for solving such equations. The relevance
of this fact to dynamic programming functional equations is discussed in
Chapter 6.
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A.4 Contraction in the Domain Space

The distinctive feature of equations falling in this group is that the con-
traction in their case occurs in the domain space rather than in the functional
space. To make clear the distinction between the two types of contraction

consider the following.
A.4.1 Example
Consider the functional equation
u(z) =22 +u(fz) , 0< z<r
where 3 is some numeric constant, and let

(Au)(z) =22 +u(Bz) , 0< z<r

Then
O(Au, Av) = sup |(Au)(z) — (4v)(2)]
= sw [+ u(a)} — {2 + o2}
=5 u(z) — v(2)]

Now, suppose that 0 < g < 1. Then, clearly

sup |u(z) —v(z)| < sup |u(z) —v(z)]
0<z<p0r 0<z<r

and therefore

O(Au, Av) < 02121% lu(z) —v(2)|
= O(u,v)

Hence,

O(Au, Av) < aO(u,v) , a =1

(A.31)

(A.32)

(A.33)
(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

However, since a = 1, there is no contraction in the functional space. On

the other hand, define

Z:=0,r]
Z(m):=10,6"r], m=0,1,2,3,...
Oy (u,v) : =sup|u(z) —v(z)| , Y C Z

zeY

(A.40)
(A.41)
(A.42)
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Then, (A.42) yields
O(Au, Av) < Oz (u(z) —v(2)) (A.43)

Now, let {u,,} and {v,,} be any two sequences such that wu,, = Au;y,_1
and v, = Av,—1,m > 0, successive appeals to (A.43) yield

O (U, V) = SUp |um(2) — vim(2)] (A.44)
0<z<r

= sup [(Aup—1)(2) — (Avm-1)(2)] (A.45)
0<z<r

= Oz (Atpy—1, Avp—1) (A.46)

< GZ(l) (um_l, ’Um_l) (A47)

< Oz(2) (Um—2,Vm—2) (A.48)

and by induction
O (Um, vm) < Oz(m) (vo,v0) , m=1,2,3,... (A.49)

It follows then that if 0 < § < 1, then the sequence {Z(m)} has the
property that Z(m+1) C Z(m),Vm > 0 and as m — oo it converges to the
singleton Z* = {z*}, z* = 0. Since z* € Z(m) for all m > 0, we say that
there is a contraction in the domain space Z.

The point to note here is that (A.49) indicates that the contraction,
thereby the convergence of the sequence concerned, is crucially affected
by the nature of the initial approximation ug at z* = 0. For example,
suppose that uy and vp are real-valued functions on Z = [0,r] such that
u(0)(0) = vo(0), and that both are continuous at z = 0. Since the sequence
{Z(m)} converges to the singleton {0}, it follows that

im Oz (uo, vo) = 0 (A.50)
Hence, (A.49) implies that if the sequence {u,,} converges to some u” € U
such that u”(0) = uo(0) and " is continuous at z = 0, the sequence {vy,}
must also converge to u”. O

That said, observe however that these conditions do not provide for an ef-
fective contraction in the functional space. Therefore, to render the contrac-
tion in the domain space effective in the functional space as well, additional
measures need to be taken. Consider then the following.

Assumption A.4.1
1. There exist a metric ©' on Z, an element z* € Z and a real number
K € [0,00) such that

0'(2,2*) <K, VzeZ (A.51)
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2. There exists a scalar « € [0,1), such that

O z(m)(Au, Av) < Oy (u,v) , Yu,v € Uym =0,1,2,3,. .. (A.52)
where
Z(m):={2€Z:0'(z,2*) <a"K} , m=0,1,2,3,... (A.53)
Oy (u,v) :=suplu(z) —v(z)| , Y C Zu,v € U (A.54)
z€Y

Note that the above definitions entail that Z(0) = Z and that O z(u,v) =
O(u,v). O

Continuing with Ezample A.4.1, suppose that we set z* = 0 and let
O (2,2):=|z=72|, 2,2 € Z:=[0,r] (A.55)

Since Z = [0,7], we can now set K = r so that ©'(z,2*) < K, Vz € Z.
Also, if we set o = 3, then

Z(m)=10,8Mr] , m=0,1,2,3,... (A.56)
Therefore, (A.52) is true. O
As for provisions to ensure uniqueness, consider the following.

Assumption A.4.2 There exists a real number ¢ such that
(o]
Z Oz (m)(Aw,w) < oo, w(z) :=cVz€Z O (A.57)
m=0
These two assumptions define another type of functional equation. This

type of equation is discussed in Chapter 6.

Definition A.4.1 We say that uw = Au is a FUNCTIONAL EQUATION OF
TYPE TWO if there exists a © such that (U,©) is a metric space satisfying
Assumptions A.4.1 and Assumption A.4.2. O

Continuing with Example A.4.1, set ¢ = 0. Since o =  and Z(m) =
[0, 5™7r], it follows that

O z(m)(Aw,w) = sup |(Aw)(z) — w(2)] (A.58)
0<z<rpgm
— sup {22+ w(B2)} - wiz)] (A.59)
0<z<rpgm
= sup |{*+4¢c}—¢ (A.60)
0<z<rpm
= sup |2? (A.61)
0<z<rpm

= (rp™)? (A.62)
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Hence
> Oz (Aw,w) = (rf™)? (A.63)
m=0 m=0
= 2 Z B*m (A.64)
:;: A
e < 00 O (A.65)

Now, let U(c), ¢ € R, denote the set of all the bounded real-valued func-
tions on Z whose members are continuous at z* and equal to ¢ there. Also,
let {wy,} denote the sequence defined by w,, = Awp_1,Ym > 0 with
wo(z) := w(z) = ¢, Vz € Z. Supposing that Assumptions A.4.1 and As-
sumption A.4.2hold, then the following observations regarding the sequence
{wy,} are of interest to us.

Observation 1. Since O y(,,)(u,v) is non-negative, it follows from (A.57)
that

lim © () (Aw, w) =0 (A.66)

Also, because the sequence {Z(m)} converges to {z*} and w; = Aw, it
follows that w; is a member of U(c). Repeating this argument and invoking
(A.52), it follows by induction that

wm € U(e) , Ym >0 (A.67)
Observation 2. Since by definition wy,11 = Aw,,, it follows that

O(wz, w1) < Oz (w1, wo) (A.68)
recalling that by definition Z(0) = Z and © = © . Therefore, because

@(wg, wg) = @(Awg, Awl) (A69)

it follows from (A.52) that

C) (wg, wg) =0 (A’wQ, Awl) (A70)
< GZ(l) (wg, wl) (A71)
< GZ(2) (wl, wo) (A72)

so that by induction,

O (W1, Wm) < Oz (w1, wo) , m=1,2,3,... (A.73)
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Since wy and wi are continuous at z = z* and equal there, and the se-
quence {Z(m)} converges to {z*}, it follows that the right-hand side of
(A.73) converges to zero. Thus,

lim O (W41, W) =0 (A.74)

m—0o0

Observation 3. For any m > k we have

O (W, wi) = ilelg |win (2) — wi(2)] (A.75)
m—1

= sup Z [wit1(2) — wi(2)] (A.76)
z€Z i—k

so that invoking the Triangle Axiom we obtain

3

O (Wi, wi) < O (wiy1,w;) . (A.T7)

i

It therefore follows from (A.73) that

I
=

m—1
O (Wi, wi) < > Oy (wi,wo) (A.78)
i=k
m—1
i=k
recalling that by definition wg = w and w; = Aw. O

And with this in mind, consider now the following.

Theorem A.4.1 Let u = Au be any functional equation satisfying Assump-
tion A.4.1 and Assumption A.4.2. Then, the sequence {wy,} converges to
some w" € U(c) such that w" = Aw".

PROOF. First, note that (A.57), in conjunction with (A.79), imply that
for any € > 0 there is an M such that © (wy,,w;) < € for all m,k > M.
Hence, {w,,} is a Cauchy sequence. Since (U, ©) is a complete metric space
it follows that the sequence {w,,} converges to some w” € U. Furthermore,
because the convergence is uniform, it follows from (A.67) that w” € U(c).
To show that w” = Aw”, note that by construction Z(1) C Z(0) = Z so
that (A.52) entails that

O(Au, Av) < O(u,v) , Yu,v € U (A.80)

The inference then is that Assumption A.4.1 holds whereupon in view of
Lemma A.2.3 we may conclude that w” = Aw”. O

Having obtained satisfactory results for the sequence induced by the initial
approximation w(®) = w let us now consider the more general case.
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Theorem A.4.2 If u = Au is a functional equation of Type Two, then it
has at most one solution in U(c).

PROOF. Let u = Au be any Type Two functional equation and assume
that there exists a pair (u,v) € U(c) x U(c) such that u = Au and v = Awv.
To prove the theorem’s validity, we need to show that © = v. Note then that,
because u = Au and v = Av, we have

O(u,v) = O(Au, Av) (A.81)
so that this, in conjunction with (A.52), entail that
O(u,v) < O z(1)(u,v) (A.82)

because, by construction, Z(0) = Z and © = Oz. Also in view of u = Au
and v = Av, it follows from (A.82) that

O(u,v) < Oz (Au, Av) (A.83)
Thus, again invoking (A.52) we deduce from (A.83) the following
O(u,v) < Oy(9)(Au, Av), (A.84)
so that by induction,
O(u,v) < Oz (u,v),¥m =0,1,2,3,... (A.85)

Given that z* € Z(m) for all m > o, the sequence {Z(m)} converges
to {z*} and u and v are continuous at z* and equal there, (A.85) yields
O(u,v) = 0. Hence, u = v. O

The question is then whether the initial approximation ug € U(c) is a
factor in the convergence of a sequence {u,,} generated by w11 = Au,, to
the unique solution of u = Aw in U(c). Consider then the following.

Theorem A.4.3 Let u = Au be any Type Two functional equation and let
ug be any element of U(c). Then the sequence {up} generated by Umi1 =
Auyy, converges to the unique solution of this equation in U(c).

PROOF. Given the foregoing results, it is sufficient to show that for any
ug € U(c) the sequences {u,,} and {w,,} converge to the same point. Now,
by construction w,, 11 = Au,y, and w11 = Aw,, so that

O (Umt1, Wint1) = © (A, Awy,) , Ym =10,1,2,3,... (A.86)
Thus, successive appeals of (A.86) to (A.52) yields
O (Um, Wm) < Og(my(u,w) , Ym =0,1,2,3,. .. (A.87)

Since by construction z* € Z(m) for all m > 0 and the sequence {Z(m)}
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converges to {z*}, it follows from (A.87) that the sequence {© (u,, wn,)}
converges to zero, given that u and w are continuous at z* and equal there.
Therefore, considering that {w,,} converges to w” it follows that {u,,} also
converges to w”. O

Continuing with Ezample A.4.1, since ¢ = 0, set w(z) = 0, Vz € Z, by
construction

wV(2): = (Aw)(z), 0<z<r (A.88)
= 22 + w9 (8z) (A.89)
=2240 (A.90)
=% (A.91)

w?(2) : = (AwM)(2),0 <z <r (A.92)
=22+ w(B2) (A.93)
= z2 + (ﬁz)2 (A'94)

w®(2) : = (Aw?)(2),0 <z <r (A.96)
=22+ w?(B2) (A.97)
= 2"+ (82)* (1 + %) (A.98)
=221+ 62+ 8% (A.99)

By induction,
m—1

w™ (2) = 22 Zﬁ%,mz Lo<s<r (A.100)

k=0
1— ﬁQm
= 22~ r (A.101)
Hence,
w’(z) = nlgnoo w™(2),0<s<r (A.102)
1— 2m

= lim_ 22 i _5 P (A.103)

2
-5 (A.104)

recalling that 0 < 3 < 1.

To ascertain that w” is indeed a solution to the equation u = Au, define

w’(z) = (Aw)(2),0 < z <r (A.105)
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We need to show then that w® = w”. Now, by definition

w®(z) = 22 +w'(B2),0 <z <7 (A.106)
ﬁ 2
_ 2y 1(—Z)ﬂ2 (A.107)
2 3
=z [1 + = ﬁ2] (A.108)
=w"(2) (A.109)
Hence, w° = w". O

The following result is often used in conjunction with the metric space
specified by (A.1), eg. Example A.2.1.

Lemma A.4.1 Let Z be a non-empty set and let (q1,q2) be any pair of
bounded real-valued functions on Z. Then,

sup q1(z) —sup g2(2)| < sup|q1(z) — q2(2)| (A.110)
z2€Z z2€Z z2€Z

PROOF. Define

q, =supqy(z) , n=1,2 (A.111)
z2€Z

Since (A.110) is trivially true if ¢f = ¢, assume that ¢} # ¢5. Indeed, with
no loss of generality, assume that ¢ > ¢5. Hence, there exists some ¢ > 0
such that

¢y —qh > € (A.112)

observing that we can make € arbitrarily small.
This implies the existence of some z° € Z such that

(%) <qp < dh —e < qu(2°) (A.113)
which in turn implies that

¢ —dy—e<q(z") —@2(2°) < Sup 1(2) — q2(2)|. (A.114)
Now, as it is assumed that ¢] > ¢, it follows that

0 — dy = |y — dal, (A.115)
so that (A.114)-(A.115) yield

g1 — 3| < € +sup g1 (2) — g2(2)|- (A.116)
z2€Z
Since € can be arbitrarily small, this entails that
g1 — g5| < suplqi(2) — ga(2)| (A.117)
z2€Z

Consequently, (A.110) is true. O
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B.1 Introduction

Fractional programming, (referred to in Chapter 12), is a branch of nonlin-
ear optimization which concerns itself with optimization problems involving
ratio functions. Of interest to us here is the following family of problems:

Problem F : c:=maxr(z) = vlz) (B.1)
2€Z w(z)

where v and w are real-valued functions on some set Z, and w(z) > 0,

Vz € Z. Let Z* denote the set of optimal solutions to this problem. We

assume that the set Z* is not empty. O

Now, fractional programming proposes several methods to tackle problems
of this type. Of these, the most common is the parametric method. Its thesis
is that an optimal solution to Problem F' can be obtained via the solution
of a parametric problem of the following type:

Problem F()\): a()\) := max ra(z) i=v(z) = Aw(z) , AER (B.2)
ze

Let Z*(\) denote the set of optimal solutions to Problem F(X). It is as-

sumed that Problem F()\) has at least one optimal solution for each A € R.
O

The justification for seeking the solution of Problem F' via Problem F()\)
is in the fact that a A € R exists such that every optimal solution to the
latter is also optimal for the former. That this is indeed the case is shown
by:

B.1.1 Theorem

2 €7 <= z€Z(r(z)) (B.3)
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Proof. Part 1. y € Z* =y € Z*(r(y)).
Let y be any element of Z*. Then, by definition r(y) = ¢, and

v(z)
() > w(z),Vz €z (B.4)

Since w is positive on Z, multiplying (B.4) by w(z) yields
v(z) —cw(z) <0, Vze Z (B.5)

On the other hand, r(y) = c entails that

v(y) —cw(y) =0 (B.6)
Therefore,
v(y) —r(y)w(y) > v(z) —r(y)w(z),Vz € Z (B.7)

which in turn implies that y € Z*(r(y)).

Part 2. y € Z*(r(y)) =y € Z*.

Let y be any element of Z such that y € Z*(r(y)). Then, by definition (B.7)
holds. Also, since r(y) = v(y)/w(y), the left-hand side of (B.7) is equal to
zero. Thus, (B.7) entails that

0>v(z) —r(y)w(z),Vz € Z (B.8)

Now, since w(z) > 0, for all z € Z, dividing (B.8) by w(z) yields

v(2)
> Ve Z B.
r(y) = o) € (B.9)
This implies in turn that y € Z*. d

The following is an immediate implication of Theorem B.1.I:

B.1.2 Corollary

The equation a(A) = 0 has a unique solution A € R; specifically, a(\) =0
if, and only if, A = c. O

To solve the equation a(\) = 0, one would normally use Dinkelbach’s
Algorithm or one of its many offspring.

B.2 Dinkelbach’s Algorithm

The following simple procedure is the major technique used to solve frac-
tional programming problems.



Fractional Programming 505

Step 1: Select some z € Z and set k = 1, 2(J) = 2, and A = r(2).

Step 2: Solve Problem F(A®) and select some z € Z*(A*).

Step 3: If a(A®)) = 0, set 2/ = z and N = r(z), and stop.
Otherwise, set z5*D = 2 and A*+1) = r(2).

Step 4: Set k =k + 1 and go to Step 2. O

The algorithm’s central feature can be summed up as follows:

B.2.1 Theorem

Either Dinkelbach’s Algorithm terminates, in which case N = c and 2’ € Z,
or else the sequence {)\(k)} that it generates converges superlinearly to c.
Termination is assured if Z is finite. O

We shall prove this in stages. As a prelude consider the following observa-
tion which derives by inspection from the definition of Problem F()), that
is, from (B.2).

B.2.2 Lemma

1. a(N\) > 0 if, and only if, A < c.

2. a(A) <0 if, and only if, A > c.

3. a(N) s strictly decreasing with A (note that w(z) >0, Vz € Z).

4. a(\) is continuous and conver on R. O

Turning now to the proof. By construction, the algorithm terminates if,
and only if, a(A(*)) = 0. Consequently, Corollary B.1.2 implies the following:

B.2.3 Corollary
If Dinkelbach’s Algorithm terminates then N = c and 2’ € Z*. O

Having established this, I shall now show that the sequence {)\(k)} gen-
erated by the algorithm is strictly increasing. For this purpose let (z,y) be
any pair such that z € Z, y € Z*(r(z)) and r(z) # r(y). I need to show that
r(y) > r(z). Observe then that by definition y € Z*(r(z)) implies that

v(y) = r(2)w(y) = v(z) — r(z)w(z) (B.10)

Since 7(z) = v(z)/w(z), the right-hand side of (B.10) is equal to zero,
hence

v(y) —r(z)w(y) = 0 (B.11)

This implies in turn that r(y) > 7(z). Therefore, since r(y) # r(z), if
follows from (B.11) that r(y) > r(z). Hence,
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B.2.4 Lemma

The sequence {)\(k)} generated by Dinkelbach’s Algorithm is strictly in-
creasing, namely N\ Y > X&) for qll k. O

Consider then the case where Z is finite. Granted Lemma B.2.4, there
must exist a finite k for which Dinkelbach’s Algorithm generates a A¥) such
that r(y) = r(2®) for all y € Z*(r(2*))). This entails that a(A*)) = 0, from
which it follows that the algorithm terminates. Hence,

B.2.5 Lemma

If Z is finite, then Dinkelbach’s Algorithm terminates, N = c and 2’ € Z*.
O

To complete the picture it is necessary to account for the case where the
algorithm fails to terminate. Here, it must be shown that the sequence {\(¥)}
converges to c. To this end it is sufficient to show that this sequence converges
to a X such that a(\”) = 0, because Corollary B.1.2 would then imply that
X" = c. But to do this we need support from the following result.

B.2.6 Lemma

The sequence {w(z*) : k > 1} generated by Dinkelbach’s Algorithm is
nonincreasing, namely w(z*tD) < w(z®) for all k > 1, and it converges to
some w' > 0.

Proof. Let (), u,z,5) be any quadruplet such that (\,u) € R? X > p,
z € Z*(A\) and y € Z*(p). I shall first show that w(z) < w(y). This will enable
to demonstrate that the sequence {w(z*))} is nonincreasing. Observe then
that by definition, z € Z*(\) and y € Z*(u) imply that

v(z) = Aw(z) = v(y) — Aw(y) (B.12)
and

v(y) — pw(y) = v(z) — pw(z) (B.13)
respectively. Thus, adding these inequalities yields

(A —p)(w(y) —w(z)) 20 (B.14)

As A > p, it follows that w(z) < w(y).

Also, observe that by construction, z¥) € Z*(A(*=1) for all k > 1. Having
established that {)\(k)} is strictly increasing, we may conclude that for any
k > 1 we have A\(®) > \*=1D (k) ¢ z+(\E=1) and 2+ ¢ Z*(A\*)). This
implies that the sequence {w(z*)) : k > 1} is nonincreasing. Thus, as w is
strictly positive on Z and w(y) < w(z®) for all y € Z* and k > 1, it follows
that the limit of {w(z®))} is strictly positive. O

The above results lead to the following conclusion:
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B.2.7 Lemma

Should Dinkelbach’s Algorithm fail to terminate, the sequence {\*)} will
converge monotonically to c.

Proof. Recall that Lemma B.2.4 provided that the sequence {)\(k)} is
strictly increasing. Since by construction A*) = 7(2(®)) and 2*) ¢ Z, it
follows that A*) < ¢ | for all k. Hence, {\(*)} must converge to some \“ < c.
I shall now show that a(\”) = 0, then invoking Corollary B.1.2 we have
A“ = c. Observe then that by definition,

a(AF)) = gleag{v(z) — ABly(2)} (B.15)

and by construction A¥) = r(z(?)) = v(2)) /w(z*)) and 2D ¢ Z*(A\HR),
Hence,

a(AR)) = y(z*FD) = Ny (2 (H1)) (B.16)

Since w(z) > 0, Vz € Z, it follows that

(k+1)
a(A®)y = [”((Z (k-i—l)) _ )\(k)] w(z* D) (B.17)
wiz
= (AEFD\E) ) (o (k1)) (B.18)

Next, because {w(z*))} is nonincreasing and w(z) > 0, Yz € Z, it fol-
lows that the former converges to some w* > 0. Moreover, as {\(*)} also
converges, it follows from (B.18) that the sequence {a(A(*))} converges to 0.

Thus, given that Lemma B.2.2 assures that a(\) is continuous with A
and that Corollary B.1.2 provides that a(\) = 0 if, and only if, A = ¢, the
conclusion is that {\(*)} converges to c. O

As for the algorithm’s rate of convergence, we have the following:

B.2.8 Lemma

If Dinkelbach’s Algorithm fails to terminate, then the sequence {)\(k)} con-
verges superlinearly to c, that is,

c— )\(k+1)

lim
k—oo

Proof. Let y be any element of Z*, and let z be any element of Z*(\(F)
for some k > 1. Then, by definition, z € Z*(A(*)) implies that

o(y) — AP w(y) < v(z) — APw(z) (B.20)

Since w(z) > 0, and by construction A*t1) = r(2) = v(2)/w(z), dividing
(B.19) by w(z) yields

vy @) ) ()
wo Ml < A (B.21)
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Next, adding ¢ to both sides of (B.21) and rearranging the terms yields

o - AED < a4 A(m% _ % (B.22)

C om0 [ _ v)
K -] (B.23)
=c- Zg A~ (B.24)

recalling that y € Z* implies that v(y)/w(y) is equal to c. The inference
from (B.24) is that

RN [c _ A(’ﬂ [1 N w(y)] (B.25)

w(z)

Now, because ¢ > A¥) | dividing (B.25) by eA®) yields

[ﬂ <1- w(y)] (B.26)

c— &)

Observe that ¢ > A(*), Vk > 1 and that (B.26) holds for any y € Z*, k > 1
and z € Z*(A(*)). Hence,

c— /\(k—i—l)

— | <bly, k), Vk>1,ye z* 0 e z2(AW) (B.27)
c— Ak
where
w(y)
by, k) :==1— B.28

To round out the proof I must still show that there exists a y € Z* such
that {b(y, k)} converges to zero, or equivalently that {w(z*))} converges to
w(y). Let then w’ denote the limit of {w(z(®}, keeping in mind that Lemma
B.2.6 provides that w’ > 0.

Since {\*)} converges to ¢ and A¥) = v(2(F=1) /w(z*=1), it follows that
there must be a y € Z* such that w(y) = w'. O

As a final note I wish to call attention to two points. The first has to do
with the parametric method’s scope of operation, the second with the style
of exposition that I used to set it out here.

First, the merit of the parametric method is in its enabling the solution
of recalcitrant problems — problems falling under Problem F — through
the solution of problems that generally prove far easier to solve — problems
falling under Problem F()). Obviously, the underlying assumption here is
that, to be able to use this method, the particular instance of Problem F()\)
under consideration must be amenable to at least one of the available opti-
mization techniques.N Second, my presentation of the parametric method in
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this appendix is in line with the accepted treatment thereof in the literature.
In Appendix C, however, I give this method a thoroughly different phrasing,
basing it on a different theoretical foundation. To be precise, parting ways
with the standard approach, in Appendiz C 1 explain the parametric method
in a manner that shows it to be a typical classical optimization method.

B.3 Bibliographic Notes

More on fractional programming’s parametric method can be found in
Dinkelbach [1967], Schaible [1976], Craven [1977, 1988], Ibaraki [1983], and
Schaible and Ibaraki [1983], Sniedovich [1987a, 1987b, 1989).
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C.1 Introduction

In this appendix I sum up the essentials of the nonlinear parametric
optimization method that I entitled composite concave programming (c-
programming for short). This method — referred to in Chapter 12 — is
designed to solve problems of the following form:

Target Problem
Problem T : T := max r(z) = ®(u(2)) (C.1)
ze
where u is a function on some set Z with values in R*, and ® is a real-
valued function on u(Z) := {u(z) : z € Z}. Let Z* denote the set of optimal
solutions to this problem. We assume that Z* is not empty.

Problems of this type often prove extremely difficult to solve because in
many cases they defy the solution techniques of standard optimization meth-
ods. So, the tactic that c-programming proposes is to obtain their solution
by solving a (surrogate) parametric problem derived from Problem T by a
linearization of ® with respect to u. That is, a problem of the following form:

Parametric Problem, \ € R .

k
Problem T(X) : t(\):= max ra(z) = Nu(z) = Z AmUm (2) (C.2)
m=1

where u,,(z) and A, denote the m—th component of u(z) and X respectively,
and A\ denotes the transpose of \.
Let Z*(\) denote the set of optimal solutions to Problem T'(\). We shall
assume that for each A\ € R¥ the set Z*(\) consists of at least one element.
The rationale for seeking the solution of Problem T through the parametric
problem is simple. Contrary to the target problem, the parametric problem
is often readily amenable to standard optimization methods.

511
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To illustrate what kind of problems are subsumed by Problem T', consider
the following.

C.1.1 Example

Consider the following nonlinear, discrete optimization problem:

N 2
Z bnzn] ,a>0
n=1

N
max ) E An 2y + o
=1

(217~~~7ZN

N
Z cnin < C
n=1

2 €{0,1,2,...,C}

To comply with the format of Problem T, set k = 2

N
up(z1,...,2N) = Zanzn
n=1

N
uz(z1,...,2N) = anzn
n=1

O(u(2)) = u1(2) + aud(z),z € Z O

C.1.2 Example
Consider the case where &k = 2 and
D (u(z)) == UI—(Z),UQ(Z) >0,VzeZ (C.3)
uz(z)

This, of course, is the family of fractional programming problems analyzed
in Appendiz B. O

The discussion is confined to a subclass of Problem T whose members
satisfy the following conditions.

C.1.3 Regularity conditions

1. There exists an open convex set U C RF such that u(Z) C U.
2. The function & is differentiable on U with respect to .
3. The gradient of ® with respect to u is bounded on U. O

Let V®(u(z)) denote the gradient of ® with respect to u at u(z); and to
keep the notation simple, define

d(z) == VO(u(z)) := VO(b) [py(z) (C.4)



Composite Concave Programming 513

namely, let d(z) denote the gradient of ® with respect to u at b = u(z).
Observe that fractional programming problems are characterized by

U=RxR*,R*:={aeR:a> 0} (C.5)
and
Vo (u(z)) = (uiz) , {éii) ez (C.6)

The merit of c-programming is in the link that it establishes between
Problem T and Problem T(\) and in the algorithms that it supplies. That
is, c-programming identifies the conditions under which a A € R* exists such
that Z*(\) C Z*. By identifying these conditions c-programming provides
the theoretical justification for seeking the solution for Problem T through
the solution of Problem T()\). But what is more, by furnishing algorithms
capable of recovering such a A it enables the solution of Problem T.

C.2 Preliminary Analysis

The first point that needs to be clarified is on what grounds is Problem
T sought to be linked to Problem T'(\). To do this we need to review those
properties of generalized convex functions that bear on this question.

So, let (a, b) be an element of U2. Then, subject to the following generalized
convexity and concavity condition, ® has these properties:

Quasiconvezity :  ®(a) < ®(b) = (a — b)'VI(b) <0 (C.7)
Pseudoconvexity : ®(a) < ®(b) = (a — b)'V®(h) <0 (C.8)
Quasiconcavity :  ®(a) > ®(b) = (a — b)'VI(b) >0 (C.9)
Pseudoconcavity :  ®(a) > ®(b) = (a — b)'V®(b) > 0 (C.10)

A function is said to be pseudolinear if it is both pseudoconvex and pseu-
doconcave.

In view of our assumption that ® is differentiable on U, it must also be
pointed out that (Avriel [1976], Bazaraa and Shetty [1979]):

C.2.1 Lemma

Pseudoconverity —> Quasiconverity

differentiabilit - concavi
ifferentiability + Pseudoconcavity == Quasiconcavity

(C.11)

So, an examination of the implications of (C.7)-(C.10) for the relation
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between Problem T and Problem T(\) reveals the formal ties between the

two problems.

Let (y,z) be an element of Z2. Since by definition, r(z) = ®(u(2)),
d(z) = V®(u(z)) and ry(z) = Au(z), it follows from (C.7)-(C.10) that:

Quasiconverity 1 1(y) < 1(2) = rq)(Y) < ra2)(2)
Pseudoconvezity :  r(y) < r(z) = rqe)(y) < r4)(2)
Quasiconcavity :  1(y) > 1(2) = T (Y) = Tae)(2)
Pseudoconcavity : 1(y) > 1(2) = rq0)(y) > r4(x)(2)

The immediate implications of the above are in the relations between the
set Z* and the sets {Z*(d(z)) : z € Z*}. These of course, furnish the theo-
retical foundation for c-programming algorithms. Of particular importance

are the following:
C.2.2 Lemma
If ® is quasiconvexr on U, then
2 €7 = z€ Z*(VP(u(z)))
and

{z€2,2¢ 22 (VO(u(2))),y € Z°(VO(u(2)))} = r(y) > r(2)

C.2.3 Lemma

If ® is pseudoconvexr on U, then

Z*(Vo(u(z))) Cc Z*, Yz € Z*

C.2.4 Lemma

If ® is pseudoconcave on U, then
2 € Z*(VOP(u(2))) = z€ Z*
and

z2€ Z"(VO(u(z))) = Z* C Z* (VO (u(2)))

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)

Since these results follow directly from (C.12)-(C.15) and their respective
contrapositive relations, it will suffice to set out the proof of Lemma C.2.2.
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Proof of Lemma C.2.2.

By definition, z € Z* implies that r(y) < r(z), Vy € Z. Hence, (C.16) is
an immediate consequence of (C.12). Next, let (z,y) be any element of Z2
satisfying the premise in (C.17). Because the contrapositive of (C.12) implies
that

Ta(z)(Y) > ray(2) = r(y) > 1(2) (C.21)

and since any pair satisfying the premise in (C.17) also satisfies the premise
in (C.21), it follows that r(y) > r(z). O

Finally, because ® is assumed to be differentiable on U, the foregoing
results entail the following:

C.2.5 Theorem
If ® is pseudolinear on U, then

2 €7 <= 2z Z"(VP(u(z))) (C.22)
and furthermore
7 =7Z*(Vo(u(z))) , Yz € Z* (C.23)

A point particularly worth noting is the affinity of (C.22) to the classical
first-order necessary and sufficient condition governing the maximization of
differentiable concave functions. Note that (C.22) in fact means that z* € Z
is an optimal solution to

max D (u(z)) (C.24)

if, and only if, it constitutes an optimal solution to

max V@ (u(z*)] u(2) (C.25)

An interesting consequence of this is that because the function

b
D(b) := é,bl €R, by eRT (C.26)

is pseudolinear on R x R™, Theorem C.2.5 holds for fractional programming
problems.

To see that this is so I need to show that ® defined by (C.26) is indeed
pseudolinear. Observe then that (C.26) implies that

Vo(b) = <i —b—1> ,beR xRt (C.27)
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so that
¢ (1 b1
(a=0)VO(b)=(a—0)|—, -5 (C.28)
1 b1
_ _ RV
= (a1 — b1,a2 — bo) <b2 ; b%)
o ayp — b1 —b1 (ag — bg)
T Tn T ®
_ ba(ay — b1) — bi(az — ba) _ baai — bras _ a4y a1 by
b% b% b2 as b2
a
= b—j(@(a) — ®(b)) (C.29)

Because by and ag are strictly positive it follows from (C.29) that (C.8)
and (C.10) are true. This entails that ® is pseudolinear.

The upshot of the foregoing analysis is then that, in cases where @ is
pseudoconvex, the set

I':={Vo(u(z)):z¢€ 2"} (C.30)

contains a A such that any optimal solution to Problem T'(\) is also optimal
for Problem T. If ® is pseudolinear, any element of I' has this property.
My next task will be to profile the algorithms that would be capable of
identifying such \'s. I shall do this in the framework of specific sub-cases of
Problem T, obtained by attributing specific properties to the function .

C.3 Pseudolinear Problems

This title defines a subclass of Problem T which consists of problems char-
acterized by ® being pseudolinear on U. An interesting implication of this
grouping is that fractional programming problems are in fact pseudolinear
c-programming problems.

Now, Theorem C.2.5, as we know, provides the assurance that if A € T’
then the optimal solutions of Problem T'(\) are also optimal for Problem T.
The following algorithm is designed to recover such a A in the case where ®
is pseudolinear.

C.3.1 Algorithm

Step 1: Select an element z from Z and set A\() = V®(u(2)), 2() = 2z and
m = 1.
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Step 2: Solve Problem T'(A(™) and select an element z from Z*(A\(™).

Step 3: If 2™ € Z*(A(™) set 2/ = 2(™ and N = A\(™) and stop. Otherwise,
go to Step 4.

Step 4: Set m =m + 1, 20" = z and \(™) = V®(u(2)), and go to Step 2.00

Several observations ought to be made about this algorithm. First, if the
algorithm terminates at the m — th iteration then by construction z(™ e
Z*(A\™). Thus, since by construction A\(™ = V®(u(2(™)), Theorem C.3.5
implies the following.

C.3.2 Corollary

Assume that ® is pseudoconcave on U. If Algorithm C.3.1 terminates then
2 e Z* and Z* C Z*(N). O

Second, by construction, the sequence {z(m)} generated by Algorithm
C.3.1 has the property that z(™+1) € Z*(V®(u(2(™))) for all m > 1. Hence,
the following is an immediate implication of (C.17).

C.3.3 Corollary

Assume that ® is quasiconvex on U. Then, the sequence {r(z(™)} gener-
ated by Algorithm C.3.1 is strictly increasing. O

Third, granted that & is differentiable and pseudolinear, it is both pseudo-
concave and quasiconvex. Therefore, Corollaries C.3.2-3 yield the following.

C.3.4 Corollary

Assume that ® is pseudolinear and that the set {u(z) : z € Z} is finite.
Then Algorithm C.3.1 terminates, 2’ € Z* and Z* = Z*(\). O

However, what if Algorithm C.53.5 does not terminate? To provide for such
a situation consider the following.

C.3.5 Lemma

Assume that ® is pseudolinear on U, that V® is continuous on U, and
that the sequence {u(z(m)} generated by Algorithm C.3.1 converges to some
u" € U. Then, ®(u') =71 and Z* C Z*(Ve(u")).

Proof. Since ® and V& are continuous on U and {u™} converges to
u" € U, it follows that {®(u(z(™))} converges to ®(u”) and {\™} converges
to X' = V®(u”). Furthermore, as (C.2) implies that ¢()\) is continuous on
R*, the sequence {t(A(™)} must converge to t(\"). Also, considering that
by construction z(™*1) is an element of Z*(A(™), it follows that

t(A)) = (At (z(m+1) (C.31)
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Next, since {\(™} converges to A’ and {u(z(™)} converges to u”, it follows
that

tN") = (W) (C.32)
Thus, (C.2) in conjunction with (C.32) entail that

[u(z) —u"'N" <0, Vze Z (C.33)
Now, since @ is pseudoconcave, it follows from (C.33) that

P(u(z)) <®("),Vze Z (C.34)
so that (C.1) in conjunction with (C.34) yield

T < d(u”). (C.35)

On the other hand, because (C.1) implies that 7 > ®(u(z)), Vz € Z and
since {®(u(2™))} converges to ®(u”),it follows that

7> ®(u") (C.36)
Thus, (C.35)-(C.36) imply that 7 = ®(u”), thereby entailing that
O(u(z)) =oW"), Vz € Z* (C.37)

Finally, as @ is differentiable and pseudoconcave, it is also quasiconcave.
It therefore follows from (C.37) that

[u(z) —u"]'VOW") >0, Vz € Z* (C.38)

Thus, since by construction A’ = V®(u”), (C.38) implies that Z* C
Z*(N"). O

Note that pseudolinearity entails that
®(a) = ®(b) += (a — b)'VP(b) =0 (C.39)

for any pair (a,b) € U2 Therefore, because (C.33), in conjunction with
(C.38), imply that if ® is pseudoconcave then

[u(z) —u"'Ve(") =0, V2 € Z* (C.40)

the following is an immediate consequence of Lemma C.3.5 and (C.40).

C.3.6 Lemma

Assume that ® is pseudolinear on U, that V® is continuous on U and
that the sequence {u(z(™)} generated by Algorithm C.3.1 converges to some
u' e U. Then ®(W') =71 and Z* = Z*(\"), where N = V®(u"). O

It should be pointed out that fractional programming problems satisfy the
conditions assumed by Lemma C.3.6.
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C.4 Convex Problems

Under this heading are grouped instances of Problem T with the char-
acteristic that ® is convex. Now, as convexity entails quasiconvexity and
convexity in conjunction with differentiability entail pseudoconvexity, the
foregoing analysis provides the following result:

C.4.1 Lemma

If ® is convex on U then the sequence {r(z™)} generated by Algorithm
C.3.1 is strictly increasing. The algorithm terminates if the set {u(z) : z €
Z} is finite; furthermore, the sequence {r(z"™)} converges to some " < 7.
g

The point is, however, that there is no assurance that the solution gen-
erated by the algorithm for a problem of this subclass is indeed optimal.
This is due to the fact that under convexity z € Z*(V®(u(z))) does not
necessarily imply that z € Z*. The following example illustrates this point.

C.4.2 Example

Consider the problem

o o2 g
T = max (z—2)*, Z:=10,3]

In line with the (C.1), set k = 1, u(2) := (22), U = R, and ®(b) := b
Clearly, ® is convex and differentiable on U. By construction, the affiliated
parametric problem is of the form

t(A) :=max\(z—2), AeR
z€Z

and therefore, by inspection,

{3 , A>0
Z*(\) = Z , A=0
{0} , A<0

Consider now the feasible solution z(1) = 3. Since V®(u(z)) = 2(22), it
follows that A(V) = V@ (u(z(1)) = 2, so that z(1) € Z*(A(M)). That is, Al-
gorithm C.3.1 terminates after the first iteration with 2/ = 3 and X = 2.
Notice, however, that the (unique) optimal solution for the problem in ques-
tion is z = 0, meaning that the algorithm produced a non-optimal solution
for the problem considered. O

The measures taken by c-programming to overcome this difficulty is to bol-
ster Algorithm C.8.1 by incorporating in it standard Lagrangian techniques
in combination with what I call coverage functions.
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C.4.3 Definition

Let (X, 2) be a pair such that A € R¥ and z € Z*(\) and let A be a subset
of R¥. Then, (\,z) is said to COVER A if

(y € Z, Vo(u(y)) € A) = (u(2)) = 2(u(y)) (C.41)

Let C()\, z) denote the subset of R¥ that is covered by (X, z) and define:
M

CHAM 2Py 1 <m < MY) = ] c(A™, 2) (C.42)
m=1

In accordance with (C.42), a sequence Q = {(A\) 2(™) . 1 <m < M}
such that \(™ € R* gnd (™M) ¢ Z*()\(m)) for alll <m < M is said to cover
A if every element of A is covered by at least one element of Q. I shall refer
to the function C' as a coverage function. O

The following is an obvious implication of (C.41)

C.4.4 Lemma

Let Q = {(A\™ 2(M) . 1 <m < M} be a sequence such that A\(™ € RF
and 2™ € Z*(A\™) for all 1 < m < M, and define,

Z°(Q) = {z(”) 1< n <M &wu(:") = max{q)(u(z(m))) :1<m iﬁi)}

If Q covers the set T':= {V®(u(z)) : z € Z} then Z°(Q) C Z*.

Proof. Let Q = {(A(™, 2(™) : 1 < m < M} be any sequence satisfying
the premise of Lemma C.4.4 and let y be any element of Z*. I shall show
that there must be some 1 < m < M such that ®(u(z™)) = ®(u(y)), from
which it will follow that 2™ € Z* and consequently that Z°(Q) C Z*.

Observe then that because @) covers I' and V®(u(y)) € I, it follows that
there must exist some 1 < m < M such that (A\(™), 20™) covers {V®(u(y))}.
Thus, (C.41) implies that ®(u(z™)) > ®(u(y)). Hence, since z(™ € Z and
y € Z*, it follows that 2™ e Z*. g

I call attention to the fact that no convexity conditions are premised by
Lemma C.4.4. Such conditions will, however, have to be imposed on ® to
enable identifying effective coverage functions. In any case, Lemma C.4.4
suggests the following:

C.4.5 Algorithm

Step 1: Construct a set V' C R such that V®(u(z)) € V, Vz € Z.

Step 2: Select an element A from V', solve Problem T'()), select an element
z from the set Z*(\) and set m = 1, 2/ = 2z, 7/ = ®(u(z)), and
Vi = C() 2).
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Step 3: If V. V(™) stop. Otherwise go to Step 4.

Step 4: Select an element \ € V such that A ¢ V(™).

Step 5: Solve Problem T'(\) and select an element z from the set Z*(\). If
P(u(z)) > 7' set 2/ = z and 77 = ®(u(2)).

Step 6: Set V) = v (™) y (A, 2) and m = m + 1, and go to Step 3. O

Note that this algorithm terminates if, and only if, V" C V™. Thus, the
following is an immediate consequence of Lemma C.4.4.

C.4.6 Theorem

Assume that C is a coverage function and that Algorithm C.4.5 terminates.
Then, z' € Z*. O

Two questions require attention.

- What sort of coverage functions can be devised for convex problems?
- How powerful can these functions be?

Let us consider the first question first.

C.4.7 Theorem
If the function ® is convexr on U then the function C defined by
C\z)={aA+ (1 —a)VP(u(z)) : 0 < a <1} (C.44)

is a coverage function.

Proof. Since @ is differentiable and convex on U, it follows that
O (u(2)) = @(u(y)) + [V (uy)]'[u(z) — u(y)] (C.45)
and
[Ve(uly)) — V(u(2))] [u(2) — u(y)] <0 (C.46)

for any pair (z,y) € Z? (see Bazaraa and Shetty 1979, p. 91).

Now, contrary to the theorem, assume that C is not a coverage function.
In this case there must be a triplet (), z,y) satisfying the premise in (C.41)
and the condition ®(u(y)) > ®(u(z)), thereby implying that (C.45) entails
that

(V@(u(y)) [u(z) —uly)] <0 (C.47)

Multiplying (C.47) by a and (C.46) by 1 — a and adding the resulting in-
equalities yield

[0V P(u(y)) — (1 — ) V(u(2))] [u(z) — u(y)] <0 (C.48)
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However, because (C.44) entails that V®(u(y)) = al+ (1 — a)V®(u(z)) for
some 0 < o < 1, it follows that

Vo(u(y)) — (1 — a)Ve(u(z)) = aX (C.49)
for this «, so that (C.48)-(C.49) imply that
aX u(z) —u(y)] <0 (C.50)

Thus, since a > 0, it follows that A'u(y) > Au(z) which is in contradiction
to the contention that z € Z*(\). O

The coverage function specified by (C.44) produces the line segment con-
necting the points A and V®(u(z)). The implication is then that this function
is unlikely to provide effective coverage in cases where k£ > 2. This finding
brings us to the second question about these coverage functions, namely
what efficacy can such functions have. As we shall shortly see it is indeed
possible to formulate far more potent coverage functions by attributing ®
certain separability properties.

C.4.8 Theorem

Assume that ® admits the following representation

k
O(u(z)) =Y Pn(un(2)) (C.51)
n=1

where for each n, 1 < n < k, the function &, is convex and differentiable
with respect to u, on some open convex set U, C R* such that un(z) € Uy,
Vz € Z. Then, the function C defined by

C(\z):={ne R* : j1,, = aphn + (1 — )V, (uy(2)),
0<ap,<1,1<n<k} (Cb52)

18 a coverage function.

Proof. Let (), z,y) be any triplet complying with the premise in (C.41).
We need to show that ®(u(z)) > ®(u(y)). Observe then that because
Vo(u(y)) € C(A z2), it follows from (C.52) that there exists some vector
aERksuchthat0<ozn§1, 1<n<k,and

VO, (un(y)) = anAp + (1 — ) VO, (un(2)),V1 <n <k (C.53)
Since the functions {®,,} are convex and differentiable, it follows that

(V@0 (n(2)) = VB (tn()n(2) — un(y)] > 0¥ <n <k (C.54)
Thus, (C.53)-(C.54) yield

[An = V& (un(y))][un(z) — un(y)] <0,VI <n <k
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which in turn implies that
Nu(z) = u(y)] < (VO(u(y))'[u(z) — u(y)] (C.55)
Thus, as z € Z*()\), it follows that Au(z) > Mu(y) thereby implying that
the left-hand side of (C.55) is non-negative, and needless to say, that the

right-hand side of (C.55) is non-negative as well. Hence, since ® is convex
and differentiable, it follows from (C.45) that ®(u(z)) > ®(u(y)). O

A function ® admitting the representation given in (C.51) is said to be
convex and additive.

It should be noted that C (), z) defined by (C.52) yields the k -dimensional
rectangle specified by the vertices A and V®(u(z)) — with the exclusion of
the faces connected to V&, (u,(z)) if a;, = 1. Clearly, this coverage function
can be counted on to perform effectively even in cases where k > 2.

Another point I wish to make about the coverage functions used in con-
junction with Algorithm C.4.5 is that they are Lagrangian in nature. For the
purposes of this discussion it will suffice to consider the following.

C.4.9 Lemma

MNeRF ze Z*(\),ze Z*(N)y = z € Z*(u),Yu e [\, N] - (C.56)

Proof. By definition, z € Z*(u) implies that

plu(z) > plu(y),vy € Z (C.57)
so that z € Z*(\) implies that

MNu(z) > Nu(y) , Vye Z (C.58)
and that z € Z*()\') implies that

(\)u(z) = (N)'uly) , Yy e Z (C.59)

Thus, multiplying (C.58) by 0 < o < 1 and (C.59) by 1 — «, and adding the
resulting inequalities yields

[aX + (1 — )N u(2) > [ad + (1 — a)Nuly) , Yy e Z (C.60)
This means that

zeZ*(u),Yu € {ad+(1—a))N :0<a <1} O (C.61)
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C.4.10 Lemma
Let (A, N, z,2") be any quadruplet such that z € Z*(X), 2/ € Z*(XN'), z ¢
Z*(N) and 2’ ¢ Z*(\) and set
N =aX+(1—a)N (C.62)
where
1, ()
= A (€09
If either z € Z*(\") and/or 2 € Z*(\"), then
€ Z*(u),Yu e {BA+(1—-BN:0<3<1} (C.64)
and
ZeZ*u),Yue{BN+(1 -8\ :0<B<1} (C.65)

Proof. Assume that the quadruplet (A, N, z,2’) satisfies the premise in
Lemma C 4.10. Now, since z € Z*(\), 2/ € Z*(X), z ¢ Z*(N) and 2’ ¢
Z*(\), it follows that

Nu(z) > Nu(2) (C.66)
and

(M)tu(2') > Ntu(z) (C.67)
from which it follows that

0 < W)u(?) — u(2)] < (A = X' [u(z) — u(z)] (C.68)

which in turn implies that « defined by (C.63) satisfies the condition 0 <
a < 1. Now, to prove the lemma I must show that if either z € Z*(\")
and/or z' € Z*(\") then (C.64) and (C.65) hold.

Multiplying (C.63) by its denominator yields

a(X = N)'u(z) = u(2)] = X'[u(z') — u(2)] (C.69)
from which it follows that

a(A = M) u(z) — u(2)] + Nu(z) —u(z)] =0 (C.70)
and consequently that

[aX + (1 — )N [u(z) — u(2)] = 0. (C.71)
Thus, (C.71), in conjunction with (C.62), implies that

(N")u(z) = (V") 'u(=) (C.72)
This in turn entails that

e Z*\N') =2 e Z*(\') (C.73)

Finally, since z € Z*(\) and 2’ € Z*(\), Lemma C.4.9, in conjunction

with (C.73), imply that (C.64)-(C.65) hold. O

I now consider a special case of the convex additive type
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C.5 One-Dimensional Convex Additive Problems

This subcase comprises problems for which k£ = 2 and
r(z) := ®(u(2)) = ui(z) + p(uz(z)) (C.74)

where ¢ is a differentiable convex function on some open convex set contain-
ing {uz(z) : z € Z}. In compliance with the general convex additive format
given by (C.51) we can set ®1(u1(z)) = ui(z) and Pao(u2(z)) = @(ua(2)),
Vz e Z.

Observe that the partial derivative of ®; with respect to u; at uy(2), z € Z,
is equal to 1 for all z € Z. Hence, the search for A € I' can be restricted
to the second component of A, namely we can set A\ = 1 at the outset. In
short, the parametric problem would be of the following form:

Problem T(\):  t(\) := max ra(z) = ui(z) + Aug(z) , AeR (C.75)
ze

The great attraction of this sub-case is that the parameter A is a scalar.

Consequently, Algorithm C.4.5 reduces here to a line search. Before out-

lining the algorithm designed for this case, I note that in the case under
consideration Lemma C.4.10 makes the following statement:

C.5.1 Lemma

Assume that (\, N, 2,2") is a quadruplet such that z € Z*(\) and 2’ €
Z*(XN'), where X and X' are elements of R(Note that Z*(u) denotes the set
of optimal solutions to (C.75) for X = u.) Also, assume that us(2) # usz(2'),
and define

ui(2') —ui(2)

N = EETAE) (C.76)
If either z € Z*(N")and/or 2" € Z*(\") then

ze€Z (), Vpe{ard+(1—-—a))":0<a <1} (C.77)
and

ZeZ*(u), Vue{aN +(1 —a)N: 0 <a <1} (C.78)

By the same token, Lemma C.4.9 can be restated as follows:

C.5.2 Lemma
IMNeERANS N, z€e Z*N\),z€ Z*N)} = 2€ Z%(n) , Yu e [\, N] (C.79)

Finally, Theorem C.4.8 can be formulated in this case as follows:
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C.5.3 Lemma

If ® admits the representation specified by (C.74) and ¢ is convex, then
the function C defined by

C\z)={ad+ (1 —a)Vp(u(z)):0<a<1l}, XeR, zeZ (C.80)
is a coverage function.

So the algorithm that one would use to track down a A such that Z*(\) C
Z* will employ (C.76) as a device with which to bisect the subintervals of R.
The algorithm will always seek out the lowest subinterval for this purpose.

C.5.4 Algorithm
Comment: The coverage function used in Step 4 is that specified by (C.80).
Step 1: Find a pair of numbers (\;, \y) such that
N <Vou(z) <Ay, Vz€Z (C.81)

and set T = (N, \,).
Step 2: Solve Problem T(\) for X = X\, and A = X\, and set,

= max{r(zl),r(zu)} (C.82)
! Zl 5 ’7'/ et T(Zl)

: _{ Zy , otherwise (C.83)

Z(l) = (Zl7Zu) (084)

where z; and z, are the solutions found for Problem T()\;) and Problem
T (\y) respectively. Set m = 1.

Step 3: Stop if the sequence T'™) is a singleton. Otherwise go to Step 4.
Step 4: If {(A\;, 21), (Au, 2u)} covers the interval [N\, \y], go to Step 8.
Step 5: Solve Problem T(X) for

i (z1) — u1(2u)
A= —"F—"— C.85
uz(2u) — ua(21) (6.59)
and select some z € Z*(N). If r(z) > 7/, set 2/ = z and 7" = r(2).

Step 6: If either z; € Z*(\) and/or z, € Z*(\), go to Step 8. Otherwise
go to Step 7.

Step 7: Set
A=A, 2y =2 (C.86)
rm+l) — (), 10 2+ — (4, z(m) (C.87)

m=m++ 1, and go to Step 4.
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Step 8: Set
)‘l = )\uy 2] = 2y (088)
pm+D) — 1 | o) zm+d) — g | z(m) (C.89)
Ay =110+ 5 = 19 z(m+1) (C.90)

m=m+ 1, and go to Step 3.

Note: The operations denoted by the symbols | and T are defined as
follows. Let S be a non-empty sequence. Then 1 T S designates the first
element of S and 1 | S the remainder of S after its first element is dropped.
O

Let us now investigate the behavior of this algorithm. For this purpose it
will be convenient to slightly modify it as follows:

C.5.5 Algorithm
The same as Algorithm C.5.4., except that Step 4 is defined thus:

Step 4: If either z; € Z*(A\y)and/or z, € Z*(N\;), go to Step 8. O

Note that if the condition tested in Step 4 of Algorithm C.5.5 is satisfied,
then on the strength of Lemma C.5.1 either z; € Z*(\) for all A € [\, A,] or
zy € Z*(A) for all A € [N\, A\y]. In either case, the interval [A;, A,] is covered
by the pair {(A;, z1), (Au, 24)}, recalling that the coverage function used is the
one defined by (C.80). This means that if Algorithm C.5.5 terminates, Algo-
rithm C.5.4 must terminate as well, possibly after fewer iterations. In either
case, because the lowest subinterval is discarded only when it is covered, the
following result holds.

C.5.6 Lemma
If Algorithm C.5.5 terminates, then 7/ = 7 and 2’ € Z*. O

The question as to what kind of conditions assure that the algorithm
terminates can be answered thus: Step 3 follows immediately one of these
events: A new solution z was detected in Step 5 or an interval was discarded
in Step 8. Since new intervals are created in Step 7 only by new solutions,
the inference is that the algorithm must terminate if there are finitely many
solutions. In other words, Lemma C.5.2 entails that the same solution cannot
enter more than once into the sequence Z(™. Thus,

C.5.7 Theorem

Assume that the derivative of ¢ is bounded on {ug(z) : z € Z} and that
the set Z is finite. Then Algorithm C.5.5 and Algorithm C.5.4 terminate,
each yielding 7' = 1 and 2’ € Z*. O
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As a final note, I wish to point out that it is in fact possible to relax
somewhat the conditions stipulated by Theorem C.5.7 by requiring that the
set {z:z € Z*(\), A € R} rather than the set Z be finite.

C.5.8 Bibliographic Notes

More on c-programming can be found in Sniedovich [1985a, 1986b, 1989],
Byrne et al. [1998], Churilov et al. [1998] and Churilov et al [2004]. The re-
lationship between c-programming and fractional programming is discussed
in Sniedovich [1987b]. Numerical experiments with c-programmming/linear
programming schemes are reported on in Macalalag and Sniedovich [1991].



D

The Principle of Optimality in Stochastic
Processes

D.1  Preliminary Analysis .........c.o.iiiiiiiiiiiii i 529
D.2 Common Interpretation of the Principle........................ 531
D.3 Principle of Optimality (stochastic models) .................... 532
D4 ConcluSions .. ...o.eniutt e 533
D.5 Bibliographic Notes ........c.ooiiiiiii i 534

The objective of this appendix is to examine an argument against Bellman’s
Principle of Optimality, allegedly showing that the principle runs into trouble
in the context of stochastic processes with non-denumerable state spaces. 1
show that the alleged difficulty does not arise if one’s reading of the principle
remains true to Bellman’s understanding thereof.

I assume that the reader is familiar with the basic concepts and notation
of conditional probability and conditional expectation.

D.1 Preliminary Analysis

To keep the notation simple, the analysis is conducted in the framework
of a problem with an additive objective function. Assume then that the
objective function ¢ is additive, moreover that rather than being defined
on S x DV, as in the case of the deterministic model, it is now defined on
(S x D x S)N. Specifically, consider the case where

N
g(s1,21,82,%2,...,SN, TN, SN+1) := an(sn,:nn, Snt1) (D.1)

n=1

Consequently, the objective functions of the modified problems have this
form:

N
In(Sns Ty St Tty - SNLEN, SN41) 7= D Win(Smy Ty Smy1)  (D.2)

m=n

Also, assume that the state variables are random variables such that
the probability distribution function of s,; is uniquely determined by the

529
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value of s, and the value of the decision x, made at stage n. Note that
I abide by the standard distinction between the random variable (s,) and
the value that it takes (s;,,). Also for simplicity, it is assumed that the state
variable takes values in some finite interval S = [a,b],a > b of the real-line
and that p, s, denotes the conditional probability density function of s,
given that s, = s and x,, = x, assuming, as we have been doing all along,
that z,, € D(n,s). Thus,

v
Problu <sp41 <v |5, =8,T, =2a]:= /pms,x(z)dz (D.3)

u

is the probability that s,,41 will take a value in the interval [u,v] given that
Sp =8, and T,, = x . It follows from this that

Prob[s, 1 =585, = 8,2, =] =0 (D.4)

forall1<n < N,se€ S,z € D(n,s),s €85.

The value of the initial state 57 is assumed to be known with certainty,
say, Prob[s; = s1] = 1, for some s; € S and the decisions are determined by
a Markovian policy. This entails that the decisions themselves are random
variables, namely 7; = §(1,57) and

Tn=0(n,5,),2<n<N (D.5)

The objective is to find a Markovian policy that optimizes the expected
value of the objective function g given the initial condition §; = s;. Formally,
the problem can be formulated as follows:

Problem SP(s1): f(s1):=supEs[g|s1], s1 €S (D.6)
ISTAN

where FEs[g|si] denotes the expected value of g that is generated by the
process induced by the initial condition s; = s; and the policy d. Recall
that A denotes the set of Markovian policies. Let A*(s1) denote the set of
optimal policies for this problem.

As we know by now, dynamic programming would view this problem as
being imbedded in a family of modified problems of the following form:

Problem SP(n,s): fn(s):=sup Es[gn|n,s] , 1<n<N,seS (D.7)
LISTAN

where Ej[gn|n, s] denotes the expected value of g,, generated by the process
induced by the policy § and the initial condition s, = s. Let A*(n, s) denote
the set of all the optimal policies for Problem SP(n,s).

The set of conditional problems would now be defined as follows:

Problem SP(n,s,z,s'),1<n < N,s€ S,z € D(n,s),s €95:

fn(s,2,8") = sup Es[gn|n, s, z, 5] (D.8)
LISTAN
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where FEs[gn|n, s, z,s’] denotes the expected value of g, generated by the
policy 6, given that 5, = s, T, = x and 5,41 = s’. We shall refer to this
problem as the conditional problem at (n,s,x,s’). Let A*(n,s,x,s’) denote
the set of optimal policies for Problem SP(n,s,x,s’.

It is important to note that in our deterministic model it was unnecessary
to incorporate the state s’ resulting from (n, s, x) in the formulation of the
conditional problems, as in this model the state resulting from (n,s,z) is
uniquely determined by the triplet (n,s,z) through the transition function
T, namely s’ = T(n, s, z).

Let us now examine how the principle is construed in the context of this
model by the common interpretation and the consequences that ensue from
this.

D.2 Common Interpretation of the Principle

The common interpretation understands the principle to be making — in
the context of our deterministic model — the following statement:

If § is optimal for Problem SP(n,s) for some 1 < n < N,s € S,
then it must also be optimal for Problem SP(n +1,s") for any state
s' generated by pn sz, ¢ = 0(n,s).

Now, once the principle is understood to make this assertion, its validity
becomes problematic. The source of trouble here is the requirement that ¢
be optimal for any state s’ € S generated by the density p, s , * = d(n, s).

Let us examine why this is so. As indicated by (D.4), because the states
are continuous random variables, the probability that s,.1 is equal to a
predetermined s’ € S — given that 3, = s and x, = d(n,s) — is equal
to zero. So, as far as Problem SP(n,s) is concerned, it is immaterial what
particular decision the policy 4 selects at (n + 1,s’) for a given s € S, so
long as Prob[s,+1 = §'|s,, = s,T, = d(n, s)] = 0. The immediate implication
of this is that § being optimal with respect to Problem SP(n,s) does not
necessarily entail that it is optimal with respect to Problem SP(n+1,s’) for
all s’ € S. The following example illustrates this point.

D.2.1 Example

Consider the case where

opt = max (D.9)
N=2 (D.10)
s1=0 (D.11)
S =[0,1] (D.12)
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D(n,s) ={0,1} , 1<n<N,se S (D.13)
w(n,s,z,s)=x,1<n<N,se€ S z€D(n,s)secS (D.14)
Pnsz(s)=1,1<n<N,s€S,ze€D(n,s)s €S (D.15)

Observe that this means that the state variable is a continuous, uniform
random variable on [0, 1].

In view of (D.14), it is clear that to maximize the expected value of the
objective function, the best strategy would be to always choose the deci-
sion x = 1. Thus, it is obvious that the Markovian policy 6° specified by
°(n,s) = 1,1 <n < N, s €S, is optimal everywhere. Obviously, this
policy accords with the principle in its common interpretation. Consider,
however, the Markovian policy ¢” specified as follows:

11 . 0 , N = 2, s=0
0 (n,5) _{ 1 , otherwise (D.16)

In other words, 6" is identical to 6° except that at (n = 2,s = 0) it selects
the decision = 0 rather than x = 1. Since the probability that so = 0 given
s1 = s1 and 1 = 1 is equal to zero, it is clear that §” is optimal with respect
to Problem SP(1,0), that is

Esi|giln = 1,51 =0] = Ese[g1ln = 1,31 = 0] = f1(0) =2
However, ¢§” is not optimal for Problem SP(2,0), as clearly

Esi[ga|n = 2,55 = 0] = Egn[wa|n = 2,55, = 0] = §"(2,0) =0
whereas

f2(0) = Ese[galn = 2,5, =0] =6°(2,0) =1 U

So, to prevent this implication, it has been proposed that the phrasing of
the principle be modified as follows:

If 6 € A is an optimal policy for Problem SP(n,s) for some 1 <
n < N and s € S, then WITH PROBABILITY ONE ¢ is also optimal for
Problem SP(n+1,5"), s € S.

The clause “with probability one” is designed to imply the existence of
a subset S” of S such that ¢ is optimal for Problem SP(n + 1,s’), for any
s’ € S and that

Prob[s,4+1 € S'[sp, = 5,T, = 6(n,s)] =1 (D.17)

And to be sure, this correction wards off the above illustrated difficulty.
My point is then that in my reading of the Principle of Optimality, no
such correction is called for. Let us examine this point more carefully.
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D.3 Principle of Optimality (stochastic models)

Keeping in mind my analysis of the principle’s purport in the framework
of a deterministic model (Section 13.2), it is clear that in the framework of
a stochastic model the Principle of Optimality would read as follows:

D.3.1 Principle of Optimality (stochastic version)

If § is an optimal policy with respect to Problem SP(n,s,x,s') for some
1<n<N,seS, zeD(n,s) and s’ € S, then it must also be optimal for
Problem SP(n + 1,s"). In other words, with regard to stochastic problems,
the principle contends the following:

A(n,s,z,s') C A(n+1,s") (D.18)

forall1<n < N,se€ S,z € D(n,s),s €8S. O

To prove the validity of this claim, observe that as the objective function
is additive, it follows from (D.8) that

fn(s,x,8") = sup Es[gn|n, s, z, 5] (D.19)
ISTAN
= sup Es[{wn(s,2,8") + gnt1}n, s, 2, 5] (D.20)
ISTAN
= gug{wn(s,x) +E5[gn+1|3>x78/]} (D21)
€

where W, (s, ) := Elwy, (s, x,s')|s, x].
And since Wy, (s, x) is independent of §, the implication is that

fu(s,x,8) = Wy (s,x) + glelAp Es|gni1ls, x, 8] (D.22)

Now, because the optimization problem specified by the second term on
the right-hand side of (D.21) is identical to Problem SP(n+1,s’), it follows
that Problem P(n,s,z,s’) and Problem P(n + 1,s’) are equivalent in that
both have the same optimal solutions. Thus,

A*(n,s,z,8') = A*(n+1,s") (D.23)

forall 1 < n < N,s € S,z € D(n,s),s’ € S, which clearly implies that
(D.18) is true. In other words, the formulation obeys the Principle of Opti-
mality.

It should also be noted that, as in the case of the deterministic model
discussed in Chapter 18, the principle can be regarded as articulating a
Markovian property of the optimal policies.
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D.4 Conclusions

To sum up then, in contrast to the common interpretation of the principle,
my interpretation requires no emendation — such as the added clause “with
probability one” — to safeguard its validity in stochastic models involving
non-denumerable state spaces.

D.5 Bibliographic Notes

Discussions of this issue can be found in Yakowitz [1969], Hinderer [1970],
Porteus [1975], and Sniedovich [1978b].

A slightly modified version of this appendix appeared as a contribution
entitled Eureka! Bellman’s Principle of Optimality Is Valid! in a book dedi-
cated to the memory of Sid Yakowitz (1937-1999), edited by Dror, L’Ecuyer
and Szidarovszky [2002].
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E.1 Introduction

The Corridor Method is a dynamic programming inspired meta-heuristic
that is designed to reduce the size of the solution space of a combinatorial
optimization problem under consideration. But, it can be implemented in
conjunction with any combinatorial optimization method.

To explain how this method works in conjunction with dynamic program-
ming, consider the following generic dynamic programming functional equa-
tion:

f(s) = opt {w(s,z)® f(T(s,2))} , s€S’ (E.1)

z€D(s)

with f(s) = Lg,Vs € S”, where Lg denotes the identity element of &; S”
is the set of terminal states and S’ denotes the set of non-terminal states.

In certain applications the state space S’ can grow exceedingly large
(Curse of Dimensionality) to thus impede the solution this equation.

The Corridor Method proposes to alleviate this difficulty by substituting
the state S = S’ U S” space with a smaller set, S = S’ U S”. This smaller
set is obtained by constructing a “corridor” around the state trajectory that
is generated by a feasible solution to the problem. This solution is referred
to as the incumbent solution.

The end result is a dynamic programming functional equation of the form

f(s) = 013‘(5 ) {w(s,az) @ f(f(s,:n))} , SE S’ (E.2)
z€D(s

where D(s) C D(s),Vs € S’
The sets S’ and D(s),s € S’, as well as and the transition function T', are
determined on grounds of the incumbent solution.

535
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Formally,

A~

f(s) = opt {w(sy,z1) ®w(sg,x2) @ Dwlk, sp,25)}, s€S5’ (E.3)

z;€D(s;), j=1,...,k (E.4)
sji1=T(sjx;), j=1,....k (E.5)
s1=358 (E.6)
Sk+1 € S” (E 7)

Since the set S’ is far smaller than the corresponding set S’ obtaining
a solution for (E.2) is of course far easier than obtaining a solution for
(E.1). However, the price tag attached to this is that the solution obtained
for (E.2) is not necessarily a “good” solution to (E.1). For this reason the
functional equation (E.2) is solved repeatedly, in a manner that in each
iteration, the “corridor” is constructed around the solution obtained in the
previous iteration of the algorithm.

Details on the method and its applications can be found in Sniedovich and
Vo3[2006] and Caserta et al. [2008, 2010]. In this appendix I illustrate its
working in the context of the traveling salesman problem.

E.2 Preliminaries

To give a clearer account of why the need for this method arises and of its
main ingredients it would be best to explain it in a simple, abstract, dynamic-
programming-free, framework. Consider then the optimization problem

Problem P(X) : q* := opt q(x) (E.8)
reX
Suppose that X is a discrete set and that the problem is to be solved with
some numerical method, call it 9. The difficulty is that 99 would be able to
find a solution for this problem only for a relatively small X. The question
is then: what to do in cases where X is extremely large?
The Corridor Method proposes to do as follows: Instead of solving (E.8),
solve the following far easier problem:

Problem P(X(y)) : (y) = eO)I?EG )q(m) (E.9)

where y € X is an incumbent solution to (E.8) and, X (y) is a subset of X
containing y which is much smaller than X. We refer to y as the incumbent
and to X(y) as a corridor around y.

Let z denote the optimal solution generated for (E.9) and assume that
q(y) # q(z), hence that y is not an optimal solution of (E.9). Using z as the
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new incumbent, create a new subset of X, call it X (z), and solve the new
problem
Problem P(X(z)) : q*(x(z))) := opt q(x) (E.10)
z€X(z)

Continue in this fashion until a fized point is reached: the optimal solution
to the previous problem is optimal for the new problem.

At this point, either terminate the procedure, or continue it using a new
“seed” y.

Figure E.1 depicts the above process in the context of a problem where the
objective is to find the optimal path from point A to point B. The shaded
area represents the “corridors” around the “incumbent” solutions.

Assume that in the framework of Problem P(X) there is a map C from X
to the power set of X such that C(x) is a non-empty strict subset of X. We
call C(x) the corridor around x.

The following schema illustrates how the Corridor Method, in conjunction
with method 9, solve Problem P(X):

Procedure:
- Initialization: Set j = 1 and select some xU) € X.
- Iteration: solve
Problem P(C(xY))): y*=arg opt qly)
yeC(x)

- Termination: Stop if ¢(x\)) = ¢(y*). Otherwise, set j = j + 1,
and xU) = y*, and continue with the iteration.

Of course, the corridor C(x) around an incumbent solution x must be
constructed so that a solution to Problem P(C(x)) would be easily found by
method 9.

To illustrate how the Corridor Method works in cases where 9 =
Dynamic Programming let us go back to dynamic programming’s treatment
of the traveling salesman problem (TSP).

E.3 Example: TSP

Consider the classic Traveling Salesman Problem involving k cities and let
C =1{1,2,...,k} with 0 denoting the home city. As indicated in §11.11.1,
this problem can be stated as follows:

N

-1
min ¢ d(0,z1)+ » d(zj,zj41) + d(xg,0) (E.11)

X1y Tk

J

1
{xl,...,xk}:{l,...,k} (E.12)



5938

Dynamic Programming

Figure E.1: Illustration of the Corridor Method
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where d(i, j) denotes the direct link from city 4 to city j and city 0 denotes
the home city.
The decision variables are construed as follows:

xj = the j-th city on the tour , j =1,2,...,k (E.13)

The constraint indicates that the sequence of decisions (z1,...,z;) must
be a PERMUTATION of the cities. Note that implicit in this setup is an addi-
tional decision, namely xj41 = 0, which implies that the tour ends with the
transition from city xj to the home city 0.

The dynamic programming model for this problem consists of the following
elements:

o= (0,C) (E.14)
S"=10,o} (E.15)
S'={otu{(c,V):ceC,V CC\{z}} (E.16)

S=8"us” (E.17)

Vo, V#0
D(,V)=¢{0} , V=g,ceC (E.18)
g , V=g,c=0
T(c,V,x) = (z,V\{z}) (E.19)
w(e,V,x) = d(c,x) (E.20)
® =+ (E.21)
The corresponding family of modified problems is as follows:
m+1
fle,V) = xf}i’gmﬂ Z w(sj,zj), m=|V|],(c,V) €S’ (E.22)
j=1
zje€D(s;), j=1,2,.... m+1 (E.23)
sjit1=T(sj,25), j=1,2,...,m+1 (E.24)
s1=(c,V) (E.25)
Sm+2 = (0,9) (E.26)

with f(e, @) :=d(c,0),Ve € C.

Thus, by definition, f(c, V') denotes the length of the shortest tour that
commences at city c, visits each city in V' exactly once, and ends in the home
city. This yields the following dynamic programming functional equation:

fle, V) = 1;161‘1/1 {d(c,z) + f(z,V\{z})}, (¢,V) e S’ (E.27)

with f(c,2) = d(c,0),c € C. The objective is to find the value of f(o) =
f(0,C).
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Since for each ¢ € C the set V for which (¢, V) € S’ can be any subset of
C'\ {c}, it follows that V can take 28! distinct values for each ¢ € C. This
means that |S’| = 1 + k2F~1. Therefore, to solve the functional equation we
have to determine the value of f(s) for |S’| = 1+ k2*~! values of (c, V) pairs
(states). But, as k grows larger, solving the equation becomes a practical
impossibility (Curse of Dimensionality). O

In the next section I illustrate how the corridors, C(x),x € X, are con-
structed for the dynamic programming model of the traveling salesman prob-
lem.

E.4 Generating Corridors

When it is applied in the context of a dynamic programming model,
the term “corridor” designates the sets D(s) and S that are constructed
“around” a state trajectory associated with a feasible solution to the prob-
lem under consideration. Constructing a “corridor” in actual fact means
imposing certain exogenous constraints on the decision variables of the dy-
namic programming model with the view to reduce the number of feasible
decisions available at any given state of the process. By design then the
“incumbent” problem would be inside the “corridor”.

So, making the decision at stage s subject to the constraint x € lA?(s),
rather than to 2 € D(s), where D(s) C D(s) has the effect of reducing the
size of the state space, recalling that state trajectories are propagated by the
transition function as follows:

St (g) = {T(s,z) : s € S™(0),z € D(s)} , n=1,2,... (E.28)

where S(9 (o) := {¢} and ¢ denotes the initial state. That is, S denotes
the set of states that can be generated by exactly n transitions, commencing
at the initial state o.

As for the question of what type of constraints are to be used in the
context of a model considered, the answer is that there is no general formula
to prescribe such a choice. These constraints would be chosen on a case
by case basis. The overriding consideration in each case would be that the
exogenous constraints be instrumental in decreasing the size of the state
space, but not detrimental to the recovery of an optimal solution.

I now illustrate how this is done in the context of the traveling salesman
problem.
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Figure E.2: The traveling salesman problem on a treasure island

E.4.1 Example

Figure E.2 displays a map of the locations' of 27 cities on a small island,
where 0 is the home city. So let k¥ = 26 and C = {1,2,...,k}, and for
simplicity assume that the intercity distances are Euclidean. Namely the
road connecting any city to any other is perfectly “straight”.

The layout of the cities is such that, by inspection an optimal tour will
visit the cities either in a clockwise or a counter-clockwise direction, in an
order that is not much different from the one stipulated by the labels of the
cities. In fact, it is safe to say, that the optimal tour will not prescribe going
from city 7 directly to city 18, or from city 10 directly to city 23.

So, for the initial incumbent let us consider the feasible tour that goes

counter-clockwise through the cities, namely let x() = (azgl),...,az,(:),O)

specified by azg-l) = 4,7 = 1,2,...,26, be the initial feasible solution, re-
calling that x4, = 0 for all feasible tours. This solution (tour) is shown in

Figure E.3.
The question is then: How do we create a “corridor” around x(1)?

Suppose that given an incumbent tour y = (y1,...,yx,0), we impose the
following exogenous constraints on the problem, where A and ¢ are (rela-
tively small) positive integer:

- C-1: For each j = A +1,...,k, city y; can be visited only after all the
cities in {y1,...,yj—a—1} have been visited.

- C-2: For each j = 1,...,k, the tour can proceed directly from city y;
only to cities in {y; : |i —j| < 6,1 <i<k,i#j}.

Then it would follow from C-1 that in the next iteration of the Corridor

IThe exact location of a city on the island is at the exact center of the label representing
it on the map!
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Figure E.3: Initial incumbent: x(1) = (1,2,...,26,0)

method, when the tour is at city y; it has already visited, among other cities,
all the cities in

A(y]) = {y17 Y2, .. 7yj—A—1} (E29)
And by the same token, the cities not yet visited, are among others, the
cities in

B(y;) = {yj+a+1:Yj+a+2, - Yk} (E.30)

This means that, from a dynamic programming point of view, all that
needs to be known about the history of the decision-making process, when
the tour is in city y; is what cities in

VW) =Y Yj— At 1y - - Yjm25 Yim 1 Uit 1 Y2, - - - Yj+A ) (E.31)

are yet to be visited.
For example, suppose that A = 3 and that the tour is in city x§-1) =15o0n

the incumbent tour x(!) given above. Then, all that need be known is what
cities in

V(15) = {aly) o, mig g, 2P ) = {12,13,14,16,17,18)  (E.32)

are yet to be visited. This is shown in Figure E.4.
The point is that C-1 entails that — given the incumbent x(!) — if the
tour is at city 15 then it must have visited already all the cities in

A(15) = {2t 28, 2Py ) (E.33)
= {2V, e = {111 (B.34)

and it has yet to visit the cities in

1 1
B(15) = (&', o, 2y = 19,26} (E.35)
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Figure E.4: V(15) for A =3

Hence, to have a full picture of the status of the tour say at city 15, we
must know what cities in V(15) are yet to be visited, or what cities in V(15)
have already been visited.

In short, a state in this case can be a pair (¢, V) where ¢ denotes the
current city being visited and V' denotes the subset of V(c¢) consisting of the
cities yet to be visited — in addition to the cities in B(c). Alternatively, V'
could be the set of V(¢) consisting of the cities already visited — in addition
to the cities in A(c). The choice between these two alternatives is a matter
of convenience. In this discussion we assume that

V = subset of V(c) consisting of the cities yet to be visited. (E.36)

Observe that |V(c)| = 24, hence for each ¢ € C there are at most 222
relevant values for V. Therefore, altogether there are no more than k2%
relevant states (¢,V),c € C,V C V(c). It follows then that for small values
of A the number of states in the corridor around the incumbent solution is
much smaller than |S’| = 1+ k2*~!. For instance, for k = 26 and A = 3, we
have 1+ 26 x 2% = 34,080,769 >>> 26 x 26 = 1664.

Moreover, it should be noted that not all the subsets of V(c) are actually
feasible with respect to C-1, hence the figure |V(c)| = 2A is an upper bound
on the number of feasible value of V' associated with a given c. For example,
consider again the initial incumbent x™) and let ¢ = x%) = 15. Obviously,
V = {12,13,14,16, 18} is not a feasible companion for ¢ because V entails
that city 17 has already been visited. But this clearly violates C-1. Because,
for A = 3 visiting city 17 before city 12 is disallowed.

For any given value of ¢, the smallest element of V', call it Vi, can take
at most 2A values. For each value of Vi, the largest element in V', call it
Vinax, can take at most A values, hence |V| < A. It follows then that there
are at most k(2A)22 feasible values for the state s = (¢, V) described above.
For k =26 and A = 3 this amounts to 26 x 6 x 8 = 1248 states.

The exogenous constraint C-2 can be used to further reduce the size of the



544 Dynamic Programming

state space. For example, if A = 3 and 6 = 2, then V' = {12,13,14,16,17,18}
is not a feasible companion for ¢ = 15 because ...it would be impossible to
reach city 15 without violating C-2.

It follows then that subject to the two exogenous constraints under con-
sideration, the set of decisions available at state (¢, V) is as follows:

by C-2 by C-1
} (E.37)

B(C,V):{ZEEVZ|$—C|§5,$<A+Vmin

Let us now examine the other elements of the dynamic programming model.

E.4.1.1 Dynamic programming model for the Corridor method

To formulate the dynamic programming model for the problem based on
an incumbent tour y, it is convenient to use the indices of y as decision
variables. Thus, a tour is a sequence of indices x = (z1,...,xk,0):

x; = index of y representing the j-th city on the tour x,j =1,2,...,k

For example, with k& = 5, the sequence of decisions x = (4,2,3,1,5,0)
represents the tour (y4, y2, Y3, y1,Ys,0): the tour begins at the home city (0)
goes to city w4, from there to yo, from there to y3, from there to ¥, from
there to y5 — and then back home.

With this in mind, consider the following dynamic programming model:

6=(0,{1,2,...,A}) (E.38)
S'={6YU{(c,V):ceC,V CV(c)} (E.39)
5" ={0,2} (E.40)
Dle,z) = {{0} , c>k— m%n{A, 5} (B.41)
g, ¢<k-—min{A,d}
Die,V)={zeVilz—c <6z <A+Vun}, V2 (E.42)
Fo v g — 4 @V AH{EHUVE@AV() , a>c
feth { 2 (VA D\ (V@ \ Vi) L o< (A
w(c,V,x) = d(c,x) (E.44)
o=+ (E.45)

recalling that min V' denotes the smallest element in V. Observe that

V(@)\ V() ={c+A+1,c+A+2,....2+ A}, z>c¢ (E.46)
Ve)\V(E)={z+A+1,z+A+2,....c+ A}, x<c (E.47)

The modification in the transition function is required due to the fact that
V' does not contain all the cities yet to be visited, but only those cities that
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are to be visited that are elements of V(c). So, if the tour proceeds from city
¢ to city = > ¢, it is necessary to append to V' \ \{z} the cities that are in
V(z) but are not in V(c). For example, consider the incumbent solution x(!)
and the state (c¢,V) where ¢ = 15 and V = {14,16,17, 18}, assuming that
A = § = 3. Now, suppose that we consider the decision x = 18, in which
case the usual transition, namely T'(¢, V,z) = (x,V \ {z}) will yield the new
state (¢/, V') = (15,{14,16,17}).

But this ignores the fact that if the tour is in city 18, then the cities that
must be visited are in {19,20,21}, furthermore that these can be reached
directly from city 18. Thus,

T(c,V,z) = T(15,{14,16,17,18},18) (E.48)
= ({14,16,17,18} \ {18H U {15+ 3+ 1,...,18 + 3} (E.49)
= {14,16,17,19,20,21} (E.50)

Similarly, to comply with the convention that V' C V(z), if z < c it is
necessary to delete from V(c) the elements that extend beyond the range of

V(z).
Remarks:

- Since the incumbent solution is in the corridor, the initial problem
at 0 = (0,{1,2,...,A} has at least one feasible solution, hence
at least one optimal solution.

- Note that the above model does not exclude the possibility of
dead-ends, namely states (c, V) such that V # @ and D(c, V) =
@. For example, set again A = § = 3 and consider the state
(¢, V) = (15,{14,18}) and the decision = 14. This will generate
the state 7'(15, {14, 18},14) = (14, {18} for which D(14,{18}) =
@. For such states we can assign f(c, V) = 0.

- The forward Push method (see Chapter 15) is particularly suit-
able for the treatment of such problems.

The following example illustrates the application of the Corridor method
in the solution of a small scale traveling salesman problem.

E.4.2 Example

This example is taken from Sniedovich and Vof [2006]. It consists of k = 12
cities with 1 being the home city. The distance matrix is given in Table E.1.
The results generated by the Corridor Method with A = § = 4 are sum-
marized in Table E.2, where TD(x\)) denotes the total distance associated
with tour x).

The initial incumbent x(1) was generated by the Nearest Neighbor heuristic.
Note that the fixed point x* = x4 = x) was reached in 4 iterations. It
turns out that this solution is actually the global optimal solution to the
problem.
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Table E.1: Distance Matrix

iNj|1]|2|3[4]|5]|6|7|8]|9|10]11]12
1 | — ({81215 (24201101321 (28| 9 |22
2 7| —116]110|18 |18 |15 8 (14|24 | 6 |23
3 |19(16| - (231671239 |8 |13]16(20
4 |7 (1325 — 27249 |15[24 (30|15 |22
5 (23|19 5 |27 — | b5 2411|129 |20]|17
6 (22|17 7 123]6 | —[20(10(13]| 9 |20]|15
7T 112115122 9 (22|21 —|15]|26]|25|18 |14
8§ (12|11 8 |15|10| 10|14 | — (12|17 |11 |17
9 (19|13 8231213 |26 (12| — (19|12 27
10 126 (26 (12128 | 8 | 8 |23 |18 (21| — [26|16
1119 (5 [18)115|21 18|19 |11 (12|27 | — |26
12 120 (2321122181515 |16 (25|15 |27 | —

Table E.2: Results generated by the Corridor method: A = 4§ =4

123456 |7]8]9]10]11]12]1]TD(xL)
xMOl1lal7l12l6 539 8] 2]11]10]1 144
x@ [1{4]7]12] 65 [3]9]10] 8 [11]2]1 122
x® 1147126105389 11]2]1 108
x® [1{4]7]12]10] 6 [5][3]9]8]11]2]1 105
x® [1]{4]7]12]10] 6 [5[3]9]8]11]2]1 105

Table E.3 provides the results for A = § = 3. Note that as in the case A =
0 = 4, here the fixed point is a global optimal solution. Table E.4 provides
a summary of the results generated for this problem when A = § = 2. Note
that in this case the fixed-point x* = x(2) = x®) is not a global optimal
solution.

Observe that the choice of the home city can be an important factor here
because the home city can lead only to J cities whereas any city in position
j on the current tour such that n — m > j > m, can lead to 26 cities.

In this sense the home city and its immediate neighbors, on any incumbent
tour, are disadvantaged relative to cities further away from the home city
on that tour. One of the implications of this simple observation is that the
choice of the home city can be deployed as a seeding mechanism to enable
the search to “get out of” fized points.
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Table E.3: Results generated by the Corridor method: A =9 =3
1234|5678 ]9]10]11]12]1]TDExY)
xMOT1lal7l12l6 5 [3]9]s8]2]11]10]1 144
x@ [1{4]7]12] 65 [3]9]s8]10]11] 21 129
x® 11471265 [3]10]8]911]2 1 121
x®H1{4a]7]12] 6105398 [11]2]1 108
x® 1l4]7l12]l10] 6 [5]3]9]8|11]2]1 105
xOT1la7]12l10]6[5]3]9]8|11]2]1 105

Table E.4: Results generated by the Corridor method: A = § = 2

1234 |5]6|7]8]9l10]11]12]1|TD(xY)
xMl1l4al7l12]6]5]3]9|8] 2 ]11]10]1 144
x@ [1{4]7]12]6]5[3]9]8]11]2]10]1 140
x® 1471265398 ]11]2]10]1 140

E.5 Bibliographic Notes

The origins of the Corridor Method go back to early 1970s works describ-
ing DP applications to reservoir control problems where the objective was
solutions capable of coping with the Curse of Dimensionality (see the sur-
vey by Yakowitz [1982]). Indeed, a very simple version of this method, called
Discrete Differential Dynamic Programming (DDDP) had been used exten-
sively to support DP in the solution of large reservoir operation problems
(Heidari et al. [1971], Chow et al. [1975], Yakowitz [1982]). Iterative dynamic
programming (Luus 2000) is based on similar ideas.

I should also note, that there are practical applications of instances of the
traveling salesman problem where precedence constraints similar to C-1 and
C-2 are already satisfied by optimal tours and where  and A are much
smaller than k. In such cases linear time dynamic programming algorithms
can be devised to generate optimal solutions to the traveling salesman prob-
lem (Balas [1999], Balas and Simonetti [2001]).

This suggests the deployment of the Corridor Method with small values of
6 and A — to speed up the algorithm — with the caveat that the optimality
of the solutions recovered is not assured.

More on the application of the Corridor method can be found in Sniedovich
and VoB [2006] and Caserta et al. [2008, 2010].
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